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Pensieve header: Fixing the bug with R2c.

in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\ICERM-2305"];

in[-]:=  Once[<< KnotTheory ];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Utilities. The step function, algebraic numbers, canonical forms.

in[-]:=  ©[x_1 /3 NumericQ[x] :=UnitStep[x]

mi1- w2[v_]1[p_] :=Module[{q = Expand[p], n, c},
If[q===0, @, c = Coefficient[q, w, n = Exponent[q, w]];
cv'+w2[v][g-c (w+w'1)"]]];

mi-1=  sign[&_] :=Module[{n, d, v, p, rs, e, k},

{n, d} = NumeratorDenominator[&];
{n, d} /= wEXponent[n,w]/2+Exponent[n,w,Min]/z;

p = Factor [w2[v]@nxw2[v]@d /. v-4u®-2];
rs = Solve[p == @, u, Reals];
If[rs==={}, Sign[p/.u-0],
rs = Union@ (u /. rs);
Sign|[ (-1) “=PPonentiP-Ul coefficient[p, u, e]] + Sum|
k =0@; While[ (d = RootReduce [Oy, i3 P /- U>r]) =0];
If[EvenQ[k], @, 2Sign[d]] *6[u-r],

{r, rs}]

in[-1:=  SetAttributes[B, Orderless];
CF[b_B] := RotateLeft[#, First@Ordering[#] - 1] & /@DeleteCases[b, {}]

ml-]- CF[&_] :=Module[{ys = UnioneCases[&, ¥ | ¥ , «]},
Total|[CoefficientRules[&, ¥s] /. (ps_ - c_) =»Factor[c] Times @@ ys™| |

mf-1:= CFL[{}] = {};
CF[c List] :=Module[{ys = Unione@Cases[C, ¥ , ®], ¥},

CF /@DeleteCases[9] [
RowReduce[Table[d,r, {r, ¢}, {¥, ¥S}11.¥s] ]

https://drorbn.net/AcademicPensieve/Talks/ICERM-2305/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: ICERM-2305: FixingR2c.nb 2025-08-13 06:58:13

inl-]= (&) =8 /. {7—) Y, ¥ ¥, 0o, c_Complex :» c*};

r_Rule® := {r, r*}

in[-]=  RulesOf[y; +rest .] := (y;- -rest)’;
CF[PQ[C , g 1] :=Module[{nC =CF[C]},
PQ[nC, CF[g /. Union @@ RulesOf /@nc]] ]

ml-1:= CF[Zy [g , pq_1] = Zcepy [0, CF[pq]]
Pretty-Printing.

in[-]:=  Format[Z, g[o , PQ[C , g_11] :=Module[ {¥s},
¥S =ys &/@Joineeb;
Column[{TraditionalForme o,
TableForm[Join[
Prepend[""] /@ Table[TraditionalForm[&.r], {r, ¢}, {c, ¥s}],
{Prepend[""] [
Joinee (b /. {L_,m___, r_} = {DisplayForm@RowBox[{" (", L}],
m, DisplayForm@RowBox[{r, ")"}1}) /. i_Integer »>vy; 1},
MapThread[Prepend, {Table[TraditionalForm[&, .q], {r, ¥s*}, {c, ¥s}], ¥s"}]
1, TableAlignments - Center]
}, Center] ];

The Face-Centric Core.

In[-]:= ZBp; [ol_, PQ[CI_, q1_]1]1@®%y; [02_, PQ[C2_, q2_]] ":=
CF@Z230in(b1,p21 [01 + 02, PQ[c1 U C2, q1 +q2]];

‘ ‘GTij m

GT for Gap Touch:

in[-]:= GTi |5 @2Bprqri  ,i ,ri },{li__,j,ri_ },bs 100 PQIC , q_ 1] t=
CF@=gy(ri,1i,5,r7,L5,i),bs1 [T PRICU {¥i - ¥;}s 911

cor-don < erdn)

0O
N THEERpEDICTIONARY
1. Aline of people, military posts, or ships stationed around
an area to enclose or guard it: a police cordon.
2. Arope, line, tape, or similar border stretched around an
area, usually by the police, indicating that access is

restricted.
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\par\vskip Imm\par\Cordon

in[-]1:= Cordon; @Zgr1i ,i ,ri 3,65 1[0 s PQIC_ , g 1] :=
Module[{¢ = 8,,C, A = 85,,4,9, ho = o, nC, nq, p},

{p} = FirstPosition[ (# =!=0) & /@ ¢, True, {0}];

{nc, nq} = Which[
p>0, {¢,q} /. (yi»-CcIpl/¢Mpl)" /. (¥i>©)",
A=1=0, (no+=sign[A]; {C, q/. (¥i»>-(87.9) /)" /. (¥i>0)"}),
A===0, {cU{07.9},q/. (¥i>0)"}];

CF@Zgmoste(ri,Li},bs] [NOs PRINC, NQ] /. (YLasteiri,ii} = YFirsteri,li}) 1 ]

Strand Operations. ¢ for contract, mc for magnetic contract:

nl-J= €, @t Berus i,ri 3, 3.y, _1[__1 =t // GV rirste(ri,Liy // Cordon;

In[+]= € ,5 @t :s=2gry i 5, 3, 1[__]1:=Cordon;et
C-i_’j_@t 8 zB[{j_,___,i_},___] [__] = Cor‘donj@t
Ci,j @3¢ ,j,i, 3, __1[__1:=Cordon;et

Ci ,j @t:Zgr¢i , 53, 1[__1:=Cordon;et

In[«]:= mC[&_] =5//.

B i, dteesds b LY I Bere i,y L) | Zerg, iy, 10175
1+7J=0: Ci,j@t

The Crossings (and empty strands).

in[-1:= Kas@P;_ ,; :=CF@Zg(i,537[0, PQ[{}, O11];
TL@Pi_Jj_ o= CF@ZB[{I,J}] [0, PQ[{}, 0]]

Betp://arorbn.net/cas21 http://drorbn.net/cas21

Kashaev for Mathematicians. Bedlewo for Mathematicians.
For a knot K and a complex unit w set u = R(w'/?), v = R(w), make an F x F For a knot K and a complex unit w set t =1 —w, r = 2R(t), make an F x F
matrix A with contributions matrix A with contributions

v

v

and output 1(0(A) — w(K conjugate if going against the flow) and output o(A).
2 jug: going ag:
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mi-1= Kas[x :X[i_, j_, k_, L_]] :=Kas@If[PositiveQ[x], X_i,j,k,-ts X-j,k,0,-i]3
Kas[(x DX | Y)fs ] t= Module[{v =2u’-1, p, ys, m},

¥S =¥, &/@{fs}; p= (x===X);
vu1lu vu1lu
u ul uluil
m=1f[p, vl P Dy ],
uluil uluil

CF@Za((sy) [IFP, -1, 11, PQL{}, vs*.m.¥s]]]

mf-1= TLIX:X[i_, J_, k_, L_1] := TL@If[PositiveQ[x], X_i,j,k,-ts X-j,k,0,-1]3
TL[(X DX | f)fs ] 1= Module[{t =1-w, r, ¥s, m},

r=t+t*; ys =y, &/@{fs};
m:I'F[X === X,

-r -t 2t t* P oo =R @
-t* @ t* o -t* @ t* @ .
2t t -r -t* |’ | -2t t ro-t* ]’
t o -t o t @ -t o

CF@Zg(rs)) [0, PQI{}, XS*-m-YS]]]
\par{\bf\red Evaluation on Tangles and Knots.}

in[-]:= Kas[K_] := Fold[mc[#1&® #2] &, %g;;[0, PQ[{}, @]], Listee (Kas /@PDe@K)];
KasSig[K ] := Expand[Kas [K][1] / 2]

1= TL[K_] := Fold[mc[#1®#2] &, Zg[; [0, PQ[{}, @]], Listee (TL /@PDek)] /.
©[c_+u] /; Abs[c] 21> 06[c];
TLSig[K ] := TL[K][1]

Reidemeister 3

S
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In[«]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

R3L = PD[X_3,5,4,-15 X_3,7,6,-5

X_5,9,8,—4]3
R3R = PD[X_3,5,4,-25 X_4,6,8,-15

X.s,7,9,-613
{TL@R3L = TL@R3R, Kas@R3L == Kas@R3R}

{True, True}

2025-08-13 06:58:13

TL@R3L
-1
3 Y7 Yo Y8 Y1 Y-2)
_ 2 1
7.3 vl w-1 2w 2 0 -
w w
_ -1 -1
Y7 -2 0 = 0 ) 0
w w
_ 2 2, 1 2
Yo - 1-w vl - (7] -
w w w w
_ 2 -1 2
Ye 2 —w-1 vl -a= .
w w w
Y-1 0 0 w-1 0 -
— -1 2
Y2 o —w-1 2w 2w . vl
w w
Kas@R3L
1 1
ze(u-a) —28(u+5) -2
(v-3 Y7 Yo
_ 2u* (4u2-3) u (4u*-3) I
¥-3 (2u-1) (2u+1) (2u-1) (2u+1) (2u-1) (2u+1)
_ u (4u*-3) 2 (2u*-1) u (4u*-3)
7 (2u-1) (2u+1) (2u-1) (2u+1) (2u-1) (2u+1)
_ 3 1 u (4u*-3) 2u% (4u2-3)
ke (2u-1) (2u+1) (2u-1) (2u+1) (2u-1) (2u+1)
_ _ 2u _ 1 u (4u*-3)
RE (2u-1) (2u+l) (2u-1) (2u+1) (2u-1) (2u+1)
_ 3 1 _ 2u B 1
VY1 (2u-1) (2u+1) (2u-1) (2u+1) (2u-1) (2u+1)
_ u (4u*-3) 1 2u
Y2 P - -

(2u-1) (2u+1) (2u-1) (2u+l)

Reidemeister 2b
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In[-]:= TL@PD[X-2,4,3,-1: Y-4,5,5,-3]

Out[e]=

0
1 0 -1 0
(¥-2 Ye s Y-1)
Y-2 0 0 0 0
Y6 0 0 0 0
s %] 0 0 0
Y1 %] %] 0 0

In[]:= {TL@PD [X—2,4,3,—1) Y—4,6,5,—3] == GT5’_2@TL@PD[P_115, P_z,s] 5
KaS@PD [X_2’4,3_‘_1, Y_4’5,5,_3] == GT5’_2@KaS@PD[P_115, P—Z,G]}

Out[e]=
{True, True}

Reidemeister 1

In[«]:= {TL@PD[X_3)3’2)_1] == TL@P_l’z,
Kas@PD [X_3’3,2_‘_1] == KaS@P_ljz}
Out[e]=
{True, True}

A Knot

in[-]:= f=TLSig[Knot[8, 5]]

KnotTheory: Loading precomputed data in PD4Knots'.

29{\/5 +ul 29[23 +u] -26[u- "0 e.63..] +26[u-"De.630. ]

out[«]=
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inl-1:- Plot[f, {u, -1, 1}]

Out[«]=

-1.0 -0.5

-3
Some Tangles
16
70 »/14
J 4 10 S
9 11
3 8 4
11 )5 53
7 2 72 s
6 7 2
12
/7
6
; 13

inf-]:= T1 = PD[X-6,2,7,-1: X_2,8,3,-75 X_8,4,9,-35 X_11,6,12,-5» X-4,11,5,-1e]3

T2 = PD[X-e;,z,7,-1.v X_2,8,3,-75 X_8,4,9,-3> X_12,6,13,-55 X_4,12,5,-115 X_10,15,11,-14> X-15,1a,16,-9]§
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in[-]:= Column@ {TL[T1], Kas[T1]}

Out[«]=
729(u7§) +29(u+§) _1

(Y-10 Yo Y1 Y12)
Y-10 7] 1-w w-1
— L‘l 2w w1 _ 2w
RE W w-w+l w w?-w+l
Y1 0 w-1 0 1-w

_wl 1 w-l 20
Y12 w wr-w+1 w w-w+1

—26(u £>+29(u+?>—1
(Y10 Yo Y1 Y12)
Y 10 2 (u-1) (u+1) (4u*-3) ) -2 (u-1) (u+1) (4u*-3) )
Yo % 2 (4u?-3) o 2 (4u?-3)
Y ~2 (u-1) (u+1) (4u*-3) ) 2 (u-1) (u+1) (4u?-3) )
_ 1 1
Y12 e 2 (4u?-3) 6 2 (4u’-3)
in[-]-= Columne@ {TL[T2], Kas[T2]}
Out[e]=
0

(¥-14 Y16 -1 Y13)
Y-14 ] 1-w w-1
- w-1 _ 2 (w-1)%w _w-1 2 (w-1)%w
716 w w*-3w+5 w-3 w+l w w-3 w+5 w-3 w+l
Y1 0 w-1 0 1-w
- _w-1 2 (w-1)%w w-1 3 2 (w-1)%w
713 w w*-3 w345 w-3 w+l w w-3w+5 w-3 w+l

1
(Y-14 Y16 Y-1 Y13)
Va5 (-16u*+28u°-13) 0 > (16u*- 2802+ 13) )
_ 2 (u-1) (u+1) 2 (u-1) (u+1)
Y16 0 T 16u*-28u+13 0 16 u*-28 u?+13
Y1 2 (160t - 280+ 13) 0 2 (-16u*+ 2807 - 13) )
_ 2 (u-1) (u+1) _ 2 (u-1) (u+l)
13 0 16 u*-28 u?+13 0 16 u*-28 u?+13
Reidemeister 2c
56
12

i1~ Kas@PD[X_1,2,4,-35 X-6,5,3,-a]| = GTs,2@Kas@PD[P_; 5, P_g ;]

Out[e]=
True
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1= {TL@PD[X_1,2,4,-35 X_6,5,3,-4] » TL@PD[X_1,2,4,-35 X-6,5,3,-4] }
Out[e]=

(] (]
(Y-s s -1 Y2) (¥-6 ¥s Y1 Y2)
Y-6 (%] w-1 0 1-w Y 0 w-1 0 1-w
< w1 w1 o _ed w1 }
{ 5 - (7] " o ° 5 » (] " (7]
Y1 0 1-w 0 w-1 Y1 0 1-w 0 w-1
Y2 et 0 -t 0 T 4=t 0 -2 0
w w w w
In[«]:= TL@PD[P_l,s, P_5,2]
out[-]=
7]
(Y-6 Y2) (¥-1 ¥s)
Y-6 %] 0 0 2]
Y2 0 (%} 0 0
Y-1 %] 0 0 (%]
Ys 0 (%} 0 (7]
In[«]:= TL@PD[K_1’2)4’_3, X_5’5,3’_4] == GTs,z@TL@PD[P_l,S, P_s)z]
Out[«]=
%] (%]
(¥-6 s -1 Y2) 0 -1 0 1
Y6 w-1 1-w (¥-s Ys Y-1 ¥2)
_ (7] 0 0 (7]
Y. e 1-0 e w-1 _°
— w-1 w-1 V-1 0 0 0 0
Y2 - 0 - 4 ¥ ) ) ) 0

That’s a fail for TL!
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