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Dror Bar-Natan: Talks: LesDiablerets-2601:
Homework

t(deficits shown):

lStrong. ® vs. a slew of other reasonably-computable invariants|

Let G, = (gyop) be G With T — T, forv =1,2,3.

s . . n <10 | <11 <12 <13 <14 <15
Apstract. riu start‘ ‘w1th a review of my regent paper T 249 | 801 | 2977 | 12965 | 39937 | 31330
with van der Veen, “A Fast, Strong, Topologically Me- A (38) | (250) | (1,204) | (7.326) | (39.741) | (236,326)
aningful, and Fun Knot Invariant” [BV], and then as- oLr (108) | (356) | (1,525) | (7,736) | (40,101) | (230,592)
sign some homework. Much of what I'll say follows KJh 8 g(s); Eig; 8‘2‘;‘6‘; gé?ggi ﬁgggzg
earlier yvork by Rozansky, Kricker, Garoufalidis, and i o T 6h T a0 (1:839) (11:251) (73’;;92)
Ohtsuki [Rol, Ro2, Ro3, Kr, GR, Oh]. van der Veen Vol (~6) | (<25) | (~113) | (<1.012) | (~6,353) | (~43.607)
Acknowledgement. This work was supported by NSERC grants RGPIN-2018- (Kh, H, Vol) (~0) | (~14) | (~84) (~911) | (~5,917) | (~41,434)
04350 and RGPIN-2025-06718 and by the Chu Family Foundation (NYC). (A, p1) 0) (14) (95) (959) (6,253) | (42,914)
A. Let T, T4, and T, be indeteminates, and let T3 = (Ap1sp2) © | d49 | &4 O11) | (5,926) | (41,469)
. . . (01,02, Kh, H,Vol) | (0) | (~14) | (~84) | (~911) | (~5,916) | (~41,432)
T:T,. Start from a presenta.tlon matrix A 'fo‘r the 5 o) S o) 103 ai® 1 ©759)
Alexander module of K, coming from the Wirtinger ©. ) © 1 3 | 10 | (169 ©82) | (6341)
presentation of m(K): A := Ip+1 + X, Ac, Where @, 017) 0) 3) (19) (194) (1,118) | (6,758)
(©,Kh) © | 3 (18) (185) | (1,062) | (6,555)
J k 0o /A J Ac i+l j+1 A\ (©,H) ©) | 3 | (8) | (185) | (1.064) | (6,563)
P I 1 (@, Vol) ©0) | (~3) | (~10) | (~169) | (~973) | (~6,308)
i j j i 0 (@, p2, Kh, H, Vol) 0) (~3) (~10) (~169) (~972) (~6,304)
s=+1 s=-1
1 =T 0 0O T-1 0 0 (\/\)
o1 -1 0 0 0 0 i b \)
0 0 1 -T 0 0 T-1
A=10 0 0 1 -1 0 0
0 0 T=1 0 1 -T 0 The Conway Knot Klnoshlta-Terasaka
0 0 0 0 0 1 -1 Topologically Meaningful. 6 is near A and we dream that any-
0 0 0 0 0 0 1 A = det(A) thing A can do, 6 does too (sometimes better). The following are
.l ) erified for knots with < 13 crossings:
G. Let f T(gaﬁ) = A . | o " IConjecture 1. deg;, 6(K) < 2g(K).
| T - - \Q Conjecture 2. If K is a fibered knot and d is the degree of A(K)
0 1 T I TRIR 7T 1 weB/pi | ihe highest power of T), then the coefficient of ng in 6(K), which
0 0 Tzl_—TTH T2_1T+] Tz_17+1 72_77+1 1 is a polynomial in 7', is an integer multiple of T TAK)|T-T,-
G=100 P Tolp) TRTR TR 1 Dream. 6 has something to say about ribbon knots
00 T2__T+1 TT2ITH1 T2-T+1 T2-T+1 1 Fun. O for the Rolfsen Table:
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Fast.

KFLe ] :=
[T = Ta Tas

ExpandeCollect (s, g_, F] /. F » Factor;

Fal{s_, i_, J_}1 :=CF[
(1/1 8301+ T3 Buit 825 ngzu*('ifl) 8251 Bait + 2 8255 Baui -
(1T)gg - 8211 8355 = T3 B25i 8355 + B111 B3

+

((T3-1) g (137

) +
+(T3-2) g2y5

- (T-1) (he1) i)}/

(T5-1) gaji (1- T3 8200 2g
(12-1))]

F2l{s6_, i6_, jo_}, (1,1 J131 ¢

B[k ] :=0[K] :Module[(x, @, 0, A, A, G, ev,
{X, 0} =Rot[K]; n=Length[X]; A = IdentityMatrix[2n+1];
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5 6, k, k1, k2},

Cases[x, (s_,i,i}m (nu(i, 33, (i+1, F+1)] += (

tal (0] -Total (XIALLAT) /2 pet [ 4] 5

A random g knot from
[DHOEBL]. For most inva-
riants, 300 is science fiction.

. © o (Glla, A1 /. T>T,)15
6 =ev[Sum[Fy [X[kI], {k, n}115
© += ev[Sum[F; [X[k1], X[k2]1, {k1, n}, {k2, n}11;
© += ev[Sum[Fs3[¢[k], k], {k, Lengthey}]];
Factore (s, (A/.T=Ty) (A/.T=T,) (A/.T~Ts) 6}
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The 132-crossing torus knot 7;,7: (many more at wef/TK)
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Random knots from [DHOEBL], with 51 — 68 crossings: (many more at wef3/DK)
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Homework Task 1. Prove the hexagonal symmetry of 6(K), and
that O(K) = 6(-K) = —0(K).

That’s harder than it seems! The formulas don’t naively show
any of that. A has a palindromic symmetry first conjectured in
Alexander’s original paper [Al] — it is invariant under T — 77!,
Proving this took a few years, and the proof starting from the
Wirtinger presentation is quite involved (e.g. [CF, Chapter IX]).

Homework Task 2. Ex-
plain the “Chladni pat-
terns”. Are there “domi-
nant parts” of 6 that can be
computed in isolation?
Homework Task 3. Prove
the genus bound of Conje-
cture 1.

Homework Task 4. Find a formula F for O(K) that starts from
a Seifert surface X of K. Better if ¥ is completely 3D! Assuming
Task 9, it is known that ©® depends only of invariants of type < 3
of L. Maybe F is about configuration space integrals / chopstick
towers?

Homework Task 5. Is there an intrinsic theory of finite type i-
nvariants for Seifert surfaces? Does its gr map to functions on
H,?

Homework Task 6. Prove the the fibered condition of Conjectu-
re 2.

Homework Task 7. In general, find a formula for ® correspon-
ding to each known formula for the Alexander polynomial.
Homework Task 8. Write up the integration story.

left: © Whipple Museum of the History of Science, University
of Cambridge; right: CC-BY-SA 4.0 / Wikimedia /
Matemateca (IME USP) / Rodrigo Tetsuo Argenton

Homework Task 9. Prove that ® is equal to the two-loop contri-
bution to the Kontsevich integral.
Homework Task 10. Complete and write up the g, story.

Homework Task 11. Understand Chern-Simons theory with

gauge group ge.
Homework Task 12. What happens to representation theory as

€ — 07 Is there any fun in continuous morphisms g — gl .7
Homework Task 13. Does ® extend to knots in ZHS /QHS ?
Homework Task 14. Is there a surgery formula for ®?

Homework Task 15. Find a ribbon condition satisfied by ©.

For a ribbon knot K,
one may find a Sei-
fert surface X half of
whose homology is
generated by the components of an unlink embedded in £. Th-
is makes for a presentation matrix A of the Alexander module of
K that has big blocks of zeros, and this leads to the Fox-Milnor
condition [FM], A = det(A) = f(T)f(T~") for some f € Z[T*'].
If det A is constrained for ribbon knots, perhaps so is A™! and
therefore ®?

Homework Task 16. Carthago delenda est? Must ® be catego-
rified?
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