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Pensieve header: Twisting the LT crossings.

in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\USC-240205"] ;

in[-]:=  Once[<< KnotTheory ];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

in[-]:=  ©[x_] /; NumericQ[x] := UnitStep[x]

mi1- w2[v_]1[p_] :=Module[{q = Expand[p], n, c},
I-F[q ===0, 0, c = Coefficient[q, w, n = Exponent[q, w]];
cv'+w2[vl[a-c (0+w™)"]]];

in[-1:=  sign[& ] :=Modu1e[{n, d, v, p, rs, e, k},

{n, d} = NumeratorDenominator[&];
{n, d} /=wExponent[n,w]/2+Exponent[n,m,Min]/2;

p = Factor [w2[v]@nxw2[v]@d /. v->4u®-2];
rs = Solve[p == @, u, Reals];
If[rs === {}, Sign[p/.u-@],
rs = Union@ (u /. rs);
Sign[ (-1) “=BxPonenti.Ul coefficient[p, u, e]] + Sum|
k =0; While[ (d = RootReduce [dy,,.k3P /. U>Tr]) =0];
If[EvenQ[k], @, 2Sign[d]] *6[u-r],
{r, rs}]

in[-]:= SetAttributes[B, Orderless];
CF[b_B] := RotateLeft[#, First@Ordering[#] - 1] & /@DeleteCases[b, {}]

inf-]:= CF[&_] = Module[{xs = UnioneCases[&, ¥ | ¥ , 1},
Total [CoefficientRules[5, ¥s] /. (ps_ - c_) = Factor[c] Times @@ ys"°] ]

ml-]:= CEL{}] = {};
CF[c List] :=Module[{¥s = Union@Cases[C, ¥ , ®], ¥},

CF /@DeleteCases[0] [
RowReduce[Table[o,r, {r, ¢}, {¥, ¥vs}11.¥s] ]

nil= (E) =8/ {2, ¥, w->w?l, c Complex c*};

r_Rule® := {r, r*}
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in[]:=  RulesOf[y; +rest_.] := (y;—> -rest)’;
CF[PQ[C , g 1] :=Module[{nC =CF[C]},
PQ[nC, CF[g /. Union @@ RulesOf /@nc]] ]

iml-1:= CF[Zp [g , pq_1]1 = Zcepy [0, CF[pq]]
Pretty-Printing.

in[-]:=  Format[=, g[o , PQ[C , g_1]] :=Module[{¥s},
¥S =ys &/@Joineeb;
Column[ {TraditionalForme o,
TableForm[Join[
Prepend[""] /@ Table[TraditionalForm[d.r], {r, ¢}, {C, ¥s}],
{Prepend[""] [
Joinee (b /. {L_,m___, r_} = {DisplayForm@RowBox[{" (", L}],
m, DisplayForm@RowBox[{r, ")"}1}) /. i_Integer -»>vy; 1},
MapThread[Prepend, {Table[TraditionalForm[&,,.q], {r, ¥s*}, {c, ¥s}], ¥s"}]
1, TableAlignments - Center]
}, Center] ];

The Face-Centric Core.

In[-]:=  Zpg [ol_, PQ[CI_, q1_]1]1®%y; [02_, PQ[C2_, q2_]] ":=
CF@Z230in(b1,p21 [01 + 02, PQ[c1 U C2, q1 +q2]];

‘ ‘GTij %

GT for Gap Touch:

in[-]:= GTi |5 @Zprqri i ,ri 3,{li__ .3 ,ri_ 1,bs_ 100 5 PRIC , q_]1] :=
CF@=gy(ri,1i,5,r7,L5,i),bs1 [T PRICU {¥i - ¥;}s 911

Cordon:

In[«]:= Cor‘doni_@zg[{u_ ,i,ri

Y0510 PQIC 5, g 1] :=
Module[{¢ = 8,,C, A = 85,,4,9, ho = o, nC, nq, p},
{p} = FirstPosition[(# =!=0) & /@ ¢, True, {0}];
{nc, nq} = Which[
p>0, {C,q}/. (yi»>-COpl/oMPI)" /. (¥i>©)",
A=1=0, (no+=sign[A]; {C, q/. (¥i=>-(85.q) /)" /. (¥i>0)"}),
A===0, {cU{07,9}, q/. (¥vi>0)"}];
CF@Zgmoste(ri,Li},bs] [NOs PRINC, NQ] /. (YLasteiri,li} = YFirsteri,li}) 1 ]

Strand Operations. c for contract, mc for magnetic contract:
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il €,y @t Bgreii i ey, _sds__ 3o 1 L] 3= T /7 GTj pirsteri,Liy // Cordon;

Inf-]:= € 5 @3 i .5, 3, 1[__]1:=Cordon;et
__3[__1 :=Cordon;et
Ci ,j @t:2gr¢ 5 ,i, 3, 1[__1:=Cordon;@t

Ci ,j @L:Zgrey, iy,

Ci ,j @t 2, ,j3, 1[__1:=Cordon;et

n[-]:= mc[&_ ] =& //.

B i, 3t i de LY | Bere i,y L) | Zer iy, [__1 73
1 +j =0 Ci’j@t

The twist.
e L[, 321 1= (o, ((1 oy T ).{rz, »2)
al a2
tw_[»1_, »2_] :={»1, » ( ) {1, »2}
a2 a3
tw. [, 2.1 i= {1, ¥ ((w e as )-{ﬂ, »2)
. [al ©
tw_[»1_, »2_] :={»1, »2} ( 0 a3)-{r1, 72}
tw, [, 721 i= —tw_[ 22, 1]

mi-1- Expand@ {tw_[¥1, ¥2], tW, [¥1, w21, tW_[¥1, ¥2] + tW, [¥2, ¥1]}
Out[-]=
{alvivi+a2v,vi+a2viv2+a3v2 ¥, a3 v1vi- 322 va-a2v1 72 - al vz ¥a2, 0}

The Crossings (and empty strands).

in[-]:=  LT@P;  ; :=CF@Zp(i,537[0, PQ[{}, 0]]

inf-]:=  LT[x:X[1_, J_, R

5 l._]] o= LT@I'F[POSitiVeQ[X] > X—i,j,k,—LJ Y—j,k,L,—i];
LT[(x DX | i)fs”] t= Module[{t =1-w, r, ys, m},

r=t+t*; ys=vy,&/@{fs};

-r -t 2t t* r -t -2t t*

m=I'F[x===X, -t 0 t (7} , -t 0 t (] ];
2t* t -r -t* -2t t r -t*
t 0 -t o t 0 -t (]

CF@Zg[(rsy7 [0, PQ[{},
¥s*.m.ys + tw_ @@ ys[{1, 2}] + tw, @@ ys[{2, 3}] + tw, @@ ys[{3, 4}] + tw_ee ys[{4, 1}]]]]]
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In[e]:= LT@X_1J2,3J_4

Out[«]=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

In[«]:=

Out[e]=

(%]
(Y-a -1 Y2
Y-a 0 1-w 0
Y1 w-1 al w+a3 w+w?-2 w+l w-1
w w
73 B E 2 (w-1) 1-w
w w
waZz+w-1 _
Solve[ =0, az]
w
_ 1-w
{{7z>—}}
w
l-w)\*
Simplify[( ) ]
w
-l+w

Evaluation on Tangles and Knots.

LT[K_] := Fold[mc[#1®#2] &, %5, [0, PQ[{}, @]], List @e (LT /@ePDek)] /.

6[c_+u] /; Abs[c] 21> 0][C];
LTSig[K ] := LT[K][1]

Reidemeister 3

R3L = PD[X_2,5,4,-15 X_3,7,6,-5, X_6,9,8,-2413
R3R = PD[X_3,5,4,-25 X_4,6,8,-1> X_5,7,9,-6]13
LT@R3L == LT@R3R

True
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in[-]:= LT@R3L
Out[«]=
-1
(¥-3 Y7 Yo e -1 Y-2)
2
Y_3 %ﬂf}*w"l 2 (w-1) 2w 5 0 9
7 T 0 s 0 0 0
¥, 2 _ _ alwradw-w’-1 _2 2
Yo -2 2 (w-1) - > 2 0 2
Y al w+a3 w-w?-1 2
s 2 2w - BeBey 9 -2
Y-1 0 0 0 0
2

v-2 -2 o 2w 2w 0 alwra3 wrw’+1

w

In[«]:=

Out[«]=

0
1 0 -1 0
(Y2 Y6 ¥s Y-1)
Y-2 0 0 0 0
Y6 0 0 0 ]
Ys %] %] 0 0
Y-1 0 0 0 0

In[-]:= LT@PD[X-2,4,3,-1: 7-4,5,5,-3] = GT5, ,@LT@PD[P_3,5, P_3,6]

out[«]=
True

Reidemeister 2¢
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Inf]:= {LT@PD [Y-1,2,4,-3: X-s,s,s,-4] ’ LT@PD[X-1,2,4,-3.v Y—G,S,B,—4]}

Out[e]=
(] (]
(Y-6 s -1 Y2) (¥-6 s Y1 Y2)
Y-6 (%] w-1 0 1-w Y 0 w-1 0 1-w
- w-1 -1 o _wl w-1 }
{ 5 - 0 " 0 ° s 5 0 » 0
Y-o1 0 1-w 0 w-1 Y1 0 1-w 0 w-1
Y2 et 0 -t 0 T 4=t 0 -2 0
w w w w
in[-]:= LT@PD [Y_1,2’4,_3, X—6,5,3,—4] == GT5,2@LT@PD[P_1,5, P_5)2]
Out[e]=
0 0
(Y- ¥s Y1 Y2) 0 -1 0 1
Y6 w-1 0 1-w (v-6 ¥s Y ¥2)
75 _ w-1 0 L’l @ - ?76 @ 0 0 0
_ . " ¥s 0 0 ) 0
Y-1 1-w 0 w-1 _
— w-1 w-1 Y-1 7] (%] 0 (%)
Y2 - 0 — 0 2 ) 0 0 0
That’s a fail for LT!
The clockwise R2c:
Infe]:= LT@PD[X4,-3,-1,2: X3,—4,—6,5]
Out[«]=
0
(¥-s ¥s Y1 Y2)
— w-1 w-1
Y-6 0 - 0 —
w w
Ys w-1 0 1-w 0
— w-1 w-1
Y-1 (%} 0 -—
w w
Y2 1-w 0 w-1 0

iml-1- LT@PD[X_1,9,3,-85 X_7,5,8,-35 X-4,10,7,-95 X-10,4,2,-6

Out[~]=
0

0 -1 0 1

(¥-s ¥s Y1 Y2)

Y-6 0 0 0 0

s 0 0 0 0

Y-1 0 0 0 0

Y2 0 0 0 0
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Reidemeister 1

In[]:= LT@PD[X_3’3,2’_1] == LT@P_]_,Z

Out[e]=
True

A Knot

in[-]:= £ =LTSig[Knot[8, 5]]
Out[-]=

\3 V3
29[—— +u] —29[

2 2

In[«]:= Plot[f_, {u_, —11 1}]

Out[e]=

— +u| -26[u-"0 e.63.. ] +26[u-"De.630. ]

-1.0 -0.5

Some Tangles

The Conway-Kinoshita-Terasaka Tangles.
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In[«]

Out[e]=

In[«]:=

Out[«]=

4 4
3 8
7 2

16
9
3 8
7 2

1

in[-]:= Tl = PD[X—6,2,7,—1: X_2,8,3,-75 X_8,4,9,-35 X_11,6,12,-5» X-4,11,5,-1a]3

6 3

2025-08-25 07:07:34

T2 = PD[X-6,2,7,-1: X_2,8,3,-75 X_8,4,9,-35 X_12,6,13,-55 X_4,12,5,-115 X_10,15,11,-14> X-15,1e,16,-9]3

= LT[T1]
Qe(m%)ﬂe(m )71
(Y-10 Yo 1 Y12)
Y-10 0 -2 (w-1) 2 (w-1)
2 (w-1) 2w -1) _ 2w
¥o w w-w+l w?-w+l
Y-1 0 2 (w-1) -2 (w-1)
— 2 (w-1) 2w 2 (w-1) 2w
Y12 w wr-w+1 w-w+l
LT[T2]
0
(Y-14 Y16 Y-1 Y13)
Y-14 0 -2 (w-1) 0 2 (w-1)
7 2 (w-1) B 2 (w-1)%w 2 (w-1) 2 (w-1)%w
16 w Ww*-3w+5 w3 w+1 w w3 w+5 w -3 w+l
Y-1 0 2 (w-1) 0 -2 (w-1)
7 2 (w-1) 2 (w-1)2w 2 (w-1) _ 2 (w-1)%w
13 w Ww*-3w+5 w3 w+l

Some Braids

Examples with non-trivial codimension.

w-3 W +5 w-3 w+1
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In[«]:=

Out[e]=

In[«]:=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

14 )7

14V’
4 11 13 j
7

N

2 11 2
I N5 |8 I N5 19

2025-08-25 07:07:34

PD[X[5, 2, 6, 1], X[2, 9, 3, 10], X[10, 7, 11, 6], X[3, 12, 4, 13], X[13, 8, 14, 7]] /.
X e X[i_, j_, k_, L_] > I'F[POSitiVEQ@X, X—i,j,k,—LJ Y—j,k,L,—i]

PD[X_s,2,6,-1> X-9,3,10,-2> X-10,7,11,-6> X-12,4,13,-3> X_13,8,14,7

Bl = PD[X_s,2,6,-15 X-8,3,9,-25 X-11,4,12,-35 X-12,10,13,-95 X-13,7,14,-6 3

B2 = PD[X_s,2,6,-15 X-9,3,10,-25 X-10,7,11,-65 X-12,4,13,-35 X-13,8,14,-7 3

LT[B1]
0
1
1 0 -1 0 . 7]
0 ) ) 1 : 0
(v-11 Ya Y10 Y7 Y14 Y-1
Y-11 0 0 0 0 0 0
Ya (7] 0 (7] (7]
_ alw+a3 w+w?-1
Y1e 0 0 ,% 0
- - +w?- +
77 ) ) ) ) alw a352m 2w+l )
= + —w?+2 w- 2 (w-1
Y14 0 0 —alw-a3w+w?-1 —alw-a3w+w?-2w+1 w - (ww )
Y-1 0 0 0 0 2 (w-1) 0
_ 2 (w-1
Vs 0 ®  alw+adw-w'+1  alw+adw-w +2w-1 -2 (al+a3) e
R 0 0 0 0 0 0
LT[B2]
0
(¥-12 Ya Y8 Y14 Y11 Y-1
= + +w?- + -1)2 2 -1
712 alw a3www 2w+l ) 2 (w-1) Z(azwl) (22 )
Ya (%] 0 0 (%] 0
_ 2 (w-1) alw+a3 w-w?+2 w-1 2 (w-1)2 2 (w-1)
Ve : o - MumuiZud - 2
N 2 (wj)z P 2 (U:l)z _ alw+a3 w-ws w6 w-3 2 (L:;l)z P
Y11 2 (w-1) w ) 2 (w-1) w 2 <w71)2 _ alw+a3w-w’+2w-1 Z(u:l)
w
Y1 (%] 0 0 %] 2 (w-1) 0
_ 2 (w-1)
-5 - - - - - -
Y 2 (w-1)w 0 2 (w-1)w 2 (w-1)w 2 (w-1) "
Yoo B 2 (w—l)w(Z w-1) ) 2 ((u—l)w(Z w-1) B 2 (wfl)w(Z w-1) 2 (u:);1>2 0
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