Dror Bar-Natan: Talks: Kyoto-230727:
[Everything around s/5,

Thanks for inviting me to Kyoto! Continues Rozansky [Rol, Ro2,
wep:=hitp:/drorbn.neyk2 Ro3], Ohtsuki [Oh], Overbay [OV]. 5
is DoPeGDO. So what? = More at wealks RIAEE joint with van der Veen [BV]. B

IAbstract. I’ll explain what “everything around” means: classical | Knot theorists should rejoice because all this leads to very po-
nd quantum m, A, S, 1r, R, C, and 6, as well as P, ®, J, D, | werful and well-behaved poly-time-computable knot invariants.
fand more, and all of their compositions. What DoPeGDO means: | Quantum algebraists should rejoice because it’s a realistic play-
the category of Docile Perturbed Gaussian Differential Operators. | ground for testing complicated equations and theories.

And what si5,
imple Lie algebra sl,.

: a solvable approximation of the semi-

Conventions. 1. For a set A, let z4 = ({z}iea and let
La =1 = didieas 12, Everything converges!

2 Where: o w is a scalar.” o Q is a “small” e-free
4D Metrized Lie Algebras quadmlic inUzg*ePisa “doc%le penurb?—
—— tion”: P = Y5, € P, where deg PV < 2k+2.%

“solvable
approximation™

tr: UUwa=nw

algebras isomorphic
i(

DoPeGDO := The category with objects finite
sets? and mor(A — B):

{F = wexp(Q + P)} € Qllda.z5. €]

8

© Compositions: ¢

FIG = GoF = (Glo-,F),_= (Fl2,9),
Cool! (V*)®* ® V& explodes; the ranks of qua-
dratics and bounded-degree polynomials grow
slowly!"?  Representation theory is over-rated!
Cool! How often do you see a computational to-
olbox so successful?

the Abelian
algebra

ur Algebras. = L(y,b,a, x) subject to [a,x] = x,
byl = —ey, la,b] = 0, [a,y] = -y, [b,x] =
lea +b. Sot := ea — b is central and if Je!
U is either CU
A, b, a, x)[]] with [a,x] = x, [b,y] =
vy, [b,x] = €x, and xy —
W=e" and B=e . SetalsoT = A™'B =",
[The Quantum Leap. Also decree that in QU,

A(y.b,a,x) = (y1 + Biy2, by + by, ay + az, x1 + A1x2),

S(y,b,a,x) = (-B"'y,~b,—a,-A""x),

nd R = 3 Kb @ alxk [ jI[k],!.

Compusltmns (1). Inmor(A— B), Q 2 E,,(,L,+2 2F,,[4+2 ZG.,L.zJ
greek latin
A W B 5 w, A

c

) Ly M =)o

Tid-Talk Debts. ¢ What is this good for in quantum algebra?
o In knot theory?

o How does the “inclusion” ©: Hom(U®*

Where ¢  w=ww, det(I — F2G1)™'. One abstraction level
0. F=Fi+E F,(I-GFy)'E]. wvmm\ ngles
Gy + EJG\(I - F,Gy) ' Es. (tang @‘
TE=Y, E\(F2G1) Ex=E\(I = FyGy) ™ Ey. with compositions

l» P is computed using “connected Feynman A
diagrams” or as the solution of a messy PDE JZ( .
yet we're still in algebra!). E

l® Proofs that everything around si5,
® Relations with prior art.
® The rest of the “compositions” story.

Theorem ([BG],
elucidated [Rol]).
he coloured Jones polynomial of K, in the d-dimensional

‘below diagonal” coefficients vanish, a;,(K) =
if j > m, and “on diagonal” coefficients

give the inverse of the Alexander polynomial:

S @nn(KH") - w(K)(e") = 1.

‘Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

(q
Ja(K =
1@ = 7= q*l)m(Kxfr')( Z

IDoPeGDO Footnotes. 1. Each variable has a “weight”€ {0, 1,2}, and
always wtz; + wtg; = 2.

[72. Really, “weight-graded finite sets” A = Ag U A; U Aj.

[¥3. Really, a power series in the weight-0 variables™.

[f4. The weight of Q must be 2, so it decomposes as Q = Qo + Q11. The
coefficients of O are rational numbers while the coefficients of Qy;
may be weight-0 power series'.

[i5. Setting wte = -2, the weight of P is < 2 (so the powers of the
weight-0 variables are not constrained™).

[76. There’s also an obvious product

mor(A; — Bj) X mor(A; — B;) = mor(A; UA; = By U By).

[i7. That is, if the weight-0 variables are ignored. Otherwise more care
is needed yet the conclusion remains.

[8. Hom(U®E — USS) ~ mor({ny, fis 7101 &dicy. = 1y bis 1.1, Xikics )»
where Wi, & yir X)) = 1 and W(B;, 7.0z by, 11, a@5) = (2,2,030,0,2).

[79. For tangle invariants the wt-0 power series are always rational fu-
nctions in the exponentials of the wt-0 variables (for knots: just one
variable), with degrees bounded linearly by the crossing number.

D: Hom(U®* — U®S) — Qllys, Bs, as. &, Vs, bs, as, xs . The
PBW theorem for CU (always in the ybax order), or its quantum
analog for QU, say that if U = CU or QU then U®® is isomor-
phic as a vector space to Q[y;, b, a;, xilics [71]; so it is enough to
understand Hom(Q[z4] — Q[zp]) for finite sets A and B.

Claim. F € Hom(Q[za] — Qlzg]) %’ Qlzsllal > F via

(ST 5
D)= ), HFEG) = F (¥ b) = 7,
nelA
D FNP) = (Pl F), o forp € Qzal:

Claim. Assuming convergence, if F € Hom(Q[z4] — Q[zg]),
G € Hom(Qlzp] = Qlzc]). ¥ = D(F). and G = D(G), then

DF)G) = (Flama,6),
And so the title of the talk finally makes sense!
Example. D(id: U — U) = eP*Hhraa+és,
Example. Let cA’;k: CU® — CU®YK be the standard co-
product, given by cA% (vi. bi @i, Xi) = (v + Yk bj+ by aj+ ag. xj+
x). Then :

DeAly) = chiy( M Bbar i)

() +Bilb j+by)+ai(a+an) +Ei(xj+xi)

= @l

Example. The standard commutati- il

ve product m; of polynomials is gi- Qlzli ® Qlzl; — Qlzlk
ven by z;,z; — z. Hence Z)(m;f) = | i |
() = @i, Qlzi» zj] — Qlzl

A real DoPeGDO Example. Let cm): CU; ® CU; — CUj be
“classical multiplication” for s/5,, and let O;: Qlyi, bi, i, xi] —
CU; be the PBW ordering map.

i
cm!

CU;® CU;—————~CU,
fou Jou
Qlyi, bisaiy xi,yj b aj xjl Qlyks bi, ax, xil
Claim. Let (all brawn and no brains)
o= eﬁ.,] log(l + er,jf,)
A:(n,+l+ f)"k*‘ﬁ:*‘ﬁ/ fb“‘
e~ i~Big;
T
1+ enié&
Then ﬂ:n,\,+ﬁ,‘b,+u,u.+5.\.+u,\’,+ﬁ,b,+a,a,+£,\', /Oy jfemi’ = Oy, and
hence D(cm) = e and emy! is DoPeGDO.
Proof. We compute in a faithful 2D representation z - Z of CU:

(wef/em)
HL[& ] := Style[&, Background - If['rrueqsg, m ml;

:g) b'(e -e)"a_( (9 9)}'

HL/e{a.x-%.3=%, 4.9-9.
y

(a, +aj+ log(l + fr,,.f,))ak +(

b.Rx-%.b=eR, X.9-
{True, True, True, True, True)
HLeSimplifyeWith[{E = MatrixExp},
E[ns9].5[8: 6] -=[as 3] .= [&: ] -E[n; 9] .2 5 B] -
E[a;a].E[&; %] = E[§8,,4] . [h Ob A]-E[3054]-
=[%0y,a]]

True
Series[A, {¢, 0, 1}]
(ak (a1 +0a3) +yx (N1 +e®ing) +
b (By+ By +m3&1) + Xk (€™ &5+ &5)) +

(akny & - 3 nj €l - e tykny (B +ny &) -
e X £ (By + 13 €3) | €+ 0[€]?
(Shame, but this technique fails for QU).

Claim. In QU, R is DoPeGDO.
Proof. Recall that with g = e"¢,
R= )" Wb @ Ik, = O (e ).

fiyixa .

Now expand ;""" in powers of € using:

Faddeev’s Formulu (In as much as we can tell, first appea-
red without proof in Faddeev [Fa], rediscovered and proven
in Quesne [Qu] and again with easier proof, in Zagier [Za]).
With [n],, ‘f L. with [n]! = [1]4[2],- -+ [n], and with ¢} =

Tz W' we have

. (1 -gf* (-qx
logmq k(l ) =x -0 +

Proof. We have that e; =
itself”), and hence ef* = (1 + (1 q)\')rc*. and
loge]" = log(1 + (1 - g)x) + log e}

V (“the g-derivative of a: is

Writing log ey = Yz a;x* and comparing powers of x, we get

o
dap = —(1 = @ Jk + ar, or ar = ,::T‘&).

Compositions (2). Recall that with all indices i running in some

set B,
() Sty speaking.

TG = (Flums, G,y © e24H TG, ymgs  pemsm

BA(AUC)=0.

o

so in general we wish to understand

[F: 8lp 1= of 2 P08 and (F: )5 = [F: Elglys
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic
part:
Lemma 1. With convergences left to the reader,

(F: &t Suer ”vf'ff) = det(1 -GF)'?(FO -GF)': &),

B

The next lemma dispatches the case where & has a B-linear part:
Lemma 2. (F: Eoinyia) = o Sijes Fipiyj <p &l B—ux+Fm)
Finally, we deal with the docile perturbation case:

Lemma 3. With an extra variable 1, Z, = log[AF: @”]p satisfies
and is determined by the following PDE / IVP:
1

Zo=P and 0z =5 Y Fy(09: 20+ @220, 20).

ijeB
= (: ) eon “'E - *’{ % o
E part-glue
. . 4= 2
Je Je E comected
prins
Lemma 1 Lemma 2 Lemma 3 -

Complexity to €, for an n-xing width w knot (by [LT],
w € O(\n)), is O(m*w**2logn) = On***logn) integer opera-
tions.



