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Abstract. I’ll start with a review of my recent paper oS 529 1 801 T 2977 | 2965 | 59937 | 313230
with van der Veen, “A Fast, Strong, Topologically Me- | (38) | (250) | (1,204) | (7.326) | (39,741) | (236,326)
aningful, and Fun Knot Invariant” [BV3], and then as- 3 LT (108) | (356) | (1,525) | (7,736) | (40,101) | (230,592)
sign some homework. Much of what I’ll say follows J () | (70) | (482) | (3434) | (21,250) | (138,591)
earlier work by Rozansky, Kricker, Garoufalidis, and }|<-|h g 8&3 ggg gggg; 82;:‘8 ((17237;329621))
Ohtsuki [Ro1, Ro2, Ro4, Kr, GR, Oh2]. van der Veen Vol (6) | ( 25) | ( 113) | ( 1,012) | ( 6,353) | ( 43,607)
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A. With T an indeterminate, start from a presentation matrix A| (1 2) ©) | (14) | (84) (911) | (5,926) | (41,469)
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0 0 0 0 0 0 1 Topologically Meaningful. isnear and we dream that anyth-
G LetG=(g )BA L - fing cando, does too (sometimes better). The folllowmg two
0] 1T 1 ~ 1 T conjectures are verified for knots with 13 crossings:
1 T T T2 _ [Conjecture 1. degr, (K) 2g(K).
01 g T TR TTTE T2A Conjecture 2. If K is a fibered knot and d is the degree of (K)
00 TR TErH TToAl TEgH (the highest power of T), then the coe cientof T2 in (K), which
G=§0 0 3 1 T TR T is a polynomial in Ty, is an integer multiple of TS (K)jr x 7,
0 0 w59 1191 773 7774 Dream. has something to say about ribbon knots.
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Fal{s6_, i0_, j6_}, {s1_, i1_, j1_}] :=

-1)7* (15 - 1) g1,51,10 83,5011
11,16 = B2,11,70) =

Fale s k.1 =08ux-0/2;

T3 =Ty Ta5
F(2 ] := Expandecollect(s, &, F1 /. FFactor; P 1OQIAM
bk ] 1= 0[K] = Mndule[(x, 0, 0, A, A, G, ev, 6, k, ki, k2},
{X, 0} =Rot[K]; n=Length[X]; A = IdentityMatrix[2n+1];
Cases[X, (s, 1,7 ) (Al[(i, 3Y, {i+1, J41)] += ('; 7_11))];
(Tt Tors AL /2 peg [ 5
nverse (A]3
Factor[& /. g, ,.,s = (GLa, A1 /. T»T,)1;
evisum[Fy [X[KI1, (K, n}115
+= ev[Sum[F, [XIKID, X201, (K1, n}, (k2, n}115
+= ev[Sun[Fs [oLKD, kI, (K, Lengtheo}]];
actore@{s, (A/.T->Ty) (4/.T=Ty) (/. T>Ts) 6}
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A random 300 xing knot from
[DHOEBL]. For most inva-
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The 132-crossing torus knot T,-7:

(many more at weB/TK) Random knots from [DHOEBL] with 51
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Moral. We must come to terms with !

Task 6. Find a 3D interpretation of the g

Task 1. Make the “data” formulas human friendly.

Task 2. Prove the hexagonal symmetry of (K), and that (K) =
( K= (K).

That’s harder than it seems! The formulas don’t naively show

any of that.  has a palindromic symmetry first conjectured in

Alexander’s original paper [Al] — it is invariantunder T ¥ T 1.
Proving this took a few years, and the proof starting from the

Wirtinger presentation is quite involved (e.g. [CF, Chapter IX]).

Task 3. With 1 the Rozansky-Overbay invariant [Rol, Ro2,
Ro4, Ov, BVl], show that 1= jTl 1TT,01-
This one should be easy with techniques from [BV3, Section 4.2].

Task 4. Explain the “Chladni patterns”. Are there ““dominant
parts” of that can be

computed in isolation?

left: = Whipple Museum of the History of Science,
University of Cambridge; right: CC-BY-SA 4.0 / W-
ikimedia / Matemateca (IME USP) / Rodrigo Tetsuo
Argenton

Task 5. Prove the genus bound of Conjecture 1.

This is probably coming. One can bound the degree of = det(A)
in terms of g(K) using the Seifert presentation of the Alexan-
der module. Pushing further, likely one can bound the degree of
(g )=A Yinterms of g(K), and that’s probably enough.

They must be closely related to the equivariant linking numbers
of [KY, GK, GT, Oh3, Lel].

Task 7. Find aformula F for (K) that starts from a Seifert sur-
face of K. Better if F is completely 3D! Assuming Task 13, it is
known that  depends only of invariants of type 3 of . May-
be F is about configuration space integrals / chopstick towers?
See CS: [Th, Le2, BN1], BF: [CR, BN2]
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degree = f(rattles)

Task 8. Is there an intrinsic theory of finite type invariants for
Seifert surfaces? For task 11, does its gr map to functions on H;?

My current best understanding of finite type i-
nvariants for Seifert surfaces goes through thick
graphs.

Task 9. Prove the the fibered condition of Conjecture 2.

If K is fibered, deg (K) = g(K) and (K) is monic. Indeed,
K is then the mapping cylinder of a di eomorphism f: ¥ .
The Alexander module of K is generated by H1( ) with relations
f =Tf 2 Hi( )9. Thus the highest monomial in s
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