Dror Bar-Natan: Talks: PhuQuoc-2506:

Thanks for inviting me to Vietnam!

The Strongest Genuinely Computable Knot Invariant in 2024 %

oep:=http://drorbn.net/v25 [m]#;[m]

ith van der

Veen.

Abstract. “Genuinely computable” means we have co-
mputed it for random knots with over 300 crossings.
“Strongest” means it separates prime knots with up to
15 crossings better than the less-computable HOMFLY-
PT and Khovanov homology taken together. And hey,
it’s also meaningful and fun.

IAcknowledgement. This work was supported by NSERC grants RGPIN-2018-
04350 and RGPIN-2025-06718 and by the Chu Family Foundation (NYC).

Preparation. Draw an n-crossing knot K as a

_diagram D as on the right: all crossings face up, lo

“land the edges are marked with a running index

_ ke{l,...,2n+ 1} and with rotation numbers ¢;. 5

“SModel T Traffic Rules. Cars always drive fo- 0o

van der Veen . .
rward. When a car crosses over a sign-s brid-

oy =~1

T* ~ 1, but falls off with probability
1-T7T% ~ 0. At the very end, cars
fall off and disappear. On various ed-

4
Continues Rozansky, Garoufalidis, Kricker, and Ohtsuki, joint w- jge it goes through with (algebraic) probability | 5 20
R
0

Strongest. Testing ® = (A, 6) on prime knots up to mirrors and | imecredii: — ges traffic counters are placed. See

iamondtraffic.com

reversals, counting the number of distinct values (with deficits in e, also [Jo, LTW].
parenthesis): (p1: [Rol, Ro2, Ro3, Ov, BV1]) [ebin.e 1 -
knots (H,Kh) | (A,p1) | ©®=(A,0) together { 7
reign 2005-22 2022-24 2024- —1_T" - 1maﬁelclr%dits: =
xing < 10 249 248 (1) 249 (0) 249 (0) 249 (0)
xing < 11 201 77LG0) | 787 (14) | 798 (3) 798 3) Deﬁnltlon. The'traﬁicfunctzon G = (ga[;)'(alsc‘), RN W
Xing <12 | 2,077 214) ©95) {19 {18) the Green function or the two-point function) is
xing <13 12’ 965 | (1.771) (959) (194) (185) the reading of a traffic counter at g, if car traffic
xing < 14 | 59,937 | (10,788) | (6,253) (1,118) (1,062) is injected at « (if @ = B, the counter is after the injection point).
xing < 15 | 313,230 | (70,245) | (42,914) | (6,758) (6,555) |There are also model-T,, traffic functions G, = (gyap) for v =

Genuinely Computable.
on a random 300 crossing knot (from
[DHOEBL]). For almost every other
invariant, that’s science fiction.
Fun. There’s so much more to see in
2D pictures than in 1D ones! Yet al-
most nothing of the patterns you see
we know how to prove. We’ll have
fun with that over the next few years.
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Don’t Look

Rii(0)=s [1/2 - @i + T581i&2ji — T583ji82ji — (T3 —1)g3iig2ji
+(T5- 1)gzjig3ji 81ii82jj + 283ii82jj + 81ii83jj ~ gZiig3jj]

+

T [(T -DT; (g3jjglji — 82jj81ji + Tifgljigzﬁ)
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WOU]d: you join? ' ' +(T3-1) (g3ji = T5g1iigsji + 82ij83ji + (TS—Z)ngjgwi)
[Meaningful. 6 gives a genus bc?und (unprovep yet with ?onﬁ— (T3 - 1)(T3 +1)(T§—1)g1ﬁg3,»,-]
dence). We hope (with reason) it says something about ribbon SIS =TS = 111083

knots. Rya(co, c1)= 751 (T;ngilio +82j,jo = 15" 821y — gziljg)
Conventions. T, Ty, and T, are 1ndetenn1nates and T T:T,. 21“1(4;, k) -1/2 + gaw)
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https://diamondtraffic.com/productcategory/Portable-Counters
https://labs.openai.com/
http://www.math.toronto.edu/~drorbn
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Theorem. With ¢ (s,1, ), co (80, 10, Jo),
and c¢; = (s1,11, j1) denoting crossings, there is
a quadratic Ry1(c) € Q(T)[gvp : B € i . [; | |
a cubic Riz(co,c1) € QT))[gvp : @.B € {IOaJOJhJI}] and a
linear I'; (¢, k) such that the following is a knot invariant:

0D) = Aitady Z Ri(e) + Z Riafeo,c1) + Z e k))

nOI‘l'IldllZdthl’l ¢ o€l

see later .

D fé‘bz
\/
AN
o J 0 ] 1
This picture gave the invariant its name

If these pictures remind you of Feynman dlagrams, it’s because
they are Feynman diagrams [BN2].

Questions, Conjectures, Expectations, Dreams.
Question 1. What’s the relationship between ® and the

-] Garoufalidis-Kashaev invariants [GK, GL]?

Conjecture 2. On classical (non-virtual) knots, 6 always has he-
xagonal (Dg) symmetry.

Conjecture 3. 6 is the €' contribution to the “solvable appro-
ximation” of the s/ universal invariant, obtained by running the
quantization machinery on the double D(b, b, €6), where b is the
Borel subalgebra of s/3, b is the bracket of b, and ¢ the cobracket.
See [BV2, BN1, Sch]

Conjecture 4. 0 is equal to the “two-loop contribution to the Kon-
tsevich Integral”, as studied by Garoufalidis, Rozansky, Kricker,
and in great detail by Ohtsuki [GR, Rol, Ro2, Ro3, Kr, Oh].
IFact 5. 6 has a perturbed Gaussian integral formula, with inte-
lgration carried out over over a space 6F, consisting of 6 copies of

ILemma 1. The traffic function gaﬁ is a “relative invariant’:
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he space of edges of a knot diagram D. See [BN2].

Conjecture 6. For any knot K, its genus g(K) is bounded by the
T -degree of 6: 2g(K) > degy, 6(K).

Conjecture 7. 6(K) has another perturbed Gaussian integral for-
mula, with integration carried out over over the space 6H;, con-
sisting of 6 copies of H{(X), where X is a Seifert surface for K.
I[Expectation 8. There are many further invariants like 6, given by
Green function formulas and/or Gaussian integration formulas.
One or two of them may be stronger than 6 and as computable.
Dream 9. These invariants can be explained by something less
foreign than semisimple Lie algebras.

Dream 10. 6 will have something to say about ribbon knots.

[BN1] D. Bar-Natan, Everything around sl5, is DoPeGDO. So References.
what?, talk in Da Nang, May 2019. Handout and video at wef3/DPG.

Lemma 2. With k™ = k + 1, the “g-rules” hold
near a crossing ¢ = (s, I, j):

j+*\/’i+
i/ \j
ip = 8ptojp 8ip =T 8ip+(1=T")gjp+0ig gup=Omp
8ait = T°8ai + Ouir 8aj = 8aj t (1 =T"gui + Oajr a1 = Oal

Corollary 1. G is easily computable, for AG = I (= GA), with A
the (2n+1)x(2n+1) identity matrix with additional contributions:

A ‘ col i* col j*
c=(s,i,j)—» rowi | -T° T*-1
For the trefoil example, we have: row.J 0 -1
1 =T 0 0 T-1 0 0
0 1 -1 0 0 0 0
0 O 1 -T 0 0 T-1
A=l0 0 O I -1 0 0 |,
0 0 T-1 O 1 -T 0
0 O 0 0 0 1 -1
0 0 0 0 0 0 1
1 T 1 T 1 T 1
1 T T T2
01 T>-T+1 T2-T+1 T2-T+l  T?-T+l 1
0 0 : I r T 1
Tl TRl TTel T
G = O O 1-T 1
T2-T+1 T2—T+% T2_T+1 T2-T+1
0 0 l=r_ _(a-n i 7 )
T2-T+1 T2-T+1 T2-T+1 T?-T+1
00 o
00 0 0 0 0 1
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Corollary 2. Proving invariance is easy:
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The Main Program

-
“ jt y D L g e[k ] :=Modu1e[{Cs, ®, n, A, A, G, ev, 6},
L ? (k {Cs, ¢} =Rot[K]; n =Length[Cs];
(s =1 (s A = IdentityMatrix[2n +1];
m \n m Cases[Cs, {s ,1,7J }»
- = 7 (prcts sttt o= (0T )]s

Invariance under R3

This is Theta.nb of http://drorbn.net/to24/ap.
®O0nce[<< KnotTheory™ ; << Rot.m; << PolyPlot.m];

OT3=T1Ty;
OCF[& ] :=
Module[{vs = UnioneCases[&, g_, ®], ps, C},
Total[Coe-F-FicientRules[Expand[5], vs] /.
(ps_ > c_) = Factor[c] (Timeseevs™)] |;
ORua[{s_,1_, J_}]=
CF[
s (1 /2 - 8335 + T3 811 8251 - B1ii 8245 -
(T3 - 1) 825i 8311 + 2 8255 8311 - (1 - T3) B25i B3ji -
82ii 8345 - T3 8251 8355 + B1ii 834 +
((T1-1) g5 (Tgs 821 - T3 8255 + T5 8355) +
(13-1) 835
(1-T38ui- (T1-1) (T3+1) gaja +
(T2-2) 8235+ 8213)) / (T2-1) ) |5
ORya[{sO_, 10 _, jO_}, {s1_, il , j1_}] :=
CF[s1 (T3°-1) (15" -1) " (73" - 1) g4, 51,10 83, 50, 11
( (Tge 82,i1,10 - 82,i1,70) - (Tze 82,71,i0 - 82,71,50) ) |
OT1[e , k.1 =-0/2+¢8a;
©6; ,; :=If[i===7,1,0];
gR. ,i,; = {
8y s P Bvjts +0iss
8 is O, 8its+ (1-T) Brjts+8is,
gy ai* ™ T 8rui+ 6,0t
v ajt D 8rajt (1 - Tf,) 8vai + 6,5+
}
©DSum[Cs___ ] :=Sum[Ryi[c], {c, {Cs}}] +
Sum[Ry;[cO, c1], {cO, {Cs}}, {cl, {Cs}}]
lhs =DSum[ {1, j, k}, {1, i, k*}, {1, i*, §'},
{s, my n}1 //. 8Ry,5,k UBRy, i,k UBRy, i+, 5+5
rhs =DSum[ {1, i, j}, {1, i*, k}, {1, §*, k*},
{s, my n}] //.8Ry i U8Ry i+, UBRy, 3+ 1*5
Simplify[lhs == rhs]

OTrue

A = T(-Total[¢]-Total[CS[ALL,1]1) /2 pat [A];

G = Inverse[A];
ev[& ] :=
Factor[& /.8, ,.,s = (GIa, A1 /. T=T,)1;

3 = e"[21=1Z:z=1 R12 [CsTk1], Cs[k2]]] s
6 += ev[Z‘L:=1 Ru [CSIKD] 5
o +=ev[ 2" T1[olKI, k1];
Factore
{8y (A/.T>Ty) (A/.T>Ty) (A/.T-Ts) e}];
The Trefoil, Conway, and Kinoshita-Terasaka
©e[Knot[3, 1]] // Expand Q\
g{71+}+T 717Tzfi— ! + ! + < \/J
T o2t o2opqoqq2 @

1 T, Ty

b — TP T, -T2 T T2-T272
BT, T, Tl ST @
® GraphicsRow[PolyPlot[@[Knot[#]]] & /@ @)

{"3_1", "K11n34", "K11n42"}]

"I N

Qo

(Note that the genus of the Conway knot appears to
be bigger than the genus of Kinoshita-Terasaka)

Some Torus Knots

O©TKs = {{13, 2}, {17, 3}, {13, 5}, {7, 6}};
GraphicsRow[PolyPlot [@[TorusKnotee #]] & /@ TKs]
GraphicsRow[TubePlot [Torusknot @ee #] & /@ TKs]
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The 132-crossing torus knot 7;,7: (many more at wef/TK)
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Random knots from [DHOEBL], with 50-73 crossings:
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