Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution-240528.nb 2024-05-28 14:34:04

Pensieve header: Solving the equations for $\rho_1$ with imaginary Lagrangian (fail).

Preliminaries

(Alt) Inf]:=
SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Oaxaca-2210"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.

Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/la22/ap to compute rotation numbers.

The Old Program
(Alt) Inf]:=

Rils_s 1_, J_1 :=5 (8ji (85,5 + 85,5 - 8ij) - 8ii (85,5 -1) -1/2);

PIK_] :=p[K] = Module[{Cs, ¢, n, A, s, i, 3, k, 4, 6, p1},
{Cs, ¢} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n+1];

. . . ST TS -1
Cases[Cs, {s ,i,7 }=» (A|I{1, 3}, {i+1, 7+1}] += ( 0 -1 ))],
A = T(-Total(e]-Total [CSIALLATD) /2 pat [A] 5
G = Inverse[A];
n 2n

ol = Zk=1 R, @@ Cs[k] - Zk=1<p[[k]] (B -1/2);

Factor@{A, Apl/.a*»a+l/. go .5 »Gla, /5’]]}];

The g-Rules
(Alt) Inf]:=
6i ,5 = If[il===73,1, 0];
gRules, ; . :={8ip 2 8is+T 8o, s+ (1-T°) 85,45 8js = 855+ 85,45

gaf_,i » T (ga,f - 6:1,1'*) 3 ga_j g gar_,j+ - (1 - TS) 8ai - 6a,j*}
a *)t = a"”"; (« this is for cosmetic reasons only )
2 y

CF
(Alt) Inf]:=

CF[& ] :=Module[{vs = Union[{e}, Cases[&, (g|p|X) ,»]]}, Total|
CoefficientRules [Expand@ &, vs] /. (ps_ - c_) = Factor[c] (Times ee vs”s)

1]
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g2px and px2g
(Alt) Inf]:=

g2px[&_ ] :=Module[ {1}, Expand[& /. 8, 5 » APaXs] /. A »1/k1]

(Alt) Inf]:=

{P*; x*, 7*, §*} = {7, & P, X}; (u_i_)* .= (U*)i,;

(Alt) Inf]:=
Zip,[5. ] 1= &5
Zipiy e 3[&6.]1 := (Collect[& // Zip(py, &) /. f_- &% = (D[F, (&7, dy1)) /. &> e

(Alt) Inf]:=
px2g[&_] := Module[{ps, xs, Q},
ps = Union[Cases[&, P, , ©]1;
xs = Union[Cases[&, Xo , ©]];
Q = Sum[p@* x0" gpor2y,xer21» {POs PS}, {XO, x5}1;
Zip,. s [& €] // Expand

Generic Perturbations

(Alt) Inf]:=

Module[{i, j, k},

AllMonomials[{}, 0] = {1};

AllMonomials[{}, d Integer] /; d >0 := {};

AllMonomials[{v , vs  }, d Integer] :=

Joinee Table[v’“ AllMonomials[{vs}, k1, {k, @, d}];

AllMonomials[vs List, {d_}] := Joinee Table[AllMonomials[vs, k], {k, @, d}];
Basis[js_List, m_] := Flatten@Outer [Times,

AllMonomials [Table[p;, {j, js}1, m], AllMonomials [Table[x;, {j, js}1, m]];
Basis[js _List, {m_}] := Flatten@Table[Basis[js, k], {k, @, m}];
GenericCombination[bas_, c_] := bas.Table[c;, {j, Lengthebas}];
GenericCombination[bas_, c_k_] := bas.Table[c,, , {]j, Length@bas}];

]

https://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution-240528.nb 2024-05-28 14:34:04

(Alt) Inf]:=
Module|[{k, x1, x2, p1, p2},
rqg [1, 1 , 3] :=
Expand@Together‘@Sum[ek GenericCombination[Basis[{i1, j}, {k+1}]1, cacl, {k, d}];
r‘d_[':l-.v i_: J_] ‘=
Expand@Together‘@Sum[ek GenericCombination[Basis[{1, j}, {k+1}], cb.], {k, d}];
¥d_ [0, j_1:=0;
Ya [1, j_1 :=
Expand@Together‘@Sum[ek GenericCombination[Basis[{j}, {k+1}]1, cccl, {k, d}];
Yo [-1, J_1 :=
Expand@Together‘@Sum[ek GenericCombination[Basis[{j}, {k+1}], cd,], {k, d}];
{x1*, x2*, p1*, p2*} = {p1, p2, x1, x2};
rg [s_, #i_, ¢j_,i_, j_]1 := Normal[Log[0[e]?** + Zip y, ) [Exp[O[€] ™ +
(Yaloi, 1] /. X = X; +x1) +
(¥aled, J1 7+ X5 2 X5 +x2) + (rq[s, 1, 1 /. {pi » pi - Pp1l, p; » p; - P2})
1
(Alt) Inf]:=
r‘1[1.’ j) k] // CF
(Alt) Outf]=

€ Cal,l + € p] Xj Cal,z + € p] Xk Ca1,3 + € Py Xj Ca1,4 + € Pk Xk Ca1,5 +
2,2 2 2,2 2
€ p] Xj Ca,e + € p] Xj Xk Cay,7 + € pJ Xk Cay,g + € pJ Pk Xj Ca,g +€ p] Pk Xj Xk Ca1,10 +

2 2,2 2 2,2
€ p] Pk Xk ca1,11 + € Py Xj C31)12 + € Py Xj Xk ca1,13 + € Py Xk C31)14

(Alt) Inf]:=
I"2[_1) j) k] // CF
(Alt) Outf]=
€ Cby,1 +€ Py XjChby,a+€PyXeCby 3+ € Py X4 Chby g+ € pyxeCbys+epX;chye+ep]xyxchy,s+
€ p5 X by g + € Py P X5 Cby,g + € Pj P X3 X Cby1 10 + € Pj P Xp Cb1,11 + € Pg X5 Cby 15 + € Pf X X Cby, a3 +
€ Pg Xp Cby,14 + €2 Cby,1 + €2 Py X5 Cby,y + €2 Pj Xk Cby,3 + €2 Py X5 Cby,g + €7 Py Xk Cby, 5 +
€? p3 xj cby, g + €% 3 X3 X Cby 7 + €% p3 Xi Cby g + € pj pic X] Cba,g + €% P Pic X3 Xy Cby, 10 +
€2 Py P Xp Cby,11 + €% pj X5 by 12 + €% Pf X3 Xy Cba, 13 + €7 P Xj Cby, 14 + €7 3 X3 Cby, 15 +
e? p? x% Xy Cby 16 + e? p;? X5 X3 cby,17 + e? p? Xi cby, 18 + e? p§ Pk x? cby, 19 + e? p§ Pk x§ Xk Cby 20 +
€% p3 P X3 X Cby 21 + € p3 P Xg Cba, 20 + €7 Py Py X5 by 23 + €% P3 P X5 Xy Cba, 24 + €7 P5 Pp X3 Xi Cby 55 +

2 2.3 2.3.3 2 .3.,2 2 .3 2 2.3.3
€7 Py Py Xi Cba, 26 + € Pk X3 cby o7 + € Pk Xj Xk Cby g + €7 Py X5 X €by, 20 + €7 P X Cby 30

(Alt) Inf]:=
¥2[1, 1] // CF
(Alt) Outf]=
€CC1,1 +€ pi Xg CCy,2 + 62 CCy,1 + 62 pi Xi CCy,2
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(Alt) Inf]:=
I"2['1_' (Pj: (ka j: k] // CF
(Alt) Outf]=
Log[e2!¥3:31 2l ]y e eby 1+ € p3 x5 cby,s + € pj Xj Xy Cby,3 + € P5 X cby 4 +
€ Pj Pk x§ cby,5 + € pj Pk X§ Xk €b1,6 + € Pj Pk xﬁ cby,7 +€ pﬁ x§ cby,g+€ pﬁ Xj X €by o +
€ Pk Xt Cb1 10 + €7 Cby 1 + €2 p3 X5 Cby 5 + €2 p5 X5 X Cby 3 + €7 p] X by 4 + €% pj P X5 Cby 5 +

2

2 2 2 2,2 2 .2 2 .2 .,2
€7 P5 Pk Xj Xk Cby 6 + €7 pj Pk Xi €by,7 + €7 pi xjcb2,8+e Pi Xj Xk €by o + €7 pi X Cby, 10

Non-Universally Solving at d=1

(Alt) Inf ]:=
d=1;
vars =
Cases[Variables[rg[1, il, j1] +rq[-1, 12, j2] +¥a[1, k1] +¥4[-1, k2]]1, (ca|cb|cc|cd) ]
(Alt) Outf]=
{cas,1, €Ca1,2, CA1,3, CA1,4, CA1,5, CA1,6, CA1,7, CA1,8, CA1,9, CA1 10, CA1,11,
Ca1,12, Ca1,13, Ca1,14, Cb1,1, Cb1 5, Cby 3, Cby 4, Cby 5, Cby 6, Cby,7, Cby g, Cby g,

cbi 16, €b1,11, Cby 12, €by 13, Cb1 14, CC1,1, €CC1,2, CC1,3, Cdy,1, Cdy 5, Cdy 3}

cC
(Alt) Inf]:=
lhs = Module[{x1, p1},
{x1*, p1*} = {p1, x1};
Normal[Log [
0 d+1 . d+1 . .
[€1%*" + Zip )y [Exp[0[€]% + (wal1, 4] /. X3 » X; +x1) + (ya[-1, i1 /. ps » ps-p1)]]]]
rhs =0
(Alt) Outf]=

2,2 2,2
€ (€1 +PiXq CC1,p +PiX§ €Cy,3+Cdy,1 +Ps X3 Cdy,5 + pi Xi Cdy3)
(Alt) Outf]=
0
(Alt) Inf ]:=
covars = DeleteCases [Var‘iables[lhs -rhs], T | (ca|cb|cc|cd) ]
(Alt) Outf]=

{6) Pi, Xi}

(Alt) Inf]:=

eqnsCCbar = (# == @) & /@Union[Last /@ CoefficientRules[Expand[lhs - rhs], covars]]
(Alt) Outf]=

{CC1,1 + Cdl,l =0, CCy,2 + Cd1)2 =0, CCq,3 + Cd1,3 =0}
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(Alt) Inf]:=
vars = Cases|[
Variables[ry[1, il, j1] +r4q[-1, i2, j2] +yq[1, k1] +¥4[-1, k2]], (ca|cb | cc | cd)__]
{sol} = Solve[eqnsCCbar, vars]
sol /. Rule - Set;
¥all, k]
Yal-1, k]
(Alt) Outf]=
{cai1,1, Ca1,2, Ca1,3, Ca1,a, Ca1,5, Ca1,6, Ca1,7, CA1,8, CA1,9, Ca1,10, Ca1,11,
Cay,12, Cay,13, Caz, 14, cby,1, cby,y, cby 3, cby,a, Ccby 5, Cbys, Cb1,7, Cbl,S) Cb1,9)

Cbl,le) Cb1,11, Cb1,12: Cb1,13: Cb1,14: CCy,1, CCq,2, CCq,3, Cd1,1: Cd1,2: Cd1,3}

Solve: Equations may not give solutions for all "solve" variables.
(Alt) Outf]=

{{cdy,1 » -ccq,1, €dy,, > -CCy,3, €dy,3 > -CCy 3} )

(Alt) Outf]=
2,2
€ CCl’l + € Pk Xk CC1’2 + € P Xk CC1,3

(Alt) Outf]=
~€CCy,1 - € Pk Xk CC1,2 — € Pp Xg CC1,3
R3
(Alt) Inf ]:=
Short[1lhs = CF[Module|{es = {i, j, k, i*, J*, k*}},

Times [
Normal@Series [Exp[rq[1, j, k] +rq[1, i, k'] +prq[1, i*, 11, {e, 0, d}1,
EXp[SUM[ga,s 77 €5, {as €5}, {B, €5}1]
17/ Zip(px&,@es)u(xﬂ&,@es) // Expand

] 77. gRules, ;. UgRules, ; . UgRules, ;. ;]]

(Alt) Outf]//Short=
1+ <«<64> +4¢e (cajg-2Tcagg+ T?ca_g.. +cag. -Tcag+ ca, i) [

(Alt) Inf]:=
Short[rhs = CF[Module|{es = {i, j, k, i*, J*, k*}},

Times [
Normal@Series [Exp[rq[1, i, j] +rgq[1, i*, k] +rq[1, %, k™11, {e, O, d}1,
Exp[Sum[gqs,5 71 €55 {a, €5}, {B, €s}]]
1 /7 Zip 5 s/es)|(x,8/@es) // EXpand

] 77. gRules, ; ;UgRules, ;. UgRules, j \]]

(Alt) Out[]//Short=
1+ <«<61>> +4¢ (ca;g-2Tcapg+ T Cary. +Cacy. - TCayn +Cay 1) Boo i

(Alt) Inf]:=
me = Exponent[lhs - rhs, T, Min]

(Alt) Outf]=
-4
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(Alt) Inf]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Outf]=
{€, 8ir,its 8ir,57 s Bi~, ks 85,17 B, B,k Bk,ivts Bk, Bk k)
(Alt) Inf]:=
Short |
eqnsR3 = (# == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (1lhs -rhs)], covars]]]

(Alt) Outf]//Short=
{7T3 Cap,3 + T Ca;3 =0, <31>», -4 T3 Capg + <1lo> +4 T Cay, g == }
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R2b

(Alt) In[]:=

lhs = CF[Module[{es = {i, j, i*, J"}},
Times [

Normal@Series[Exp[rq[1, i, j] +rq[-1, i*, 3711, {e, 0, d}1,
Exp[sum[ga,B 7 Eps {0, €5}, {B, €s}]]
177 Zip p,8/ees) |y (x.8/@es) // Expand

] //. gRulesy ; ; UgRUleS-l,i*,j*]
(Alt) Outf]=

S (T Caljz +T Cb]_,z + Cb1,3 -T Cb1,3) gj_**)i**
1l+e (Cal,l + Cbl,l) +

+
T
2¢ (TZ Ca1,6 + T2 Cb1)6 +T Cb1)7 - T2 Cb1,7 + Cbl’g -2T Cbl,g + T2 Cb1)8> g

2

ith,itt

T2 :
€ (Tcapz+cby3) gi,j 2€ (TPcay,;+Tcby,;+2cbyg-2Tcbyg) gi i 8iv,5
. + = +
2¢e (T2 cagg + Cbl,g) gfj
T2 :

€ (Tcaga-Tcby y+T2cby,-cby 3+2Tcby 3-T?>cby 3+T2cby 4+Tcbys-T?cb
1,4 1,2 1,2 1,3 1,3 1,3 1,4 1,5 1,5 gj >1

1
y—
T

TZ
2¢ <T2 Cal,g -2 Tz ij_)s +2 T3 Cb1,6 -2T Cb1)7 +4 T2 Cb1,7 -2 T3 Cb1)7 -2 ij_)g +6T Cbl)g -6 T2 Cbl)g +

1
2 T3 Cbl)g + T3 Cb]_,g + T2 Cb]_)]_a - T3 Cb1)19 +T Cb1)11 -2 TZ Cb]_’l]_ + T3 Cb1’11> i, i gj”,i*

P+ —

-|-2

€ (TZ Cal,le -2T Cb1,7 +2 Tz Cb1J7 -4 Cbl)g +8T Cbl’g -4 Tz Cb]_)g + T2 Cbl,le +2T Cbl,ll -2 T2 Cb1,11>
1

gi’ L3t gj’*,l + 7 2¢€ (TZ Ca1,12 + Tz Cb1,6 -2 T3 Cb1,6 + T4 Cb1,6 +T Cb1)7 -3 T2 Cb1,7 +
T

3 T3 Cb1’7 - T4 Cb1,7 + Cbl,g -4T Cb]_,s +6 TZ Cbl,S -4 T3 Cb]_,g + T4 Cbl’g - T3 Cbl,g +
T4 Cbl)g - TZ Cbl,le +2 T3 Cbl,l@ - T4 Cb1,10 -T Cbl,ll +3 Tz Cb]_)]_l -3 T3 Cbl,ll +

T4 Cb1)11 + T4 Cb1,12 + T3 Cb1,13 - T4 Cb1,13 + T2 Cb1,14 -2 T3 Cb1,14 + T4 Cb1)14> g§++’1+ +
€ (T Cal’s *Cb1)3+TCb1’3 +ch1’5) gj*+1j++ 1

.
T T2

€ (TZ Cal,le -2T Cb1,7 +2 T2 Cb1)7 -4 Cbl)g +8T Cbl,g -4 T2 Cb118 + Tz Cbl,le +2T Cbl,ll -2 T2 Cb1,11>

2
2¢ (T Ca1,11 -2 Cbl,g +2T Cb1,8 +T Cb1)11> gi“,j‘* gjﬂ,j‘*
gi’*,i” gj’* sit 4

5] T2 +
1
= 2e (T?cayy3+Tchy7-2T?cby,7+T> cby7+2Cby,g -6 T by, +6T? Cby g~ 2T by g - T2 by g0 +
T? cby,1e - 2T Cby 1y +4 T2 Cby 1y — 2T by g + T2 by, 13 + 2T by g - 2 T2 by 1a) 85,1 85,5 +
2¢ (T?cay,14+Cbyg-2T by g+ T2 Cby,g - TCby 1y + T2 Cby 15 + T2 Cby,14) 85 5
-I-2
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(Alt) Inf]:=
rhs =1

(Alt) Outf]=
1

(Alt) Inf]:=
me = Exponent[lhs - rhs, T, Min]

(Alt) Outf]=
-2

(Alt) Inf]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Outf]=
{€, 8i~,i» Bitr,i s Byr,itts gj**,j*’}
(Alt) Inf]:=
eqnsR2b =
(Factor[#] == @) & /@Union[Last /@ CoefficientRules[Expand[T™™ (lhs - rhs)], covars]]|

(Alt) Outf]=
{TZ (cal,l +Cb1,1) == 0, T (T ca1,3+cb1,3) == @,

T(Tcag,,+Tcby,,+cby,35-Tcby,3) =0, T (Tcay,s-cby,3+Tcby,3+Tcby5) =0,

T (Tcag,s-Tcby,o+T?cby,p - cby3+2Tchy3-T?cby3+ T2 cbyq+Tchbys -T2 cby5) = O,
2 (T?cay,g+cby,g) =@, 2 (T>cay,7+ Tcby 7 +2cby g-2Tchyg) == 0,

2 (T?cag,g+ T cby g+ Tcby,; - T cby 7+ Cbyg-2Tchy g+ T2 Cbyg) = O,

2 (T?cag,;1-2¢byg+2Tcby g+ Tchy) =0,

T?cay,10-2TcCby,7+2T?cby 7 -4cCby g+8Tcby g-4T?cby g+ T2 by 1p+2TCby,10-2T by g5 == O,
2 (T?cag,9-2T?cby,6+2T°cbyg-2Tcby;+4T?cby7-2T cby,7-2¢Cbyg+6TChyg-6T Cby g+
27T% cby,g+ T cby,g + T2 Cby 10 - T2 Cby1p + T Cby, 11 - 2 T €by 1g + T by 1) = O,
2 (T?cayg 14+ Cby,g -2 T Cby,g + T2 Cby,g - T Cby 3y + T2 Cby, 13 + T2 cby 14) = O,
2 (T*cag,13+Tcby,7-2T?cby 7+ TP cby,7+2Cby g-6T by g+6T Cbyg-2T> cby g - T? cby 1o+
T? cby,10 - 2T Cby,g +4 T2 Cby 1y - 2T by gg + T2 Cbyj13 + 2 T2 cby 1 - 2 T by ag) = O,
2 (T?cag,12+ T2 cby6-2T by, + T Cby g+ TCby,7 -3 T2 cby 7 +3 T  cby 7 - T by 7 +
cbyg-4Tcby,g+6T cbyg-4T>cby,g+ T cbyg-T cbyo+ T Cbyg-
T2 cba,10+2T> Cby,16 - T Cby,16 - TCby 11 + 3 T2 Cby 11 - 3T° cby,1q + T Cby,1g +

T4 Cb1)12 + T3 Cb1)13 - T4 Cb1’13 + T2 Cb1,14 -2 T3 Cb1,14 + T4 Cb1)14) == 0}
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R2c

(Alt) Inf]:=
lhs = CF[Module[{es = {i, j, i*, j"}},
Times [
Normal@Series [Exp[rq[-1, i, j*] +rq[1, i*, j1 +¥q[1, 3711, {e, 0, d}1,
EXp [SUM[8q,p 7o €5, {a, €S}, {B, €5}]]
177 Zip(pa&/@es)U(xg&/@es) /7 EXpand
] 77. gRules_, ; 5 UgRules, ;. 4]
(Alt) Outf]=

1l+e (ca1,1 -Cay,3+Tcay3+2ca;,g-4Tcag+2 T2 Caj,g+Cby 1 + ccl,l) +

€ <T Ca 2 — 2T Cal,7 +2 T2 Cal)7 +T Cbl)z + Cb1)3 -T Cb1)3> gi”,i”

+

T
2 2 2 2 2
2¢ <T ca1,6+T Cb1)6+TCb1)7—T Cb1,7+Cb1,g—2TCb1,3+T Cb1)8> gi”,i’*

+
T2
€ (T Ca]_,g -47T ca1,8 +4 T2 Cal,g + Cb1’3> gi”,j” +

2¢ <T2 Ca1,7 +T Cb1,7 +2 Cbl,g -2T7T Cb1)8> giH,j_H gi“,j“

+
T
2 2 1
2¢€ (T Cal)g + Cb1)8> gi”,j‘* - TI- € (*Cal)z +T Cal’z - Ca1)4 +2 Ca1’7 -4T Ca1,7 +
) 1
2T Cay,7 + Cay,10 — T Cajy,10 — T Cb1’4 - Cb1,5 +T Cbl’s - CCq,2 + T CC1’2> gj“,i" - 7
T

2¢€ (*2 T Caj,e + 2 Tz Cai,e — T Cay,g — T2 Cbl,g -T Cbl,le + T2 Cbl,l@ - Cbl,ll +2T Cbl,ll - T2 Cb1,11>

€ (—2 T Ca1,7 +2 Tz Ca1)7 -T Cal)lg -T Cbl,l@ -2 Cbl,ll +2T Cb1,11> gi++,j++ gjﬂ)i*‘

8,1 84,4 — +
T

1
72 2¢ (Calls -2T Cal,G + Tz Cag,e + Cad1,9 — T Cag, g9 + Cag,12 + -|-2 Cbl,lZ +T Cb1,13 -
T
T? cb cb 2Tcb T? cb cc 2T cc T? cc 2
1,13 + CD1,14 - 1,14 t 1,14 + CCq1,3 - 1,3+ 1,3) 85,40t
€ (Ca1,3 -T Ca1,3 + Ca1’5 -4 Caljg +8T Cal,g - 4T2 Cal,g -2 Ca1’11 +2T Ca1,11 + Cbl,S + CC1)2> gj“,j“ -

€ <*2 T Cay,7 + 2 TZ Cay,7 — T Cai,1e — T Cbl,le -2 Cb]_’]_]_ +2T Cb]_’l]_) i, i gj”,j"*

T
2

2¢€ (*2 T Cal,g +2T Cal)g -T Cal)ll - Cbl,ll) gi*+)j++ gj*+)j++ +

1 2

- 2€ <C31)7 -2T Cay,7 + T Ca;,7 + Cay, e — T Caj,19 + Ca1,13 +

T

T Cb1,13 +2 Cb1,14 -2T7T Cb1,14 +2 CC]_,_D, -2T CC1,3> gj”,i” gj”,j” +

2 2
2¢e (Cal,g -2T Caljg +T Cal’g + Cal)]_]_ -T Cal)ll + Ca]_,14 + Cb1,14 + CC1)3> gJ

b4 I

537
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(Alt) Inf]:=
rhs = CF[Module[{es = {(3*)"}},

Times[
Normal@Series [Exp[¥q[1, (3*)*11, {e, O, d}1,
EXp [Sum[gq4,s e €5, {a, €5}, {B, €s}]]
1 7/ Zip (p,g/ees) | (x,8/ees) // Expand

1]

(Alt) Outf]=
2
l+eccy,y+€CCy 58y, +2€CCy3 85,5

(Alt) Inf]:=
me = Exponent[lhs - rhs, T, Min]
(Alt) Outf]=
-2
(Alt) Inf]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Outf]=
{€, 8i,ivs Biv,j7s 85,ivs 85,5}
(Alt) Inf ]:=
eqnsR2c =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (lhs -rhs)], covars]]

(Alt) Outf]=

{T? (car,1-car3+Tcay3+2cayg-4Tcagg+2T cagg+Chyg) =0,

T (Tcay,,-2Tcay,;+2T cay,7+Tcby,+cby3-Tcbys) =0,

7% (Tcay,3-4Tca;g+4T?cagg+cbys) =0,

-T? (-cay,3+Tcay3-cays+4cays-8Tcag+4T cayg+2cayy-2Tcag-cbys) =0,

27 (T?cay,7 +Tcby,7+2cbyg-2Tchyg) =@, 2T (T2 cay g+ Cby g) = O,

2 (T?cay,e+ T2 cby,g+ Tcby,7 -T2 cby,7 + Cby g -2 T cby g+ T cby5) = O,

-T(-2Tcay,;+2T?cas,; - Tcag,10-Tcby 1o~ 2Cby,1y +2T by 11) =0,

-2T? (-2Tcayg+2T? carg-Tcag i - by ) =0,

-2 (-2Tcayg+2T care-Tcago-T>cbyg-Tcby 1p+ T? Cby 19~ Cby,11 + 2T Cby, 11 - T cby 11) = O,

27% (car,s-2Tcagg+T?carg+Cayu - TCay, +Cag,1q + Cby,14) = O,

-T (-cay,,+Tcay,,-caja+2ca;;-4Tcay;+2T cay,; +Cag o - T Cag, 10 -
Tcby,g-cbys+Tcbys-ccyo+Tecy,) =0, 2T (cayy-2Tca;+ T ca7+
Caj, e - T Cag, e+ Cas,i3+TcCby13+2¢by 14-2Tcby,14+2ccy,3-2T cc1,3) =0,

2 (cay,e-2Tcaye+ T Caye+ Cag,o-TCaye+ Cay g+ T2 Cby 1o+ TCby g3 - T2 by g3 +

Cb1,14 -2T Cb1,14 + TZ Cb1,14 + CC1’3 -2T CC1,3 + TZ CC1)3> == @}

https://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution-240528.nb 2024-05-28 14:34:04

R1l

(Alt) Inf]:=
lhs = CF[Module[{es = {i, i*}},
Times [
Normal@Series [Exp[rq[1, i*, i] +v¥q[1, i*1]1, {e, ©, d}],
EXp [SUM[8q,p 7o €5, {a, €S}, {B, €5}]]
177 Zip(pa&/@es)U(xg&/@eS) // Expand
] //. {gi+’/j\_ N Si+,p+Bit*, 55 Bi,s 9 O0i, 5+ gi+,/j}]
(Alt) Outf]=
1
1+ = e (T?caj,p+Tcay+Tcag+ T cars+2cage+
2caj,o+TcCag,1p+2Cag,1p+2Tcag, 3+2 T2 Cay, g + T2 CCy,p+Tccy,+2 cc1,3) +

€ (T Cal)3 +T Cal)s +2 Ca1,7 +2 Ca]_,]@ +2T Cal,ll +2 Ca1,13 +4T Ca1,14) gi+~,i

+

T
2
2¢€ (Ca]_,8 + Ca1,11 + Ca1’14) gi”,i +

€ (Tcai,,+Tcas+4cCay,6+4Cay,0+TCaA1,19+4CA1,10+2TCaA1,13+TCC1,0p+4CCq,3) 8i+,i

+

T
2
2 € (Cay,7 +Cayg,1e + CA1,13) 8i*+,i Bir,i+ + 2 € (Ca1,e + CA1,9 + CA1,12 + CC1,3) 8ir i

(Alt) Inf]:=
rhs =1

(Alt) Outf]=

1

(Alt) Inf]:=

me = Exponent[lhs - rhs, T, Min]
(Alt) Outf]=

-2

(Alt) Inf]:=
covars = DeleteCases [Var‘iables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Outf]=
{€, 8i,is 8ir,i*}
(Alt) Inf ]:=
egqnsR1l =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Outf]=
{2 T? (caj,7 + Cag, 10 + Ca1,13) = @, 2T? (Caj,g+Cas, 11 + Cas,1g) = O,
T(Tcag,s+Tcag,s+2ca;,7+2Ca1,19+2TCay,11+2Ca1,13+4TCaya) =0,
T?cay,; +Tcag,,+Tcag,q+ T2 Cag,s+2Cag,e+2Cay,o+
Tcag0+2Ca,10+2TCayg,3+2T7Cag,gq+T2CCq,1+TCCyp+2CCe,3 =0,
T(Tcay,,+Tcaja+4cayg+4cajo+Tcajp+rdcagp+2Tcag13+Tccy+4ccy3) =0,

2 TZ (ca1,6 +Cajg,g + Cag 12 + CC1’3> = 9}
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R1r
(Alt) Inf]:=
lhs = CF[Module[{es = {i, i*}},
Times [
Normal@Series [Exp[rq[1, i, i*] +¥q[-1, i"]1], {€, O, d}],
EXp [SUM[8q,p 7o €5, {a, €S}, {B, €5}]]
177 Zip p,8/ees) |y (x.8/@es) // Expand
177.{
Bis » Ois+T8iv s+ (1-T) 8i++, 5, Bir,p > Oi+, s+ 8i*,p»
8o ,i® T (8a,i* = 64,i*) s 8Ba ,i* ® T 8a,ir+ = (1=-T) 64,1+ =T 64,5+ }

]

(Alt) Outf]=
1+€ (Cal,l - Ca, 4 +Cay,5 — T Cay,s + 2 Caj, 12 - 2 Cap,13 + 2T Cap,13 + 2 Cay, 14 -

2 2
4T Cal,14 +2T Ca1,14 - Ccl,l - CC]_’Z +T CC]_,Z -2 CC1,3 +4T CC1,3 -2T CC1’3> +
2
€ (Cal,z +T Cag,3 +Caz,q + T Cai, s - 2 Cag,9 + Cdy1,10 — 2T Cdaj, 10 + 2T Caz, 11 — 2T Ca ;11 -
2 2
4 Calllz + 2 Cal)13 -4T7T Ca1)13 +4T Cal’14 -4T7T Ca1,14 -T Ccl,z -4T7T CC1,3 +4T CC1)3> gi*’,i“ +

2¢€ (Ca1,6 +T Ca1,7 + T2 Cal)g + Ca1)9 +T Cal)le + T2 Cal’ll + Cal)lz +T C31,13 + T2 C31)14 - TZ CC1)3> g%”,i‘*

(Alt) Inf]:=
l+e (Ca]_,]_ +2 Ca]_)g -2 Ca]_)g +2T Ca]_’Q +

2 2
2 Cal,la -47T Cal,la +2T Ca]_)].a - CC1,1 -2 CC]_,Z +4T CC1)2 -2T7 Ccl’z) +
€ (—2 Cays+Cagg-2TcCage+2TcCay7-2 T2 Ca;,;-4cCa; g+2cCa; 9-4TcCag o+
2 2
4T Cal,lg -4T Cal)lg -4T CC1)2 +4T Ccl,z) gi"w",i"w" +
2€ (caj,p+Tcays+ T cay g+ cays+Tcage+ T2 cag,y+Cagg+Tcayg+ T Cagio- T €Cp,p) Bl jroor

(Alt) OutF]=
1+e (Cal,l +2 Cal,g -2 Cal,g +2T Cag, g +

2 Caz; 10 — 4T Caz 10 + 2 TZ Cag,10 — CC1,1 — 2 CCy1,2 + 4T CCq1,2 — 2 T2 CC1’2> +
€ (*2 Cal)s + Cal)s -2T Cal’s +2T Ca1,7 -2 T2 Ca1)7 -4 Cal)g +2 Cal’g -
4T Cal’g +4T Ca1,10 -4 T2 Ca1)19 -4T7T Ccl)z + 4T2 Ccljz) gj_H)iH +

2¢€ (Ca1,2 +T Ca1,3 + TZ Ca]_)4 + Ca1,5 +T Cal)s + T2 Ca1,7 + Cal’g +T Cal’g + T2 Cal,la - T2 CC1)2> g%”,i'*

(Alt) Inf]:=
rhs =1

(Alt) Outf]=
1

(Alt) Inf]:=
me = Exponent [lhs - rhs, T, Min]
(Alt) Outf]=
0
(Alt) Inf]:=
covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]

(Alt) Outf]=

{€, 8i,ir}
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(Alt) Inf]:=
eqnsR1r =
(Factor[#] == @) & /@Union[Last /e CoefficientRules[Expand[T™™ (1lhs - rhs)], covars]]
(Alt) Outl]=
{2 (cage+Tcag;+ T2 cay,g+Cag,o+TCay 10+ T2 Cay,11 +Caz,12+ T Cay 13+ T2 Cag 14 -T2 cc1,3) =0,
Cay,1 —Cay,4+Ca1,5-TCA1,5+2CA1,1p -2CA1,13+2 T Cag 13 +2CaA1, 14 -
4T Cag,14 + 2 TZ Caj,14 —CCq,1 —CCq 2 + T CC1,2 — 2 CCq,3 + 4T CCq,3 — 2 TZ CCq,3 == 0,
Cay,p + T Cay,3 +Ca, 4+ T Cay,s - 2 Cay,9 + Ca1,10 — 2T Cajy,10 + 2T Cag,11 - 2 T2 Cag,11 -

2 2 _
4ca]_,12 +2 Ca1,13 -4T7 Ca1,13 +4T Ca1,14 -4T Cai 14 - T CC1,2 -4T CCy,3 +4T CC1,3 = 0}

+

Sw
(Alt) Inf]:=
lhs = CF[Module[{es = {i, j, i*, j"}},
Times[
Normale
Series[Exp[rq[l, i, j] +v¥al[-1, 1] +¥a[-1, j]1 +¥a[1, '] +¥a[1, J'11, {e, @, d}],
EXp [Sum[8q,5 7o €55 {a, €S}, {B, €s}]]
177 Zip (p,8/@es) | (x,8/@e5) // Expand
] /7. gRules, ; ;

]

(Alt) Outf]=
l+ecag,s+€ (Cag,p-cag,z+Tcags) 8ir,i+ +

2¢ (ca1,6 -Caj,y+Tcaj,y+cagg-2Tcagg+ T? ca1)3> gi,i. +Tecaysgi,j +
2Te (cay,;-2cay,g+2Tcay,g) Bir,i 8ir,j +2T € carg g§+’j+ -

€ (-cay+Tcapp+ca;3-2Tcay;+ T cay,3-Caya+Cags - TCays) 85,1

T
1

- 2€ (*2 Cai,e + 2T Caj,e + 2 Cay,7 - 4T Cay,7 + 2 TZ Cay,7 - 2 Cay,g + 6T Cay,s — 6T2 Cay,g + 2 T3 Cay,g —
T

2
Cal,g + Cal,le -T Cal,le - Cal)]_]_ +2T Cal)]_]_ -T Cal’ll + 2 CC1)3 -2T7T CC1)3> gi*,i* g:i*)i* +

€ (2 Ca1,7 -2T Ca1,7 -4 Cal)g +8T Cal’g -4 T2 Ca1,8 + CaLlB -2 Ca1,11 +2T Ca1,11> gi+1j+ gj+)i+ +
1

- 2¢ (cai,e-2Tcaye+ T carg-cary+3Tcay,;-3T cay,y+T>cay,;+cagg-4Tcagg+
T

6 T2 Cal’g -4 T3 Callg + T4 Cal)g + Ca1)9 -T Cal)g - Cal)lg +2T Cal)lg - T2 Cal)le + Cal)ll -
3T Cal)ll +3 Tz Cal’ll - T3 Cal,ll + Cal)lz — Ca]_,13 +T Ca1,13 + Cal’14 -2T7T ca1:14 +
2 2 2
T Ca1,14 -2 CC1)3 +4T CC1)3 -2T CC1,3) gjﬂ.i* + € (Ca1,3 -T Ca1,3 + Ca1,5) gj+)j+ +
€ (2 ca;,;-2Tca;,;-4ca;,g+8Tca;z-4 T2 Ca;,g+Cajp-2Ca, 11 +2T cal,n) 8ir,i* 8,5 —

2Te (*2 Cal,g +2T Cal,g - Cal,ll) gi’,j* gj+’j+ +
1 2 2 3
- 2¢ (ca1)7 -2Tcaj,7+T°cay,y-2ca;g+6Tca;,g-6T cas,g+2T cagg+Cagp-TCag, 10 -
T
2cay,11 +4Tcag 11 -2 T2 Cay gy +Cag,13-2Ca,14+2TCa3,04+2CC13-2T cc1,3) 8y ,i 8§, +

2 2
2¢€ (Cal,g -2T C31)8 +T Cai, g + Ca1,11 — T Cal)ll + Ca1,14) ng,Jw

https://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Oaxaca-2210: Rho_d-Iterative_Solution-240528.nb 2024-05-28 14:34:04

(Alt) Inf ]:=
rhs = CF[Module[{es = {i, j, i*, j"}},
Times [
Normal@Series [Exp[rq[1, i, j1]1, {€, ©, d}],
EXp [Sum[gq,5 7a €5, {a, €S}, {B, €s}]]
1 77 Zip (p,g/ees) U (x,8/ees) // Expand
] /7. gRules, ; ;

]

(Alt) Outf]=
1l+e Ca1)1 + € (Cal,z - Ca1,3 +T Cal,g) gi+,i* +

2e (cajg-cay,7+Tcays+cayg-2Tcayg+ T Cayg) 8,5 +TeCarsgir,y +
2Te (cay,;-2cay,g+2Tcay,g) Bir,i 8i',j +2T €carg 8%*,3'* -

€ <*Ca1,2 +T Cal,z + Ca1,3 -2T ca1,3 + T2 Ca1)3 - Cal)4 + Cal)s -T Cal)5> gj+,i+

T
1 2 2
- 2€ (*2 Ca1,6 +2T Ca1)6 +2 Ca1J7 -4T cag,7 + 2T Ca]_,7 -2 C31)8 +6T Cal)g -6T Cal,g +
T
3 2
27T cay,g-Cay,o+Cay,ze - T Cag10 - Ca1,11 + 27T Cay 1y - TP Cag,11) Bivyir B5,a0 +
€ (2 Ca1,7 -2T7T Ca1)7 -4 Cal)g +8T Cal)g -4 T2 Cal,g + Cal,lg -2 Ca1,11 +2T Ca1,11> gj_*,j* gj+)i+ +

1
7 2¢ (cal,e -2T Caj,e + T2 Caj,e —Cay,7 + 3T Cay,7 - 3 T2 Cay,7 + T3 Cay,7 + Cay,g - 4T Cay,g + 6 T2 Cay,s -
T

4 T3 Cal)g + T4 Ca1,8 + Caljg -T Ca1,9 - Caljle +2T Ca1,19 - TZ Cal,le + Cal,n -3T7 Cal’ll +
2 3 2 2
3T Cag,11 - T Cajg,11 + Cag,12 — Caz,13 + T Cay,13 + Cay,14 — 2T Cag, 14 + T ca1,14> gj*,i’ +
€ (cai,3-Tcag3+cass) 8,y +€ (2 Cca;,z-2Tcay,;-4ca;g+8Tcags— 472 Cay,g +

Cajge-2cCag 1 +2T C31,11) 8i,i' 8,5 ~2Te (-2cas,g+2Tcag g~ cas 1) 8ir,j 8,5 +
1 2 2 3
- 2€ (ca1,7 -2Tca;,7+T cay,7-2cay,g+6Tca;,g-6T cag,g+2T ca,g+Cay, e -
T
2
T Cajy,10 — 2 Cay, 11 + 4T Cay,11 - 2T Cap,11 + Cag,13 - 2 Caj,ig + 2T ca1,14) gj‘,i' gj‘,j‘ +

2¢€ (Cal,g -2T Cay,s + TZ Ca;,g + Cay,11 — T Cag, 11 + Ca]_,14) g%‘,j*

(Alt) Inf]:=

me = Exponent[lhs - rhs, T, Min]
(Alt) Outf]=

-2
(Alt) Inf ]:=

covars = DeleteCases [Variables[lhs -rhs], T | (ca|cb|cc| cd)__]
(Alt) Outf]=

{€, 8i,i» 85°,i"» 85,5}
(Alt) Inf]:=

egqnsSwp = {}
(Alt) Outf]=

{}
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Solution
(Alt) Inf]:=
vars = Cases [Var-iables[r-d[l, i1, j1] +rqg[-1, i2, j2] +¥4[1, k11, (ca ]| cb | cc | cd)__]
{sol} = Solve[eqnsR3 |JeqnsR2b [J eqnsR2c |J eqnsR1l |J eqnsR1r | eqnsSwp, vars]
sol /. Rule - Set;
rql1, i) J]
rql-1, i) J]
Yall, k]
Yal-1, k]
(Alt) Outf]=
{cai,1, Cay,z, Ca1,3, Cay,g, Ca1,s, Caz,e, Ca1,7, Ca1,g, Ca1,0,
Cai,10, Ca1,11, CA1,12, CA1,13, CA1,14, Cb1 1, Cb1 2, Cby 3, Cby 4, Cby 5, Cbyjg,

cby,7, cby,g, €b1,g, Cb1 16, €b1 11, Cby 12, by 13, Cb1 14, €C1,1, CC1 2, CCy,3}

Solve: Equations may not give solutions for all "solve" variables.

(Alt) Outf]=

Ca,»
{{Cal,l - - Ca1,3 - 0, Ca1’4 - —Cal,z, Cal)s - 0, Ca1,5 - O, Ca1,7 - 0, Caljg 4 0,
2

1 1
Cai,g ~ _E (-1+T) cay, e, Ca1,11 > 9, Cay,10 ~ _E (1-T) cay,ie, Ca1,13 > —Ca1,10,

Cal)z
Caj, 14 = 9, Cbl,l - —, Cb]_,z — —Ca1,2, Cb1)3 - 9, Cb1,4 — Cay, 2, Cb1,5 - @,
2

(*1 + T) Cal)le

ij_)s - 6, Cb1,7 4 @, Cbl)g — @, Cbl,g e Cb]_,l@ — —Cal,le, Cbl,ll - 0,
2T
(1-T) cag,1e cay,»
cby,1p > —-————, cby,13 > Cay 10, Cby,14 > 0, CC11 > 5> CC1,2 > Ca1,109, CC1,3 > 9}}
2T
(Alt) Outf]=
1 1 ) 1 )
- — €Ca1,+EPi Xy €A, - EPjXi €A+ — EPiPjXjCae— — TEPiPjXiCag, e -
2 2 2
1
- 2.2 1 2.2 2
€ pJ Xj Cay,10 + 5 € pJ Xj Cai,10 + € Pi p] Xi Xj Caj,19 - € p] Xi Xj Cajy,1e
(Alt) Outf]=
2
1 1 5 € Pi Pj Xj Ca1,10
— €Cay,p-—€PpiXjCag+e pj Xj Cay,o - — €Pp; pj XjCag,q0+ —————— +
2 2 2T
2,2
1 ) € Py Xj €a1,10 )
—E€PpjXyCare- T ~€PiPjXiXjCai,10 + € Py XiXjCa1,10
2 2T
(Alt) Outf]=
1
— € Cay,2 + € Pk Xk Ca1,10
(Alt) Outf]=
1

_E € Cay,2 — € Pk Xk Caq,10
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(Alt) Inf ]:=
caj,ie = 0;
r‘d[:l-,‘ i: J]
r'd[_:l-,v i) J]
¥al[1, k]
Yal-1, k]

(Alt) Outf]=
1
-— € Cal)z + € Pi Xi Cal)z - € pJ Xi Cal)z
2

(Alt) Outf]

€ Caz,p -€PpiXjcCag+¢€ pj Xj Caj,»2

N R

(Alt) Outf]=
1
— €cCay,»
2

(Alt) Outf]=
1
-— € Cal)z
2

(Alt) Inf]:=
lhs = CF[(ry[1, i, J1 // px2g) //. gRules, ; j /. {€ > 1, ca;,» » 1, car 10 - -1} ]

rhs = CF[Ry[1, i, j] //. gRules, ; ;]
Simplify[lhs == rhs]

(Alt) Outf]=
1 (-1+T) 8i-,i- 85,1 (-1+T7) g§+’i+
—5 +8iv,it ~ Bj,it — T - 8i,5" 85,1+ + f - 8i-,i 85,5 + 2 85,1 85,5
(Alt) Outf]=
1 (=1+T) gi,1 85,1 (-1+T) g5 s
—E"'gi‘,i“gj‘,i‘— T —gi’,j‘gj‘,i‘*'f_gi‘,i’ 8,3 + 285 ,i" 85,5
(Alt) Outf]=
True

https://drorbn.net/AcademicPensieve/Talks/Oaxaca-2210/#MathematicaNotebooks



