Dror Bar-Natan: Talks: PhuQuoc-2506:

Thanks for inviting me to Vietnam!

The Strongest Genuinely Computable Knot Invariant in 2024 %

oep:=http://drorbn.net/v25 [m]#;[m]

ith van der

Veen.

Abstract. “Genuinely computable” means we have co-
mputed it for random knots with over 300 crossings.
“Strongest” means it separates prime knots with up to
15 crossings better than the less-computable HOMFLY-
PT and Khovanov homology taken together. And hey,
it’s also meaningful and fun.
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04350 and RGPIN-2025-06718 and by the Chu Family Foundation (NYC).

Preparation. Draw an n-crossing knot K as a

_diagram D as on the right: all crossings face up, lo

“land the edges are marked with a running index

_ ke{l,...,2n+ 1} and with rotation numbers ¢;. 5

“SModel T Traffic Rules. Cars always drive fo- 0o

van der Veen . .
rward. When a car crosses over a sign-s brid-

oy =~1

T* ~ 1, but falls off with probability
1-T7T% ~ 0. At the very end, cars
fall off and disappear. On various ed-

4
Continues Rozansky, Garoufalidis, Kricker, and Ohtsuki, joint w- jge it goes through with (algebraic) probability | 5 20
R
0

Strongest. Testing ® = (A, 6) on prime knots up to mirrors and | imsecredii: — ges traffic counters are placed. See

iamondtraffic.com

reversals, counting the number of distinct values (with deficits in e, also [Jo, LTW].
parenthesis): (p1: [Rol, Ro2, Ro3, Ov, BV1]) [ebion.e 1 -
knots (H,Kh) | (A,p1) | ©®=(A,0) together { 7
reign 2005-22 2022-24 2024- —1_T" - 1maﬁelclr%dits: =
xing < 10 249 248 (1) 249 (0) 249 (0) 249 (0)
xing < 11 201 77LG0) | 787 (14) | 798 (3) 798 3) Deﬁnltlon. The'traﬁicfunctzon G = (ga[;)'(alsc‘), RN W
Xing <12 | 2,077 214) ©95) {19 {18) the Green function or the two-point function) is
xing <13 12’ 965 | (1.771) (959) (194) (185) the reading of a traffic counter at g, if car traffic
xing < 14 | 59,937 | (10,788) | (6,253) (1,118) (1,062) is injected at « (if @ = B, the counter is after the injection point).
xing < 15 | 313,230 | (70,245) | (42,914) | (6,758) (6,555) |There are also model-T,, traffic functions G, = (gyap) for v =

Genuinely Computable.
on a random 300 crossing knot (from
[DHOEBL]). For almost every other
invariant, that’s science fiction.
Fun. There’s so much more to see in
2D pictures than in 1D ones! Yet al-
most nothing of the patterns you see
we know how to prove. We’ll have
fun with that over the next few years.
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Don’t Look

Rii(0)=s [1/2 - @i + T581i&2ji — T583ji82ji — (T3 —1)g3iig2ji
+(T5- 1)gzjig3ji 81ii82jj + 283ii82jj + 81ii83jj ~ gZiig3jj]

+

T [(T -DT; (g3jjglji — 82jj81ji + Tifgljigzﬁ)
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WOU]d: you join? ' ' +(T3-1) (g3ji = T5g1iigsji + 82ij83ji + (TS—Z)ngjgwi)
[Meaningful. 6 gives a genus bc?und (unprovep yet with ?onﬁ— (T3 - 1)(T3 +1)(T§—1)g1ﬁg3,»,-]
dence). We hope (with reason) it says something about ribbon SIS =TS = 111083

knots. Rya(co, c1)= 751 (T;ngilio +82j,jo = 15" 821y — gziljg)
Conventions. T, Ty, and T, are 1ndetenn1nates and T T:T,. 21“1(4;, k) -1/2 + gaw)
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Theorem.”™ With ¢ (s,i, J), co = (80,10, Jo),
and c¢; = (s1,11, j1) denoting crossings, there is
a quadratic € Q(Tv)[gvaﬁ 44 ﬁ € {l .]}] i

a cubic € QT)[gvp : @.p € {to,Jo,n,h}] and a
linear such that the following is a knot invariant:

0D) = Aitady Z Ri(e) + > Ria(en,c0) + Z Tilee .

C

€0,C1

normahzatlon
see later .-
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This picture gave the invariant its name

they are Feynman diagrams [BN2].

If these pictures remind you of Feynman diagrams, it’s because Z

jor onjectures, Expectations

Qu at10 D
oufalidis-Kashaev invariants [GK, GL]?
Cahjecture 2. On classical (non—virtual) knots, 6 always has he-

xagonal (D) 8y rnetry
C Jecturet ?tii at*ge “solvable appro-
Hation” o [ yiiversa ned by running the

quamtization machinefy on the double D(b, b, €6), where b is the
Bo 1 subalgebra of sl] b is the bracket of b, and ¢ the cobracket.
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between ® and

BV2, BN1, Sch]

ecture 4. 6is equdl to, “
h Integral”, a d b nsky, Kricker,

n great detail by Ohtsuki [GR, Rol, R02 3, Kr, Oh].
5. 0 has a perturbed Gaussigmgntegral formula, with inte
bn carried out over over a spacg 6F, consisting of 6 copies o

tion to the Kon-

ILemma 1. The traffic function gaﬁ is a “relative invariant’:
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bace of edges of a knot diagraih p. See [BN2].
ecture 6. For any knot K, its géhus g(K) is bounded by thg
egree of 0: 2¢(K) > degr, 0(K)!
Conjecture 7. 6(K) has another pe ed Gaussian integral fo
, with integration carrled out over over the space 6H; &
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Lemma 2. With k™ = k + 1, the “g-rules” hold
near a crossing ¢ = (s, I, j):

oo
j+7i+
i/ \j
gjs =8rp+0p g =T gip+(1=T")gjop+0ig 8o p = O p
Eait = ngai + Ooit 8ajt = 8aj t (1 - Ts)gm' + (Sa'jJr 8a,1 = 6(1,1

Corollary 1. G is easily computable, for AG = I (= GA), with A
the (2n+1)x(2n+1) identity matrix with additional contributions:

A ‘ colit col j*
c=(s,i, ) rowi | -T* T°-1
For the trefoil example, we have: row.J 0 -1
1 -T 0 0O T-1 0 0
0 1 -1 0 0 0 0
0 0 1 -T 0 0 T-1
A=]10 0 0 1 -1 0 0o |,
0O 0 T-1 0 1 -T 0
0 0 0 0 0 1 -1
0 0 0 0 0 0 1
17 1 T 1 T 1
1 T T T2
0 1 7 7=/ 77 -7+ 1
0 0 ] r T T 1
T2-T+1 T2—]T+1 T2—1T+1 T2—7T+1
G = 0 0 1-T 1
T2-T+1 T2—T+% T2_T+1 T2-T+1
0 0 =T (@T-D { 7 )
T2—T+1 TI_T+1 T2-T+1 T2-T+1
0 0 1 1
0 0 0 0 0 0 1

[BN2] —, Knot Invariants from Finite Dimensional Integration, talks in Bei-
jing (July 2024, wef/icbs24) and in Geneva (August 2024, wef3/ge24).

[BV1] —, R. van der Veen, A Perturbed-Alexander Invariant, Quantum Topo-
logy 15 (2024) 449472, wef/APAIL

[BV2] —, —, Perturbed Gaussian Generating Functions for Universal Knot
Invariants, arxiv:2109.02057.

[DHOEBL] N. Dunfield, A. Hirani, M. Obeidin, A. Ehrenberg, S. Bhattachary-
ya, D. Lei, and others, Random Knots: A Preliminary Report, lecture notes
at we}/DHOEBL. Also a data file at wef/DD.

[GK] S. Garoufalidis, R. Kashaev, Multivariable Knot Polynomials from Brai-
ded Hopf Algebras with Automorphisms, arxiv:2311.11528.

[GL] —, S. Y. Li, Patterns of the V,-polynomial of knots, arxiv:2409.03557.

[GR] —, L. Rozansky, The Loop Expansion of the Kontsevich Integral, the
Null-Move, and S -Equivalence, axiv.math.GT/0003187.

[Jo] V. FE R. Jones, Hecke Algebra Representations of Braid Groups and Link
Polynomials, Annals Math., 126 (1987) 335-388.

[Kr] A. Kricker, The Lines of the Kontsevich Integral and Rozansky’s Rationa-
lity Conjecture, axiv:math/0005284.

[LTW] X-S. Lin, F. Tian, Z. Wang, Burau Representation and Random Walk
on String Links, Pac. J. Math., 182-2 (1998) 289-302, arxiv:q-alg/9605023.
[Oh] T. Ohtsuki, On the 2—-loop Polynomial of Knots, Geom. Top. 11 (2007)

1357-1475.

[Ov] A. Overbay, Perturbative Expansion of the Colored Jones Polynomial,
Ph.D. thesis, University of North Carolina, Aug. 2013, wef/Ov.

[Rol] L. Rozansky, A Contribution of the Trivial Flat Connection to the Jones
Polynomial and Witten’s Invariant of 3D Manifolds, I, Comm. Math. Phys.
175-2 (1996) 275-296, arxiv:hep-th/9401061.

[Ro2] —, The Universal R-Matrix, Burau Representation and the Melvin-

Morton Expansion of the Colored Jones Polynomial, Adv. Math. 134-1

(1998) 1-31, arxiv:q-alg/9604005.

Note. The Alexander polynomial A is given by
A = T2 det(A), withe =3 o, w=2.5
'We also set A, := A(T,) forv=1,2,3.

[Ro3] —, A Universal U(1)-RCC Invariant of Links and Rationality Conjectu-
re, arXiv:math/Ozol 139.

[Sch] S. Schaveling, Expansions of Quantum Group Invariants, Ph.D. thesis,

Universiteit Leiden, September 2020, wef3/Scha.



http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/DPG
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/icbs24
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/ge24
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/APAI
http://arxiv.org/abs/2109.02057
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/DHOEBL
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/DD
http://arxiv.org/abs/2311.11528
http://arxiv.org/abs/2409.03557
http://arxiv.org/abs/math.GT/0003187
http://arxiv.org/abs/math/0005284
http://arxiv.org/abs/q-alg/9605023
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/Ov
http://arxiv.org/abs/hep-th/9401061
http://arxiv.org/abs/q-alg/9604005
http://arxiv.org/abs/math/0201139
http://www.math.toronto.edu/~drorbn/Talks/PhuQuoc-2506/Scha

Corollary 2. Proving invariance is easy: H
y g y . The Main Program

é N\ 4
o jt 5 D t I D e[k ] :=Modu1e[{Cs, ©, ny, A, A, G, ev, 6},
L ? (k {Cs, ©} =Rot[K]; n=Length[Cs];
(s = (s A = IdentityMatrix[2n +1];
m \n m \n Cases[Cs, {s ,1,7J }»
- /= g (prcts sttt o= (0T )]s
Invariance under R3 A = T(-Total{e]-Total[SIALL1T1) /2 pat (A7 ;

This is Theta.nb nq E?Itiz aEEr§n.net/tw!‘ G = Inverse[A];

ev[s ] :=

Factor[& /. 8, ,a,5 = (Gla, A1 /. T>T,)];
OT; =Ty Ty; V‘\QAQKG = ev[21=122=1‘cS Ikil, CsEk211];
OCF[& ] := V/\féx@ 6 += ev[ZL’Csﬂk]]]];

Module| {vs = Union@Cases[& ) S, C
[{ L& . 15°Pss €4 O += eV[Zin‘[‘P[[k]], k]];
Total [Coe-F-FicientRules [Expand[&], vs] /. =1

®O0nce[<< KnotTheory™ ; << Rot.m; << PolyPlot.m];

(ps_->c_ ) = Factor Factore
— - {Ay (A/.T>Ty) (A/.T>T,) (A/.T—>T3)9}];
CF [ = YQ The Trefoil, Conway, and Kinoshita-Terasaka
o
s (1 /2 - 8335 + T3 811 8251 - B1ii 8245 - ©e[Knot[3, 1]] // Expand

R Rt IR PR L.
((T3-12) 8131 (T3° 8255 - T5 8235 + T5 8335) + 1 LT, , s
(13-1) gass T%TZ+T—2+T—1+T1T2—T2+T1T2—T1T2} O(D
(1-T38ui- (Ti-1) (T2+1) gaga + © GraphicsRow[PolyPlot [@ [Knot[#]]] & /@ GX)
(T3-2) 8255+ 8215) ) / (T3-1) ) ]5 {"3_1", "K11n34", "K11n42"}] L
PRi2[{s0_, 16_, jO_}, {s1_, i1_, j1_}] := _

CF[s1 (T3°-1) (15" -1)* (73" - 1) 4, 51,10 83, 76,11 _
(Note that the genus of the Conway knot appears to

S
( (75° 82,11,10 - 82,11,50) = (T3’ 82,71,10 - 82,51,70) ) ] O
be bigger than the genus of Kinoshita-Terasaka)

et PR S, |
82ii 8355 - T3 8241 B335 + Buii B3jj + T 1

(T2 - 1) 8241 8313 + 2 8255 83ii - (1 - T3) 8241 835i - - 1 1, 1 1 1 <€8/3
| RTINS
\J

8 js *8vjts+ i

8 isn BT, Brits+ (1 - Ti) 8vj*ts + 6ip,
S

gv_a_i+ g Ty 8rai * Saits

8 a it Bait (1-T5) Brui + 8yt Some Torus Knots

} O©TKs = {{13, 2}, {17, 3}, {13, 5}, {7, 6}};
GraphicsRow[PolyPlot [@[TorusKnotee #]] & /@ TKs]
GraphicsRow[TubePlot [Torusknot @@ ] & .

©DSum[Cs___ ] :=Sum[Ryi[c], {c, {Cs}}] +
Sum[Ry[cO, c1], {cO, {Cs}}, {cl, {Cs}}]

lhs = DSum[ {1, j: k]’: {1, i: k+}: {1, i+: j+}1 III I II III "
{s, my n}] //. 8Ry 5,k UBRy,i,kr UBRy, i+, 4¢3 ‘;o“ec;;;o“aos..
rhs =DSum[ {1, i, j}, {1, i*, k}, {1, j*, k*} & > -r“e%g‘?é‘%%’"s
s 1 i) > > i) > > i) o A 00*,_!'\ -’%_\0‘50 .

{s, m, n}1 /7. 8Ry,i,5 U8Ry, ik UBRy, jv k5 “ QS
Simplify[1lhs == rhs] T ORIR D

OTrue




The 132-crossing torus knot 7;,7: (many more at wef/TK)
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Random knots from [DHOEBL], with 50-73 crossings: . (many more at wef3/DK)
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