I'm not a category theory person! So | cannot give a talk of any depth on category theory.
The only idea | have is to repeat with some additions a short talk | gave in Toronto in
2019, which was titled "Geography vs. Identity" (see http://drorbn.net/to19/). Here's the
gist:

When you describe one manifold embedded in another (e.g., when you talk about knots) you can
do it from the perspective of the ambient manifold or from the perspective of the embedded
manifold. For reason I will explain-in my talk, if it will be given, the formeris

"geography" and the latter is "identity". After making the distinction, | will say that

almost all appearances of category theory within low dimensional topology are within the
"geography" perspective. But then | will tell a few stories from the "identity" perspective,

in which some generalized algebraic structures appear, but they are not, generally speaking,
categories. So in some sense my talk will be, "here is category theory; I'm talking about
something else".
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Abstract. Which is better, an emphasis on where things happen
or on who a,g e pafticiparits? I can’t tell; there are advantages
and disadvantages either way. Yet much of quantum topology
seems to be heavily and unfairly biased in favour of geography.

Geographers care for placement; for them,
braids and tangles have ends at some distin-
euished points, hence they form categories
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presentation extends to 1B, and then restricts to B, as a Z-linear

Geography: (better topology!) jco-dimensional representation. It then descends to PB, as a finite-
Yive = viYi when |i — k| > 1 rank R-linear representation, with lengthy non-local formulas.
Vivie1Yi = Vi1 YiYiel eographers: Gassner is an obscure partial extension of Burau.
Identity: (captures quantum algebra!) [[dentiters: Burau is a trivial silly reduction of Gassner.
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U = Up + 5k,j (ti = 1) (Uj = Ui) 5
=1
Wy > W + (8k,j = 8k,i) (ti'-1) w;} // Expand
bas3 = {V1, V2, V3, V1,1, V1,2, V1,3, V2,1, V2,2, V2,3, V3,1,
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Adjoint-Gassner

The Burau Representation of AB, acts on R"
Z['" = R(vy,...,v,) by

OijVk = Vi + 51(.,'(1 - 1)(Vj - V).
6 /: 6; 5 =If[i=7,1,0]; wef/code
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Uz U3 Wy, Uy U3 W, Uy U3 W3, U3 Wy, Uj; Wy, U; W3, Uy U3z Wy,
2 2 2 .

Uz U3 W, U U3 W3, U3 Wg, Uz Wy, Uz Ws}.-

(bas3 // TGy,2 // TGa,3 // TGy,3) == (bas3 // TGaz,3 // TG1,3 // TGy,2)

Bi ,j [£1:=&/.Ve 5Vp+6p; (t-1) (vj-v;) // Expand V};’zrr‘;ir rue Like Gassner, TG is also a representation of PB,,.
(bas3 = {vi, vz, V3}) // B1,2 thave o Tdea-wherett-betongs:

{vi, vi-tvi+tva, vi}
bas3 // B1,2 // B1,3 // B2,3
[Vi, Vi—tvi+tvy, vi-tvi+tvy - t2 vy + t2vs}

bas3 // Bz,3 // B1,3// B1,2
}Vl, VlftV1+tV2, VlftV1+tV27t2V2+t2V3}

My talk tomorrow, at the chord diagrams everywhere session: More Dror: wep/talks

S, acts on R" by permuting the v; so the Burau
representation extends to vB, and restricts to B,,.
With this, y; maps v; = Vi1, Vi1 — tviH1-)vi,
and otherwise vy — ;.
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Thanks for inviting me to Macquarie University! E

Abstract. Which is better, an emphasis on where things happen
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seems to be heavily and unfairly biased in favour of geography.
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“quantum topology”.
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Geography: (better topology!)
GB = <yl>/(Yka =YiYi when |l - k| > 1) - B.
YiYir1Yi = Yi+1YiVi+1
Identity: (captures quantum algebra!)

1B = (o) /( TijTH = 0 when [{i, j. k. I} :41
U'ija'iko'jk = O'jko'ika'ij when |{l,], k}l =3
Theorem. Let S = {7} be the symmetric group. Then vB is both
PB xS = B*S/(y,-‘r: ty;whenti = j, 7(i + 1) = (j + 1))
(and so PB is “bigger” then B, and hence quantum algebra does-
n’t see topology very well).
Proof. Going left, y; — 041G i + 1). Going right, if i < j
map o = (j—1j-2 ... Dy.1@i+1 ... j)andif i > juse

| = no

VB views of o7;:

The Burau Representation of AB, acts on R"
Z['" = R(vy,...,v,) by

OijVk = Vg + 51(./'([ - 1)(\/]' - v,-).

6 /: 6; 5 =If[i=7,1,0];
B{Jj? FENN: =VE/ = Ve > Vg + Gk,j (t-1) (Vj -v;) // Expand

wef/code
Werner
Burau

des t
(bas3 // Gy,p // Ga,3 // Gay3) = (bas3 // a3 // Gay3 /7 G12) ' p e
True

famous

S » acts on R" by permuting the v; and the #;, so the Gassner re-
presentation extends to 1B, and then restricts to B, as a Z-linear
co-dimensional representation. It then descends to PB,, as a finite-
rank R-linear representation, with lengthy non-local formulas.
Geographers: Gassner is an obscure partial extension of Burau.
Identiters: Burau is a trivial silly reduction of Gassner.

The Turbo-Gassner Representation. With the same
Rand V, TG actson V& (R"® V) & (S?°V @ V*) =
R(Vk, VK, uitjwi) by

TGi ,5 [<] 5 fo

Vi > Ve +6p,5 ((ti-1) (Vj-Vi) +Vyi Vi) +

With Roland
van der Veen

Sk,i (Uj - Ui) Ui Wy,
Vi ke Vi e+ (t-1)
(5k,j (Vi,7 - Vi,i) + (5L,1' - 6,5t tj)
(U + 6p,5 (ti-1) (uj-u;)) u; Wj) B
U > Ug + 8,5 (ti -1) (uj-uq),
Wi > We + (8k,j - 8k,1) (ti*-1) w;} // Expand

Gassner motifs

Adjoint-Gassner

bas3 = {V1, V2, V3, V1,1, V1,2, V1,3, V2,1, V2,25, V2,3, V3,1,

V3,25 V3,3, U3 Wi, U} Wa, UF W3, Up Uy Wi, Ug Uz Wa, Ug Uz W3,

Uz U3 Wi, Uz U3 Wy, U U3 W3, U% Wi, U% W2, U% W3, U U3 Wq,

U U3 Wy, U Uz W3, U Wy, UfWy, U3 Ws}i
(bas3 // TGy,» // TG1,3 // TGy,3) == (bas3 // TGy,3 // TG1,3 // TGy,2)
Like Gassner, TG is also a representation of PB,,.
T+ haveneo- ideawhere it belongst

rue

(bas3 = {vi, va, v3}) // B1,2

{Vi, Vi —tvy+tvy, v3}

bas3 // By, // B1,3// By3

[Vi, Vi—tvi+tvy, vi-tvi+tvy - t2 vy + t2vs}
bas3 // Bz,3 // B1,3// B1,2

{vl, vi-tvy+tvs, vl—tv1+tv2—t2vz+t2v3}
S, acts on R" by permuting the v; so the Burau
representation extends to vB, and restricts to B,,.
With this, y; maps v; = Vi1, Vi1 — tviH1-)vi,
and otherwise vy — ;.




