
F1[{s_, i_, j_}] := CF�
s �1/2 - g3ii + T2

s g1ii g2ji - g1ii g2jj - �T2s - 1� g2ji g3ii + 2 g2jj g3ii -

�1 - T3
s� g2ji g3ji - g2ii g3jj - T2

s g2ji g3jj + g1ii g3jj +

��T1s - 1� g1ji �T22 s g2ji - T2
s g2jj + T2

s g3jj� +

�T3s - 1� g3ji �1 - T2
s g1ii + g2ij + �T2s - 2� g2jj - �T1s - 1� �T2s + 1� g1ji���

�T2s - 1���
F2[{s0_, i0_, j0_}, {s1_, i1_, j1_}] :=

CF�s1 �T1s0 - 1� �T2s1 - 1�-1 �T3s1 - 1� g1,j1,i0 g3,j0,i1

� �T2s0 g2,i1,i0 - g2,i1,j0� - �T2s0 g2,j1,i0 - g2,j1,j0���
F3[�_, k_] = � g3kk - �/2;

T3 = T1 T2;

CF[�_] := Expand@Collect[� , g__, F] /. F � Factor;

�[K_] := �[K] = Module	{X, �, n, A, 
, G, ev, �, k, k1, k2},

{X, �} = Rot[K]; n = Length[X]; A = IdentityMatrix[2 n + 1];

Cases	X, {s_, i_, j_} � 
A�{i, j}, {i + 1, j + 1}� += 
 -Ts Ts - 1

0 -1
���;


 = T(-Total[�]-Total[X�All,1�])/2 Det[A];
G = Inverse[A];

ev[�_] := Factor[� /. g�_,�_,�_ � (G��, �� /. T � T�)];

� = ev[Sum[F1[X�k�], {k, n}]];

� += ev[Sum[F2[X�k1�, X�k2�], {k1, n}, {k2, n}]];

� += ev[Sum[F3[��k�, k], {k, Length@�}]];
Factor@{
, (
 /. T � T1) (
 /. T � T2) (
 /. T � T3) �}

�;
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Homework 1–25
Dror Bar-Natan: Talks: LesDiablerets-2601:

i1 c1 i0
c0

4

Abstract. I’ll start with a review of my recent paper
with van der Veen, “A Fast, Strong, Topologically Me-
aningful, and Fun Knot Invariant” [BV3], and then as-
sign some homework. Much of what I’ll say follows
earlier work by Rozansky, Kricker, Garoufalidis, and
Ohtsuki [Ro1, Ro2, Ro4, Kr, GR, Oh2].
Acknowledgement. This work was supported by NSERC grants RGPIN-2018-
04350 and RGPIN-2025-06718 and by the Chu Family Foundation (NYC).

OMG, thanks!
ωεβBhttp://drorbn.net/ld26

A. With T an indeterminate, start from a presentation matrix A
for the Alexander module of K, coming from the Wirtinger pre-
sentation of �1(K): A B I2n+1 +

P
c Ac, where

j

i+ j+

i
s = �1

i

j+ i+

j
s = +1

!

Ac i + 1 j + 1
i �T s T s � 1
j 0 �1

A =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 �T 0 0 T � 1 0 0
0 1 �1 0 0 0 0
0 0 1 �T 0 0 T � 1
0 0 0 1 �1 0 0
0 0 T � 1 0 1 �T 0
0 0 0 0 0 1 �1
0 0 0 0 0 0 1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

� � �1�2�3

X
c0;c1

g1i0i1g2i0i1g3i1i0 + l.o.

� = (�; �) 2 Z[T�1] � Z[T�1
1 ;T�1

2 ]
T1

T2

T3

Fast.

The Conway Knot Kinoshita-Terasaka

Strong. � vs. a slew of other reasonably-computable invariants
(deficits shown):

n � 10 � 11 � 12 � 13 � 14 � 15
knots 249 801 2,977 12,965 59,937 313,230

� (38) (250) (1,204) (7,326) (39,741) (236,326)
�LT (108) (356) (1,525) (7,736) (40,101) (230,592)

J (7) (70) (482) (3,434) (21,250) (138,591)
Kh (6) (65) (452) (3,226) (19,754) (127,261)
H (2) (31) (222) (1,839) (11,251) (73,892)

Vol (�6) (�25) (�113) (�1,012) (�6,353) (�43,607)
(Kh;H;Vol) (�0) (�14) (�84) (�911) (�5,917) (�41,434)

(�; �1) (0) (14) (95) (959) (6,253) (42,914)
(�; �1; �2) (0) (14) (84) (911) (5,926) (41,469)

(�1; �2;Kh;H;Vol) (0) (�14) (�84) (�911) (�5,916) (�41,432)
� (0) (3) (19) (194) (1,118) (6,758)

(�; �2) (0) (3) (10) (169) (982) (6,341)
(�; �LT ) (0) (3) (19) (194) (1,118) (6,758)
(�;Kh) (0) (3) (18) (185) (1,062) (6,555)
(�;H) (0) (3) (18) (185) (1,064) (6,563)
(�;Vol) (0) (�3) (�10) (�169) (�973) (�6,308)

(�; �2;Kh;H;Vol) (0) (�3) (�10) (�169) (�972) (�6,304)

Topologically Meaningful. � is near � and we dream that anyth-
ing � can do, � does too (sometimes better). The following two
conjectures are verified for knots with � 13 crossings:
Conjecture 1. degT1

�(K) � 2g(K).
Conjecture 2. If K is a fibered knot and d is the degree of �(K)
(the highest power of T ), then the coe�cient of T 2d

2 in �(K), which
is a polynomial in T1, is an integer multiple of T d

1 �(K)jT!T1 .
Dream. � has something to say about ribbon knots.
Fun. � on Rolfsen’s Table:

A random 300 xing knot from
[DHOEBL]. For most inva-
riants, 300 is science fiction.

G. Let G = (g��) B A�1:

G =

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 T 1 T 1 T 1
0 1 1

T 2�T+1
T

T 2�T+1
T

T 2�T+1
T 2

T 2�T+1 1
0 0 1

T 2�T+1
T

T 2�T+1
T

T 2�T+1
T 2

T 2�T+1 1
0 0 1�T

T 2�T+1
1

T 2�T+1
1

T 2�T+1
T

T 2�T+1 1
0 0 1�T

T 2�T+1 �
(T�1)T
T 2�T+1

1
T 2�T+1

T
T 2�T+1 1

0 0 0 0 0 1 1
0 0 0 0 0 0 1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
Let T1 and T2 be new indeteminates, let T3 = T1T2, and let G� =

(g���) be G with T ! T�, for � = 1; 2; 3.

� � det(A)

Data

Program

(ouch)

http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/pi
http://www.math.toronto.edu/~drorbn
http://www.math.toronto.edu/~drorbn/Talks
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/
http://drorbn.net/ld26


The 132-crossing torus knot T22=7: (many more at ωεβ/TK) Random knots from [DHOEBL] with 51
– 75 crossings: (many more at ωεβ/DK)

Moral. We must come to terms with �!

Task 1. Make the “data” formulas human friendly.

Task 2. Prove the hexagonal symmetry of �(K), and that �(K) =

�(�K) = ��(K̄).
That’s harder than it seems! The formulas don’t naively show
any of that. � has a palindromic symmetry first conjectured in
Alexander’s original paper [Al] — it is invariant under T ! T�1.
Proving this took a few years, and the proof starting from the
Wirtinger presentation is quite involved (e.g. [CF, Chapter IX]).

Task 3. With �1 the Rozansky-Overbay invariant [Ro1, Ro2,
Ro4, Ov, BV1], show that �1 = ��jT1!T;T2!1.
This one should be easy with techniques from [BV3, Section 4.2].

Task 4. Explain the “Chladni patterns”. Are there “dominant
parts” of � that can be
computed in isolation?
left: ' Whipple Museum of the History of Science,
University of Cambridge; right: CC-BY-SA 4.0 / W-
ikimedia / Matemateca (IME USP) / Rodrigo Tetsuo
Argenton

Task 5. Prove the genus bound of Conjecture 1.
This is probably coming. One can bound the degree of � = det(A)
in terms of g(K) using the Seifert presentation of the Alexan-
der module. Pushing further, likely one can bound the degree of
(g��) = A�1 in terms of g(K), and that’s probably enough.

Task 6. Find a 3D interpretation of the g��’s.
They must be closely related to the equivariant linking numbers
of [KY, GK, GT, Oh3, Le1].

Task 7. Find a formula F for �(K) that starts from a Seifert sur-
face � of K. Better if F is completely 3D! Assuming Task 13, it is
known that � depends only of invariants of type � 3 of �. May-
be F is about configuration space integrals / chopstick towers?
See CS: [Th, Le2, BN1], BF: [CR, BN2]

degree = #(rattles)

ground
piece

air
piece

rattle

Task 8. Is there an intrinsic theory of finite type invariants for
Seifert surfaces? For task 11, does its gr map to functions on H1?

My current best understanding of finite type i-
nvariants for Seifert surfaces goes through thick
graphs.

Task 9. Prove the the fibered condition of Conjecture 2.
If K is fibered, deg �(K) = g(K) and �(K) is monic. Indeed,
K is then the mapping cylinder of a di�eomorphism f : � ! �.
The Alexander module of K is generated by H1(�) with relations
f
 = T f�
 : 
 2 H1(�)g. Thus the highest monomial in � is

http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/TK
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/DK
https://www.whipplemuseum.cam.ac.uk/explore-whipple-collections/acoustics/ernst-chladni-physicist-musician-and-musical-instrument-maker
https://www.whipplemuseum.cam.ac.uk/explore-whipple-collections/acoustics/ernst-chladni-physicist-musician-and-musical-instrument-maker
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://en.wikipedia.org/wiki/Chladni%27s_law
https://en.wikipedia.org/wiki/Chladni%27s_law




http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/Ten
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/Vie
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/DPG
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/AKT
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/Bonn
http://drorbn.net/AcademicPensieve/Projects/WKO1
http://drorbn.net/AcademicPensieve/Projects/WKO1
http://arxiv.org/abs/1405.1956
http://arxiv.org/abs/1405.1956
http://arxiv.org/abs/2206.12298
http://arxiv.org/abs/2109.02057
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/Theta
http://arxiv.org/abs/2509.18456
http://arxiv.org/abs/math-ph/0210037
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/DHOEBL
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/DD
http://arxiv.org/abs/math/0212325
http://arxiv.org/abs/q-alg/9506005
http://arxiv.org/abs/q-alg/9701038
http://arxiv.org/abs/math/0105028
http://arxiv.org/abs/math.GT/0003187
http://arxiv.org/abs/math/0206023
http://arxiv.org/abs/1509.00578
http://arxiv.org/abs/math/0005284
http://arxiv.org/abs/1001.4474
http://arxiv.org/abs/2001.09929
http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-2601/Ov
http://www.springerlink.com/content/p32716130747l815/
http://arxiv.org/abs/hep-th/9401061
http://arxiv.org/abs/q-alg/9604005
http://arxiv.org/abs/q-alg/9604005
http://arxiv.org/abs/math/0201139
http://arxiv.org/abs/1401.6164
http://arxiv.org/abs/1401.6164
http://arxiv.org/abs/math.QA/9901110





