Dror Bar-Natan: Talks: Groningen-240530:
Knot Invariants from Finite Dimensional Integration

Thanks for having me in Groningen! |_E| [=

Abstract. For the purpose of today, an “I-Type Knot
Invariant” is a knot invariant computed from a knot
diagram by integrating the exponential of a pertur-
bed Gaussian Lagrangian which is a sum over the |
features of that diagram (crossings, edges, faces) of s
locally defined quantities, over a product of finite di-
imensional spaces associated to those same features.
Q. Are there any such things? A. Yes.

Q. Are they any good?  A. They are the strongest we know per
CPU cycle, and are excellent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

rigorous. u
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Q. But integrals belong in analysis!
The slég2 Example. With T an indeterminate and with €> = 0
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A. Ours only use squeaky-clean algebra.
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Ry}, measure on R is (27)™"/-standard

where L(X) = 752" and £(C¥) =
T%! zeL(Cf), and

L(X;) = xi(piv1 = pi) + xj(pjs1 = P))

+H(T* = Dxi(pin1 = Pj+1)|
€S P (Ts - l)x,'pj B
+? (xl(pl pj)( +2(1 - xjpj)) 1)

L(CY) = xi(pis1
So Z = Tf@L@)dpl ...
7

D XiPint=p)+T =11 (p2 = po)+36(p7 = p2)+x3(pa = Ps))
i=1

= pi) +€p(1/2 = x;p;)

dpidx ...dx7, where L(&) =

x1(p1—ps) (T = Dxyps + 2(1 = xs5ps)) — 1

€l +x6(pe — p2) (T — Dxepa + 2(1 = x2p2)) — 1
2| +x3(p3—p) (T = Dxsp7 +2(1 —x7p7)) = 1 [
+2)C4p4 -1
_ -1 -1
and so Z = (T -1 + T Hlexp (e- %)
A~!exp (e . (T_ZZ#). Here A is Alexander’s polynomial and p;

is Rozansky-Overbay’s polynomial [R1]-[R3], [Ov, BV1, BV2].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).
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The Good. 1. At the centre of low dimensional topology.

= @an ODE (in 4) whose solutlon is pure algebra.

s

wef:=http://drorbn.net/g24 [m]
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Knots.
> invariants
e
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Something simple:
numbers, polynomials,
matrices, etc.

2. “Invariants” connect to pretty much all of algebra.
The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between
knots and algebra.

(Alternative) Gaussian Integration.
Goal. Compute

1 ..
f dxexp (——a”xixj + V(x)) .
(if convergent) n 2

.
Solution. Set Z,(x) := A"? f dy exp (—ﬁa”y,-y i+ Vix+ y)).

Then Z;(0) is what we want, Zo(x) = (detA)~'/? exp V(x), and
with g;; the inverse matrix of ¢/ and noting that under the dy

1
Egijaxiaxj-Z/l(x)

integral d, = 0,

1

1 .
= Ef dy gij(0x,—0y,)(0x;—0y,) exp (—ﬁa”yiyj+ V(x+y))

I Iy
E dy (g,,a ayryy + Agija! )eXp (—ﬁa’yiyj +Vix +y))
ij [T
=28 o dy (a yiyvj+ /ln) exp (—ﬁa yiyj+ Vix+ )’))
,T 0, Za(x).
Hence (*) 02 Zalx) = zgijax,-ax_,-z/l(x),

P
and therefore Z(x) = (detA)~'/? exp (5 gi jaxiaxj) exp V(x).

Feynman

86 (O, Za + (04200, 20)

IWe’ve just witnessed the birth of “Feynman Diagrams”.
I[Even better. With Z, := log( VdetAZ,), by a simple
substitution into (*), we get the “Synthesis Equation™:

0iZ1 = 5 Z

Zo=V,

IPicard Iteration (used to prove the existence and uniqu-
eness of solutions of ODEs). To solve 0, f, = F(f;) with
a given fy, start with fy, iterate f — fo+ foﬂ F(f)dAa, and
seek a fixed point. In our cases, it is always reached after
nitely many iterations!

§~3

Picard

Definition. f : The result of this process, ignoring the converge-
nce of the actual integral.

Strong. A faster program to compute p; is available at [BV2].
'With it we find that the pair (A, p;) attains 53,684 distinct valu-
es on the 59,937 prime knots with up to 14 crossings (a deficit
of 6,253), whereas the pair (HOMFLYPT polynomial, Khovanov
IHomology) attains only 49,149 distinct values on the same knots
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To Do. ¢ Human-hard but computer-very-easy (poly time!).
e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

(a deficit of 10,788).
In as much as we know the pair (A, p;) is the strongest knot inva-
riant that can be computed in polynomial time (and hence, even
for very large knots).
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Preliminaries
This is IType.nb of wef/ap.

® Once[<< KnotTheory™ ; << Rot.m];

O Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

O Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.

©CF[w . & E] :=CF[w] «CF /@ &;

CF[& List] :=CF /e &;

CF[& ] := Module[{vs, ps, c},
vs =Cases[&, (x| p|&|n) , o] U{x, P, €};
Total[Coe-F-FicientRules[Expand[a], vs] /.

(ps_ »c_) = Factor[c] (Timeseevs™)] ];

a

O ;5¢e2 5¢°
E|

© {21 = jE[L] d{x1}, Z12 == J‘z1 dl{xz}}

2 2 2
(—b +ac)x2 _bxp & + £1 X 52}

]E[—
{ 2a a 2a

\a
© o = Normal[# + 0[e1%] &; jE[—¢2/2+ e ¢’ /6] d{¢}

, Tr‘ue}

82825 196752
+
3072 96

1105€® 565¢8
— + —— + +
24 16 1152 128
From https://oeis.org/A226260:
013827 THE ON-LINE ENCYCLOPEDIA
2'395%8 OF INTEGER SEQUENCES®

10221121
founded in 1964 by N. J. A. Sloane
[ H Search ] Hints
(Greetings from The On-Line Encyclopedia of Integer Sequences')
A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi*3 field theory.

1, 5, 5, 1185, 565, 82825, 19675, 1282031525, 80727925, 1683488621875, 13209845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,
281365778405032973125, 2824650747889425586152484375, 776632157034116712734375 (list: graph: refs: listen:

Integration
Using Picard Iteration!

OE/:E[A ]~E[B ] :=E[A+B];

© $n = Identity; (« hacks in pink «)

® Unprotect[Integrate]; (+ keys in yellow «)
Jw_. E[L ]d(vs_List) :=

Module[{n, Le, Q, A, G, 20, Z, A, DZ, FZ, a, b},

n = Lengthevs; L6 =L /. e > 0;

Q = Table[ (-8yspay,vsgoy L@) /. Thread[vs - @] /.
(p|Xx)__ >0, {a, n}, {b, n}];

If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];

Z =170 = CF@$n[L +vs.Q.vs/2]; G = Inverse[Q];

DZ; :=dysgagZ; DZg ,p = OysppyDZg;

FZ := CF@$7T[; 226[[3, b (DZa,b +DZaDZy) | 5
a=1lb=1

A
FixedPoint[(Z = 20 +j Fz dl)L) &, z];
(%}
PowerExpandeFactor [~ A™/2]
E[CF[Z/.A>1/. Thread[vs -»a]]]];

Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

Be[-£]
Vu
© 1

b
L=-- {x, Xz}-(z )-{Xn X2} + {€1, €2} . {X1, X2}
2 c

212 = IE[L] d{x1, X3}

cef bag ,  ad ]
2 (—b2+a <) b2-ac 2 (—b2+a c)

\V-b?+ac

‘D']E[

history: text: internal format)

The Right-Handed Trefoil
® K = Mirror@kKnot[3, 1]; Features[K]
Ll Features([7, C4[-1] X1,5[1] X3,7[1] Xg,2[1]]
© L[Xi 5 [s_1]1:=T"E|
Xi (Pis1 = Pi) + X5 (Pjs1 - Pj) +
(TS = 1) Xi (Pis1 = Pjs1) +
(es/2)x
(i (Pi-py) ((T°-1) xipj+2(1-x5p5)) -1)]
v/2 1
L[C; [ 1] :=T ]E[Xi (Pisa - Pi) +€@ (; - X Pi)]
L[K ] :=CF[£ /@Features[K][2]]

VS[K ] :=
Joine@e Table[{pi, Xi}, {i, Features[K][1]}]
© {vs[K], LK1}
g{{pl: X1, P2s X2, P35 X3, Pas Xa, Ps, X5, Pes Xe5 P75 X7}J

TE[*ZG*p1X1+€p1X1+Tp2X1*€p5X1+(1*T> Pe X1 +
1 1 2.2
E(—1+T>€p1p5X1+E(1—T)€p5X1—p2X2+
P3 X2 -P3 X3 +€EP3X3+TpPaXz-€p7Xs+ (1-T) pgX3+
1 2 1 2.2
E(*1+T)€P3P7X3+E(1*T)€p7X3*p4X4+

€ P4 Xg + Ps Xq — P5s X5 + Pe X5 — € P1 Ps X1 X5 +
2
€ Ps X1 X5 —€P2Xg+ (1-T) p3Xg — Pe Xp +
2
€ Ps X + T P7 X + € P53 X2 Xg — € P2 Pe X2 Xp +

1 22 1 2
5 (1—T)6p2X6+E (-1+T) €p2pPeXg -

p7X7+P8X7*€P3P7X3X7+GP§X3X7H
O g = Normal [ # +0[e]2] &; jL[K] d (vseK)

(-1+T)2 (1472) € ]

. T]E[_ (1-T+12)2

1-T+T?
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Invariance Under Reidemeister 3

it top variables
middle variables
k bottom variables

© 1hs - j(ﬁ /@ (Xi,5[1] Xie1,k[1] Xyj41,k+2[1]))
dl{Pi+1: Pj+1: Pi+1s Xis1s Xj+1s X1} 5
rhs = j(ﬁ /@ (X4,k[1] Xi,ke2[2] Xiya1,4+2[2]))

dl{xi+1J Pi+1s Pj+1: Pi+1s xj+1) xk+1};
lhs === rhs

O False

®©

[

=q32p[_ 3e

Invariance Under Reidemeister 3, Take 2

© 1hs = f(z /@ (Xi,511] Xivn [1] Xgo1, 02 [11))
d{Xi> Xj5 Xks Pi+1s Pj+1s Pksls Xis1s Xj+1s Xks1}3
rhs = f(z /@ (X, [1] Xi, e [1] Xiva, 02 [11))

dl{xiJ Xj: Xks Xiv1s Pi+1s pj+1: Pk+1s xj+1: xk+1};
lhs === rhs

S True
® 1lhs

DOl Degenerate Q!

Invariance Under Reidemeister 3, Take 3
® 1lhs =

J.(IE[J'UH pi + & 7ty pj + 1 7ty Pk ]

L/7@ (Xi,5[1] Xi1,k[2] X541,k+2[2]))

d{Pis Pjs Pks Xis Xjs Xks Pis1s Pje1s Pke1s Xis1s
Xj+1s Xk+1}3

rhs =
J(E[iﬂi Pi + i 7t5 p§ + 1 7 Py ]

L/@ (X4,k[1] Xi, k1 [1] Xi41,5+2[11))

dl{pi) pj: Pks Xis xj: Xks Pi+1s pj+1: Pk+1s Xiv1s
Xj+1, Xk+1]’;

1hs == rhs

O True

lhs

1T Py -1 (~1+T) Tpagrm +
iT?epymi—1 (~1+T) oo+

1
1TEPpr.imi— E (-1+T) T3€p2+i P25 ﬂ§+

(-1+T) TPepl - = (-1+T) T € pauy Pk 715 +

N

2 2 1 2 2
(=1+T)"Tepa; p2+k7Ti+2 (=1+T) Tepy 7+

i Tpoj -1 TeEPrmj-—1 (=1+T) poyy 7§ +
i (-1+2T) €Pa 7y + T° € Pari Pauj 7T 715 —
T3€P§+j 7ty - (=14 T) T? € P2.i Paok 7T Tty +

“1+T)2Tepyjpak i+ (-1+T) Teps, 7oy -

NIlR —

2 1 2 2
(=1+T) Tepay p2+k7rj+£ (=1+T) Tepyy7j+

. . 2
1Pk Tk = 2 1 € Paik 7Tk + T° € Pasi Pask 7 Tk =
2
(=1+T) TepagP2k 7Ti 7k = T € P57 Tk +
2
T € Poig P2k 705 7 = T € P3,x 75 ﬂk]

Invariance under the other Reidemeister moves is proven in a si-
milar way. See [Type.nb at wef3/ap.

Where is it coming from? The most honest answer is “we don’t
know” (and that’s good!). The second most, “undetermined co-
efficients for an ansatz that made sense”. The ansatz comes from
the following principles / earlier work:

Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Q[x:], Qly;D) — Qly,1l&],

and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.

Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y,]. Q[z]), then

Q(gOf)=f<B‘y”’fgdydn

Use universal invariants. These take values in a universal enve-
loping algebra (misschien kwantized), and thus they are expres-
sible as long compositions of generating functions. See [La, Oh].

“Solvable approximation” ~» perturbed Gaussians. Let g be
a semisimple Lie algebra, let [) be its Cartan subalgebra, and let
b* and b’ be its upper and lower Borel subalgebras. Then b* has
a bracket 3, and as the dual of b it also has a cobracket &, and in
fact, g ® h = Double(b", 3, 6). Let g7 = Double(b”, 8, €5) (mod
e?*1 it is solvable for any d). Then by [BV3, BN1] (in the case
of g = slp) all the interesting tensors of U(g;) (quantized or not)
are perturbed Gaussian with perturbation parameter € with with
understood bounds on the degrees of the perturbations.


http://www.math.toronto.edu/~drorbn/Talks/Groningen-240530/ap

&)
]

®©
a

©
a

The Philosophy Corner. “Univer-
sal invariants”, valued in universal e-
nveloping algebra (possibly quanti-
zed) rather than in representations
thereof, are a priori better than the
representation theoretic ones. They
are compatible with strand doubling
(the Hopf coproduct), and as the
knot genus and the ribbon property
for knots are expressible in terms of strand doubling, universal
invariants stand a chance to say something about these proper-
ties. Indeed, they sometimes do! See e.g. [BN2, GK, LV, BG].
Representation theoretic invariants don’t do that!

There’s more! To get sl, invariants mod €, add the following

to L(Xl.*j), L(Xl.‘j), and L(Cf), respectively (and see More.nb at ®-

ep/ap for the verifications):

e’ry[1, i, 3]

1

— €

12
(-6piXi+6psx; -3 (-1+3T) pipsx;+3 (-1+3T) pj

X{+4 (-1+T)pipsx; -2 (-1+T) (5+T) psp5x; +

2

2 (-1+T) (3+T) p3x; +18p;pjXixy-

18p§xixj—6p§pjx§xj+6 (2+T) pipﬁxﬁxj—

6 (1+T) p3X§ x5 -6p;pjXsx5+6p3x; ;)
e?ry[-1, i, j]

1
12 T2

e? (—6T2pixi+6T2pjxi+

3(-3+T)Tpipjxi-3(-3+T)Tpjx;-
4(-1+T)Tpipjx3+2(-1+T) (1+5T) Pip§ :-
2 (-1+T) (1+3T) p3x3

141812 ps pj xi X5 -
18 T2 px; x5 - 6 T2 pipyxix; + 6T (L+2T) p; p3 x2 x; -

6T (1+T) pgxﬁxj—6T2pip§xix§+6T2p§’xix§)

e? Y2lo, il

1
- E e? <02 Pi Xi
The sl, formulas mod €* are in the last page of the handout
of [BN3].
We are very close to having some s/3 formulas, but they are cer-
tainly not ready for prime time.
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