Dror Bar-Natan: Talks: Beijing-2407:
Knot Invariants from Finite Dimensional Integration

Thanks for inviting me to China! [®]#[=]
http://drorbn.net/icbs24 [x]

IAbstract. For the purpose of today, an “I-Type Knot Invariant”

is a knot invariant computed from a knot diagram by integrating

the exponential of a Lagrangian which is a sum over the features

of that diagram (crossings, edges, faces) of locally defined qua-

ntities, over a product of finite dimensional spaces associated to

those same features.

Q. Are there any such things?

A. Yes.

Q. Are they any good?

A. They are the strongest we know per CPU cycle, and are excel-
lent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from
rigorous.

Q. But integrals belong in analysis!

A. Ours only use squeaky-clean algebra.
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Abstract. For the purpose of today, an “I-Type

IKnot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a

Lagrangian which is a sum over the features of that |

diagram (crossings, edges, faces) of locally defi-

ned quantities, over a product of finite dimensional

spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

rigorous.

Q. But integrals belong in analysis!

A. Ours only use squeaky-clean algebra.

joint with
R. van der Veen

. |o Not enough topological applications for all these invariants.

Knots

/3R1>
HAEIEITS Somethings simple:
—= Numbers, polynomials,

\) ST

The Good. 1. At the centre of low dimensional topology.
2. “Invariants” connect to pretty much all of algebra.
The Agony. 1&2 don’t talk to each other.

e The fancy algebra doesn’t arise naturally within topology.
— We’re still missing something about the relationship between
knots and algebra.
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(Alternative) Gausssian Integration.
Goal. Compute

, 1 ..
L(0) := fdﬁ\x exp (—Ea”xixj + V(x)).
Solution. Set R
1 ..
L(x) = fd'xy exp (——a”yiyj + V(x+ y)) .
R 22
Then 7,(0) is what we want, Io(x) = (det A)~!/2 exp V(x), and

1 g 1 ..
Adi(x) = 5P Liﬂya’fyiyj exp (_ﬁaljyi)’j + V(x + y))
While with g;; the inverse matrix of A, and petu N That
1 wnde” e dy o ed 9. =0
Egijax,-alexl(x) = 7 ! 3

1 1
E fd%ygij(ax,-_ay,-)(axj_ayj)exp (_ﬁa ]yiyj s V(x +Y))
K1

1 . 1 ..
= Y cf‘iya”yiyj exp (—ﬁa”yiyj + V(x+ y)) .
R
Hence !
oAy (x) = Egijax,-ale/l(x)a

and therefore

A
Li(x) = (detA)~1/? exp (—g,- i0x,0x ) exp V(x). |
2 /@Qj fle Godd
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Abstract. For the purpose of today, an “I-Type
IKnot Invariant” is a knot invariant computed from
a knot diagram by integrating the exponential of a
Lagrangian which is a sum over the features of that |
diagram (crossings, edges, faces) of locally defi-
ned quantities, over a product of finite dimensional
spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.
Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

rigorous. H
i A

Q. But integrals belong in analysis!
The sl/ ¢ Example. With T an indeterminate and w1th et =0:

joint with
R. van der Veen

Aysuezoy

KeqioaQ

sanunuo))

A. Ours only use squeaky-clean algebra.

=7 f £(Xf< >1:<°f >1:<C )
Ry}, measure on Kis(27)"'/*-standard
where £(X}) = T*2e*™) and £(c?) =

T#12eCD) (1 = V=1 is optigﬁal’)/, and
L(X}) = xi(piv1 — pi) + ﬁ;‘(ﬁju -p)
+ (TS - l)xi(Pz+1 — i’]+1) F)p)\g L.

€s (xi(Pi ~ /,)((TY - Dx; f,;M)

+7 (_

L(CY) = x,(pluf pi) +ep(1/2+ xipi)
SoZ=T [e"dp,... d)C7, where L(f”/ =

+E/7/ — D3)
1 = (L ps + 201 x5p J
\(w(P(» /)q ((1 S 1)\6/7""— 1 —X2p ){:C)
xa(p3 = p7) (T° = Dxspr+ 21 - xyp})

dprdx; ..

7

2P =P+ (T=Dxi(p2 /5o

i=1

x.“(p4 s Z)))

€
2
B +2X4]74—1
1 1
andsoZ:(T—l+T1)exp % =
A=l exp|e- W . Here A is the Alexander polynomial and
p A poly

o1 is the Rozansky-Overbay polynomial [Rol, Ro2, Ro3, Ov].

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

Guido Fubini
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invariants 3
—= Numbers, polynomials,

matrices, etc.
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[The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

— We’re still missing something about the relationship between
knots and algebra.
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(Alternative) Gausssian Integration. / , !Q

1 .. Chanrl9e r /WWQ I/]
Goal. Compute L(0) := f dx exp (—Ea”xix b - V(x)) 4*"‘_“ ’{_ V"_j_ y /ﬂ_ L
. 1 o L I
Solution. Set Li(x) = dyexp ~31° lyiyi+ V(x+y)|.

R’l

Then 7,(0) is what we want, I(x) = (det A)~'/2 exp V(x), and wi- ,.
th g;; the inverse matrix of a'/ and noting that under the dy integral T, e M '7"1// (9 ‘:rp’

1
ay = 0, =8i 'ax,-ale/l(x)
I \___‘LJ . 2°Y é—ﬂ,\/\.}} %(_ F//cjmm
= 5 f dygij(0x, _ayi)(axj_ayj) exXp (_ﬁal]yiyj +V(x+ )’))Q—H

2/12f C?’«Yzyjexp( P2 yly]+V(x+y)) (9,1],1()6)4\

/|
Hence Ada(x) = lguax,ax,h(X) ane WUV J %7’;5‘5@ m
P
and therefore Li(x) = (detA)~1/? exp( 8i Jax,ax])exp V(x)I V% ‘ /CVJ b Y% 7[ é a JMVV\
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IAbstract. For the purpose of today, an “I-Type
Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a
Lagrangian which is a sum over the features of that
diagram (crossings, edges, faces) of locally defi- |
ned quantities, over a product of finite dimensional
spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.
Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

joint with
R. van der Veen

" [The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.
e The fancy algebra doesn’t arise naturally within topology.

knots and algebra.

m \pR_1> Knots.
(\ f oot rvatiantd Something simple:

> = > < numbers, polynomials,
‘/&_\ N matrices, etc.
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—> We’re still missing something about the relationship between

KeqioaQ

sonunuo))
Aysuezoy

rigorous. H E
e |
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Q. But integrals belong in analysis!
A. Ours only use squeaky-clean algebra.
The slé62 Example. With T an indeterminate and with €> = 0:

0

-standard

— 7= f L(X{5) LX) L(X3,

14 C =112
R}, measure on R is 2m)™"/

where -[:(Xf ,-) = 752X and .E(Cf) —
T¢2eiC) (i = +-1 is optional), and
L(ij) xi(pis1 — p) + xi(pjx1 — pj)
+(T" = Dxi(pis1 = pjs1)

& (T* = Dxip;
st (x,-(Pi - Pj)( 21— x,-jpj)) - 1)
L(C?) = x:(pis1 — pi) + €p(1/2 — x;p;)

SoZ=T f@ﬁ”@)dpl ...dp7dx; ...dx;, where L(&) =

7
D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1
x1(p1 = ps) (T* = Dx1ps + 2(1 — xs5ps)) — 1

€| +x6(ps — p2) (T° — Dxep2 + 2(1 = x2p2)) — 1
2| +x3(p3 —p)((T° = Dxap7 +2(1 —x7p7)) -1 |
+2X4p4 -1
= -1 -1
and so Z = (T -1 + T Hlexp (e- %}—)) =
-4 (T-2+T V), . :
A~" exp (e - =7 | Here A is the Alexander polynomial and

1 is the Rozansky-Overbay polynomial [Ro, Ov, BV].

(Alternative) Gaussian Integration. Gauss

1 ..
Goal. Compute L n dxexp (—Ea”x,-x i ¥ V(x)) .

1 \
Solution. Set Zix) = f dyexp (—ﬁa’-’yiy i+ Vx+y)].

Then Z;(0) is what we want, Zo(x) = (detA)""/2exp V(x),
\Rlbi'fil gi ,/ the inverse matrix of @/ and neting that under the dy

I Q .’mt“T< 1
integral 8= 0, ¢ o Egijax,-aij/l(x)

1 1 ..
f dygij(axi_ay,-)(axj_ayj)exp (_ﬁaljyiyj + V(x +y))
R}’l

2
ij 1 ii
= 2—/12 - dyafyi)’jeXp(—ﬁa/yiyj 4= V(x+y)) = aAZ/l(X).
1
Hence (*) 0,Zi(x) = 3 81j0x,0+,Z (%),

A
and therefore Za(x) = (detA)~1/? exp (Egi jaxiax‘/) exp V(x).

74
\;
-~ \

'We’ve just witnessed the birth of “Feynman Diagrams”.
IEven better. With Z := log( Vdet AZ), by a simple sub-
stitution into (*), we get the “Synthesis Equation™:

» Feynmafl
0\ Z, = % Z 8ij (axi,x

Zy+ <ax,z&>(ax,2@,
i,j=1

an ODE (in 1) whose solution is pure algebra.
ficorde Mallolf

J

Zy =V,

\
. /W
FAS

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

G-l -
-0 @y-x

it

Guido Fubini .
% 4

To Do. ¢ Human-hard but computer-very-easy (poly time!).
e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively

Acknowledgement. This work was supported by NSERC grant

better than representation theory ones.

IRGPIN-2018-04350 and by the Chu Family Foundation (NYC).

o



S . 1
Preliminaries L= -2 0, Xz}-(: lc’)-{xl, X2} + {1, &2} {X1» X2}

This is IType.nb of http://drorbn.net/g24/ap. 25 JIE[L]dl{x %)
= 1, X2

Once[<< KnotTheory™ ; << Rot.m];

2 2
Loading KnotTheory™ version ]E[ 52‘51 & b2~£1 €, 3252 }
2 (-b%+ac) b%-ac 2 (-b%+ac)
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory. V-b%+ac
Loading Rot.m from {21 - JIE: (L] dix}, 212 = jZlcﬂ{xz}}

http://drorbn.net/AP/Talks/Groningen-240530

to compute rotation numbers. b2+ 2y &2
i B P R
CFlw . & E] := CF[w] xCF /@ &; { 7 , True}
CF[& List] := CF /@ & a
CF[& ] := $7 = Normal[# + 0[e]**] &; j]E [-X%/2+ex® /6] a{x}
Module [
2 4 6 8 10 12
{vs =cases[s, (x| p|E| ™ _, o] U, p, €}, E[Se ,5€' 11e5¢° 565¢° 82825¢™ 19675¢ }
24 16 1152 128 3072 96

ps, c},

Total [Coe-F-FicientRules [Expand[&], vs] /. From https://oeis.org/A226260:

013627 THE ON-LINE ENCYCLOPEDIA

(ps_ - c_) = Factor[c] (Timeseevs™)] |; 752 OF INTEGER SEQUENCES ©
10221121
| ntegration ‘ founded in 1964 b‘_\'sli.m]?; ﬁ;lmne

(Greetings from The On-Line Encyclopedia of Integer Sequences!)

Using Picard Iteration!

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi*3 field theory.
1, 5, 5, 11e5, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13209845125,
E / + E [A_] E [B_] = E [A + B] ,' 2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,

history: text: internal format)

K = Knot[3, 1]; Features[K]

$7 = Identity; (x hacks in pink )

Unprotect[Integrate];
Features[7, C4[-1] Xa,6[-1] Xs5,1[-1] X7,3[-1]]
jw_. E[L_] d(vs_List) :=
LIXi,5 [s_1] :=T/2E|

Module[{n, Lo, Q, A, G, Z, e, A, DZ, a, b}, DD (B p) e

n = Lengthe@vs; LO=L /. e > 0; (TS = 1) Xi (Pis1 = Pje1)
= Table| (-0,spap,vsppy L) /. Thread[vs » @] /. .
(p|x) -0, {a, n}, {b, n}|; €S
IREISEZ, 1=, 13 ’"]’ . — (xi (Ppi-p5) ((T°-1) xipj+2 (1-x5p;5)) -
If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
7 = CF@$n[L +vs.Q.vs /2]; G = Inverse[Q]; 1)];
DZ; i=8y:ra1Z; DZq .5 i= OysipnPZas LIC [0 1] :=
While[e = CFe$n| T2E[X; (Pia-Pi) +€¢ (1/2-%Xipi)];
1 o0 L[K ] :=CF[L /@Features[K][2]1];
(9:2) = 5 3 >76La, bl (DZa,p + D2, DZ,) |5 VS[K ] :=

a=1b=1 Unione@e Table[ {pi, Xi}, {i, Features[K][1]1}1];

A
0:!:e,Z—=jedlA
(%}

E
PowerExpand@Factor [« A
E[CF[Z/.A>1/. Thread[vs » 0]]]

E

Protect[Integrate];

1/2]

JIE[iuxz/2+i§x]dl{x}
(_1)1/4}:[_175}

2
Ju




{vs[K], L[K]}

{{pl.v P2, P35 Pa, Pss Pes P75, X1, X2, X3, Xg, X5, Xg, X7}J

pP3 X3
%

FE[e—P1X1+P2X1—P2X2—€P2X2+

(-1+T) prXa  (-1+T) €p;ps X3

€ P Xo + + —
T 2T
(-1+T) ep2x3
(= —P3X3+PaX3-PaXg+EPgXg+
2T
(=1+T) p2Xs
P5X4+€P1X5+f—p5x5—ep5x5+
pGXS—epZX X +€p p X1 X _M_F
T 1 X1 X5 1 Ps X1 X5 5T
(-1+T) € pyps X2
- Pe X6 + P7 X6 + € P2 Ps X2 X6 —
2T
2 (-1 +T) pax;
€P6X2X6+€P3X7+f—P7X7—
€ p7 X7 + —€P§X3X7+€P3P7X3X7—

(—1+T)ep§x§Jr (—1+T)ep3p7x§ML
2T 2T

$7 = Normal[# + 0[e]2] &; jL[K] d (vseK)

(-1sT)2 (1+72) € }

i TE|
. (1-T+72)2

1-T+T?

lhs = j(ﬁ /@ (Xi,5[1] Xita,k [1] X5u1,ke2[1]))
d{Xis Xj5 Xks Pi+1s Pj+1s Pk+1s Xis1s Xje1s Xks1}
rhs = j(ﬁ 7@ (X5,k[1] Xi,ks2 [1] Xiy1,5.2[11))
d{Xi> Xj5 Xks Xit1s Pis1s Pje1ls Pkels Xje1s Xke1l}s
1hs == rhs
Degenerate Q!

True

1lhs =
J(IE [7i pi + 715 P§ + 7 Pk ]
L/@ (Xi,5[1] Xiy1,k [1] Xju1,k+2[11))
dl{pi: pj: Prs Xi, Xj: Xks Pi+1s pj+1: Pi+1s Xis1s
xj+11 Xk+1}
rhs =
J(IE [7ti Pi + 715 P4 + 7 Pk ]
L/@ (X4,k[1] Xi, k1 [1] Xi41,5+2[11))
dl{pi: pj: Pks Xis xj: Xks Pi+1s pj+1) Pr+1s Xis1s

xj+1J Xk+1}3
1hs == rhs

3e
TPE|-— +Tpuim -
2
(-1+T) Tpaym + T €pami+ (1-T) Py +

1
Tepakrm+ S (-1+T) T epa P2+5 7~

il
(—1+T)T3epijﬂi+z (-1+T) T? € Pasi Pask 75 -

NIRr NR

2 2 1 2 2
(-1+T) T€p2+j p2+k7Ti—E (=1+T) Tepy, 7+
Tp23 71y -TEP2 575+ (1-T) Paoy 715 +
(=1+2T) €Pawk 71§ = T2 € Payi Pavg i 714 +
T3€P§+j 35+ (=14 T) T? € py.i P2k 7T 7T -
(-1+T)?TepajPak iy - (-1+T) Tepsrmim+

2 1 2 2
P (=1+T) Tepaj p2+k7rj—5 (-1+T) Tepy, 715+

2
P2:k 7Tk = 2 € P2:k 7Tk — T° € P2si Pavk 7Ti Tk +
2
(=1+T) TEPajPak Ti Tk + TEPy T4 T =
2
T € Paig P2k 715 T + T € P37 Tk

True
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IAbstract. For the purpose of today, an “I-Type

Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a

Lagrangian which is a sum over the features of that

diagram (crossings, edges, faces) of locally defi- |

ned quantities, over a product of finite dimensional

spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

rigorous. H E
e |
HES A

Q. But integrals belong in analysis!
The slé62 Example. With T an indeterminate and with €> = 0:

joint with
R. van der Veen

KeqioaQ

sonunuo))
Aysuezoy

A. Ours only use squeaky-clean algebra.

=y f LX) LX) LX) LIC

R}, measure on R is (27()’” 2.standard
where L(X}) = T LX) and 1:(9)
T#2eilC) 1 = V-1 is optlonal/)/ and
L(Xlxj) = xi(pis1 — pi) + xj(pj+l| p})
+(T* = Dxi(pis1 j+1)
€s (T* = Dxip;
+— | xi(pi — pj —~1
2 (x 7i =P ( +2(1 = x;p;)
L(CY) = xi(pix1 — pi) + €p(1/2 = xipp)
bl'ii'u"f / AL

SoZ = Tf@ﬁL(@)dpl
7

D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1

dpydx; ...dx7, where L(Q) =

x1(p1 = ps) (T* = Dx1ps + 2(1 — xs5ps)) — 1
€| +x6(ps — p2) (T° — Dxep2 + 2(1 = x2p2)) — 1
2| +x3(p3 —p)((T° = Dxap7 +2(1 —x7p7)) -1 |
+2X4p4 -1
and so Z = (T - 1 + THlexp (6- —‘—(T_f;_Tl_iﬁJ;zT_l)) =
o (T-2+T Hp, . .
A~" exp (e . T)‘ Here A is the Alexander polynomial and

1 is the Rozansky-Overbay polynomial [Ro, Ov, BV].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

el -

-0

The Good. 1. At the centre of low dimensional topology.

I/and therefore

Knots.

/_> . . Something simple:
nvariants
(\ numbers, polynomials,
=T \m™> matrices, etc.
) R3 J
2. “Invariants” connect to pretty much all of algebra.
The Agony. 1&2 don’t talk to each other.
e Not enough topological applications for all these invariants.
e The fancy algebra doesn’t arise naturally within topology.
—> We’re still missing something about the relationship between
knots and algebra.
(Alternative) Gaussian Integration.

1 ..
Goal. Compute L n dxexp (—Ea”x,-x i ¥ V(x)) .

Solution. Set

1 N
Zi(x) = f dy exp (—ﬁa"’yiyj + V(x+ y)) .

Then Z,(0) is what we want, Zo(x) = (detA)~'/2 exp V(x), and
with g;; the inverse matrix of a"/ and noting that under the dy

1
Egijax,-asz/l(x)

1 1 ..
- f dygij(axi_ay,-)(axj_ayj)exp - aljyiyj + V(x +y)
2 Jo T

integral d, = 0,

24
(*) 0L Zalx) =

1
= ¥ —d y,yj + V(x +y)) = 0, Z(x).

dy a"jyiy.,- exp (
R’l

IHence

1
Egijax,aij/l(x),

Zi(x) = (detA)~/? exp /—lg,- i0y.0y. |exp V(x).
2 J= X=X

'We’ve just witnessed the birth of “Feynman Diagrams”.
IEven better. With Z := log( Vdet AZ), by a simple sub-
stitution into (*), we get the “Synthes1s Equation™:

Feynman

0\ Z, = 3 Z 8ij (ax,-,sz/z + (ax,-Z/I)(aij/l))’
ij=1

an ODE (in 1) whose solution is pure algebra.

IPicard Iteration (used to prove the existance and uniqu-
ness of solutions of ODEs). To solve d,f;, = F(f;) with
a given fy, start with f, iterate f — fy + fol F(f)dA,
and seek a fixed point. In our cases, it is always reagched
after finitely many iterations!

Zy =V,

§>

Picard

To Do. ¢ Human-hard but computer-very-easy (poly time!).

e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

__/__)Efm’ __L/L ;Cm; !:vr’f_ f?:ﬂiﬂ 15\% WEVLJ’O«
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Preliminaries
This is IType.nb of http://drorbn.net/g24/ap.

Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.

CFle_. & F] :=CFl[w]

CF[s List] :=CF /e s;

CFl& ] := p

_ Module| Mm

{vs =cases[s, (x|p| &7 , ] U{X, p, €},
ps, c},

Total[CoefficientRules[Expand[£], vs] /.

CF /e s;

(ps_ »c_) = Factor[c] (Timeseevs™)] |;

Integration

Using Picard Iteration!
E/:E[A ]~E[B ] :=E[A+B];
$7 = Identity; (x hacks in pink )
Unprotect[Integrate];

Jw_. E[L_]d(vs_List) :=

Module[{n, Le, Q, A, G, @, Z, A, DZ, FZ, a, b},

n

Lengthevs; Lo =L /. e > 0;

Table| (-0,spap,vspop L) /. Thread[vs » @] /.
(p|x)__~8, {a, n}, {b, n}];

If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
Z =170 = CF@$n[L +Vvs.Q.vs /2]; G = Inverse[Q];
DZ, :=OysgayZ; DZg ,p := OysppyDZss

FZ := CF@$71'[; iiﬂ[a, b] (DZa,p + DZ, DZy) ];

a=1b=1
A
FixedPoint [ (z =270+ j Fz dm) &, z];
(%]
PowerExpand@Factor [~ A

E[CF[Z/.A>1/. Thread[vs - 0]1]] n\’\

-—”’3],- R Y A

—1/2]

Protect[Integrate];

= [E[adx®/2+i6x]a
j @:ﬁx / +1§x] {x}
(—1)1/4E[—L§2}

2
Nu

1
L=-— {x1, X2}.
2

M Qv; L-\Q —~0 \'\u
G

b
(: 5 ) X1, X2} + {&1, E2}.{X1, X2};

Z12 = jIE[L] dl{xl, X2}

mive 74)

st ﬁ

A=

K = Knot[3, 1]; Features[K]

cg%

+ bé—l §2 +
2{(—b2+a c)

b2-ac

vJ-b%rac

a§% }
2 (—b2+a c)

E|

S Z/ﬂ

{z2- JIE [L]1d{x1}, 212 = JZ1d{X2}} \/
_b2:ac) x2 X b .
b St 0
a

Ve
$7 = Normal[# + 0[e]**] &; jE[—xz 2+ex’/6] d{x}

5e*

1105 ¢® 5658
24 16 1152 128

Fromhttps //oeis.org/A226260:
013627 THE ON-LINE ENCYCLOPEDIA

33(?5’? OF INTEGER SEQUENCES®

10221121

[ 5 ¢? 82825 196752 }

4
3072 96

founded in 1964 by N. J. A. Sloane

[ | Search | Hins
(Greetings from The On-Line Encyclopedia of Integer S ces!)

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi”3 field theory.
1, 5, 5, 1105, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13209845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845945751875

__ history: text: mreunltomm)

TA¢ ﬂm% MA wﬁ;/
Features[7, C4[-1] X3,6[-1] Xs,1[- ms[ 1]]
L[Xi 5 [s_1] :=T"2E][
Xi (Pis1 = Pi) + X5 (Pjs1 - Pj) +
(T°-1) xi (Pisa - Pjea) +
(es/2)x

(xi (Pi-ps) ((T°-1) xipj+2(1-x;p;5)) -1)]

1
L[C; [¢_ 1] := TWzE[Xi (Pis1 - Pi) +€@ (; - Xy Pi)]

L[K ] :=CF[£ /@Features[K][2]]
VS [K_] o=
Joinee Table[{pi, Xi}, {i, Features[K][1]}]

{vs[K], L[K]}
{{pl.v X1, P2s X2, P35, X3, Pa, X4, P5s, X5, Pes> X6, P75 X7}J

pP3 X2

1
;]E[G—p1X1+P2X1—P2X2—6p2X2+ +

(-1+T)p7x;  (-1+T) €papeX;
€ P Xo + + —
T 2T
(-1+T) e p2x3
——— —P3X3+PaX3-PaXg+E€PgXg+
2T
(=1 +T) p2Xs
P5X4+€P1X5+f—p5x5—ep5x5+
Ps Xs ) (-1+T) epixd
—EPI X1 Xs +E€EP1Ps Xy Xg - ———(————— +
T 27T
(-1+T) ep1ps X2
—P6 Xe + P7 Xg + € P2 P X2 Xp —
2T
2 (-1+T) paxy
€PsX2X6+€P3X7+f—P7X7—

ps X

7

€ p7 X7 + —€P§X3X7+€P3P7X3X7—

(-1+T)epix3 (-
+

2T

1+T) epsps X3
2T — 7}}



$7 = Normal[# + 0[e]2] &;
e

Invariance Under Reidemeister 3%

IL[K] d (vseK)

-

lhs = I(L /@ (Xi,5[1] Xiva1,k[1] Xy41,k+2[1]))
d{Xi, Xj5 Xks Pi+1s Pj+1s Pk+1s Xis1s Xje1s Xks1}
rhs = j(lﬁ /@ (X4, [1] Xi, k2 [1] Xis1,5.2[1]))

A{Xis Xj5 Xis Xis1s Pic1s Pje1s Pe1s Xji1s Xka1ls

1hs == rhs -
JALY "o Ve

Degenerate Q!

True

lh-S— ,g,_q /,,/, &‘ m!(/— ,e—;

j(IE [7ti pi + 715 P§ + 7tk Pk]
L/@ (Xi,5[1] Xii1,k [1] Xju1,k+2[11))
dl{pi: ij Pis Xi, Xjs Xks Pi+1s Pj+1: Pi+1s Xis1s
xj+1) xk+1}
rhs =
J(IE [7ti Py + 715 P§ + 7 Pk]
L/@ (X4,k[1] Xi, k1 [1] Xi41,5+2[11))
d{pPis> Pjs Pks> Xis> Xj5 Xks Pis1s Pj+1s Pkels Xie1s
xj+1) xk+1};
1hs == rhs

€
TPE| - +Tpyymy -

(=1+T) Tpa.jr +T?e P2+ 7Ti + (1= T) poag 7ty +

1
Tep2+k7ri+5 (-1+T) TPepyy P25 7@—

1
(-1+T) TPeppyri«— (-1+T) T € Pai Po T -

(-1+T)2TepyiPoko-= (~1+T) Tepl, n?+

NIRr NIk
N

T P2+q 775 (1-T) paik 7ty +
(=1+2T) €Pauk 71§ = T> € Paui P2.j 7Ty 715 +
(-1 +T) T? € Pari Paek 711 714 —

(-1+T) Tepd,mim+

—Tep2+j7rj+

T3ep§+j JTi 75 +
(-1 +T)2T € parg Paek 11 71§ —
1 1 2 2

E< 1+T)T€p2+3p2+kﬂ 2 (—1+T)T6p2+k7TJ+

P2k 7Tk — 2 € Pask Tk - T2 € Pavi Pask i Tk +
2
(=1+T) TepagPak 7Ti 7 + T € Py T Tk =

2
T € P2y Pask 75 7k + T € Poy 7Ty ”k}

/fs% e 7?« e Zarrats

(OF 1§ AT~

[BV] D. Bar-Natan and R. van der Veen, A Polynomial Time Knot
Polynomial, Proc. Amer. Math. Soc. 147 (2019) 377-397, uxi-
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Dror Bar-Natan: Talks: Groningen-240530:
Knot Invariants from Finite Dimensional Integration

Thanks for having me in Groningen! _E [=]
wep:=http://drorbn.net/g24 [w]

IAbstract. For the purpose of today, an “I-Type
Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a
Lagrangian which is a sum over the features of that |
diagram (crossings, edges, faces) of locally defi- |
ned quantities, over a product of finite dimensional
spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.
Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

el

O\

joint with
R. van der Veen

s

m \pR_1> Knots.
(\ f oot rvatiantd Something simple:
> = > < numbers, polynomials,
‘/&_\ > matrices, etc.
) DN
% /-

The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between

KeqioaQ

sonunuo))
Aysuezoy

rigorous. ’ F

Q. But integrals belong in analysis!
A. Ours only use squeaky-clean algebra.
The slég2 Example. With T an indeterminate and with €> = 0:

—= 7= f LX) LX) LN LIC, )
R}, measure on R is 2m)™"/ Z-Stagd\lard
where L(X}) = T 2K and L£(C¥) =
T#12eiLC) (1 = /=1 is optional), and
L(X;)) xi(pis1 — p) + xi(pjk1 — pj)
+(T° = Dxi(pis1
€S (T* = 1)xp;
+5 | Xilpi — P
2 (x(” ”’)( 201 - x;p})
L(CY) = xi{(pis1 — pi) + €p(1/2 = xip))
L1775 ac .fi?
SoZ=T f@ﬁ”@)dpl ...dp7dx; ...dx;, where L(&) =
7

D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1

x1(p1 — ps) (T* = Dx1ps +2(1 — x5ps5)) — 1

€| +x6(ps — p2) (T° — Dxep2 + 2(1 = x2p2)) — 1
2| +x3(p3 —p)((T° = Dxap7 +2(1 —x7p7)) -1 |
+2X4p4 -1
and so Z = (T -1+ T°H! exp (e- %ﬁ) =
-4 (T-2+T V), . :
A~" exp (e . T)‘ Here A is the Alexander polynomial and

knots and algebra.
(Alternative) Gaussian Integration. Gauss f
Y

1 ..
Goal. Compute L n dxexp (—Ea”x,-x i ¥ V(x)) .

1 N
Zix) = f ~dyexp (—ﬁa”yiyj +V(x+ y)) :

Then Z,(0) is what we want, Zo(x) = (detA)~'/2 exp V(x), and
with g;; the inverse matrix of a"/ and noting that under the dy

Solution. Set

1
integral d, = 0, Egijaxiaij/l(x)
1 1 ..
=5 f dy gij(axi_ayi)(axj_ayj) exp __aljyiyj + V(x + y)
2 Jgn 24
=5F § dya'y;y;exp (—ﬁaijyiy 7ok V(& + y)) = 0, Z(x).

IHence

1
() aZa(x) = 58ij0x,0x,Za(x),

Za(x) = (det A)_l/ . exp (g g ,axiax‘f) exp V(x).

! /
@
-~ \

and therefore

'We’ve just witnessed the birth of “Feynman Diagrams”.
[Even better. With Z := log( Vdet AZ), by a simple sub-
stitution into (*), we get the “Synthesis Equation™:

Feyn?n?ﬁl
1 n
0\ Z, = 3 Z 8ij (ax,-,sz/z + (ax,-Z/I)(aij/l))’
ij=1
an ODE (in 1) whose solution is pure algebra.

IPicard Iteration (used to prove the existance and uniqu-
ness of solutions of ODEs). To solve d,f;, = F(f;) with

a given fy, start with f, iterate f — fy + fol F(f)dA,
and seek a fixed point. In our cases, it is always reached

Zy =V,

§>

a

Picard

1 is the Rozansky-Overbay polynomial [Ro, Ov, BV1, BV2].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

-0 Ry-+

after finitely many iterations!

Strong. A faster program to compute p; is available at [BV2].
ith it we find that the pair (A, p;) attains 53,684 distinct values
on the 59,937 prime knots with up to 14 crossings (a deficit of
6,253), whereas the pair (K== (HOMFLYPT polynomial,
Khovanov Homology) attains only 49,149 distinct values on the
same knots (a deficit of 10,788).

In as much as we know the pair (A, p;) is the strongest knot inva-
riant that can be computed in polynomial time (and hence, even
for very large knots).

To Do. ¢ Human-hard but computer-very-easy (poly time!).

e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

IAcknowledgement. This work was supported by NSERC grant
IRGPIN-2018-04350 and by the Chu Family Foundation (NYC).
Disclaimer. It’s fun, but not fully ready.




Preliminaries
This is IType.nb of https://drorbn.net/g24/ap.
® Once[<< KnotTheory ; << Rot.m];

Ol Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Ol Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.
©CF[w_. & E] :=CF[w] xCF /@ &;
CF[& List] :=CF /@ &;
CF[&_ ] := Module[{vs, ps, c},
vs=Cases[5, (x|p|&|m) _, @] U{x, p,€};
Total[CoefficientRules [Expand[£], vs] /.
(ps_ »c_) = Factor[c] (Timeseevs™)] |;

© {21 = J-IE:[L] d{xi}, 712 = jz1 dl{xz}}

o 2

(—b2+a c) x% bxp & . £

E|-
{ 2a a 2a

Va
© g - Normal[# +0[e]™] &; J]E[—¢2/2+e¢3/6] d{¢}

+ X3 52}

R Tr‘ue}

O ;5e2 56&* 1105e¢® 565¢% 82825¢'® 19675¢12
IE[* — + + + - }
24 16 1152 128 3072 96
From https://oeis.org/A226260:
013627 THE ON-LINE ENCYCLOPEDIA

752 OF INTEGER SEQUENCES ©

10221121

founded in 1964 by N. J. A. Sloane

| [ Search | Hins

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi”3 field theory.
1, 5, 5, 11e5, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13289845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,

history: text: internal format)

Integration

Using Picard Iteration!
OE/: E[A_]xE[B_] :=E[A+B];
© $7 = Identity; (+« hacks in pink «)
® Unprotect[Integrate];

Jw_. E[L_]d(vs_List) :=

Module[{n, Le, Q, A, G, @, Z, A, DZ, FZ, a, b},

n = Lengthevs; LO=L /. € » 0;

Q = Table[ (-8yspay,vsqey LO) /- Thread[vs - @] /.
(p|x)__~8, {a, n}, {b, n}];

If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];

Z =170 = CF@$n[L +vs.Q.vs /2]; G =Inverse[Q];

DZ, :=0dysgayZ; DZg ,p := BysppyDPZa;

1 n n
FZ: - CF@$7r[E ZZGEa, b] (DZ,,, + DZ, DZ}) ];
a=1b=1

A
FixedPoint [ (z =70+ j Fz dm) &, z];
(%}

PowerExpandeFactor [~ A™/?]
E[CF[Z/.x>1/. Thr‘ead[vs-»O]]]];

Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

2e[-£)
i
©) 1

b
L=-= (x5, Xz}-(z )-{xl, X2} + {15 &2} {X15 X2}
2 C

212 = j]E[L] dl{xl, X2}

c&f ISR I ags ]
2 (—b2+a c) b2 ac 2 (—b2+a <)

V-b%+ac

QE[

The Right-Handed Trefoil
® K = Mirror@Knot[3, 1]; Features[K]
D Features[7, C4[-1] X1,5[1] X3,7[1] Xe,2[1]]
© L[Xi 5 [s_1] :=T"E][
Xi (Pis1 = Pi) + X5 (Pjs1 - Pj) +
(T°-1) xi (Pisa - Pjea) +
(es/2)x
(xi (Pi-p3) ((T°-1) xipj+2(1-x;p5)) -1)]
L[C [¢ 1] := TWzIE[Xi (Pisa - Pi) +te@ (% - X Pi)]
L[K ] :=CF[L /@Features[K][2]]

VS[K ] :=
Joinee Table[{pi, X;}, {i, Features[K] [1]}]
© {vs[K], L[K]}
g{{pl.v X1, P2s> X2, P35, X3, Pa, X4, P5s, X5, Pes» X6, P75 X7}J

T]E[—Ze—p1x1+ep1x1+Tp2x1—ep5x1+(1—T> Pe X1 +
1 » 1 2.2
E(—1+T)€P1P5X1+E(1—T)€P5X1—P2Xz+
P3Xp -P3X3+€P3X3+TpPgX3s-€p7X3+ (1-T) pgx3+
1 > 1 2.2
E(—1+T)ep3p7x3+5(1—T)ep7x3—p4x4+

€ Pa Xgq + P5s X4 — P5s X5 + P X5 — € P1 Ps X1 X5 +
2
EP5s X1 Xs ~€ Py Xg+ (1 -T) p3Xg — Ps Xg +

€ Pe Xg + T P7 X + € P3 X2 X — € P2 P X2 Xg +
1 2.2 1 2
E (1-T) ep2x6+5 (-1+T) €pyps Xg -
P7X7+P8X7—€P3P7X3X7+€P%X3X7H
©$7r=Norma1[#+O[e]2] &; JL[K] d (vseK)

(-1+T)2 (1+72) € ]

i TE |-
N (1-T+12)2

1-T+T?




Invariance Under Reidemeister 3

i+t top variables

middle variables

k bottom variables

© 1hs - j(zz /@ (Xi,511] Xia1,k [1] X501, 101 [11))
dl{pi+1) pj+1: Pi+1s Xis1s xj+1) xk+1};
rhs = fu: /@ (X5, [1] Xi, ez [1] Xiv1, 502 [11))

dl{xi+1.v Pi+1s pj+1J Pi+1s Xj+1) xk+1}).
lhs === rhs

O False

® lhs

gTs/z]E _

Invariance Under Reidemeister 3, Take 2
© 1hs - f(z: /@ (Xi5[1] Xan,k [1] Xgo1, 02 [11))
d{Xis Xj5 Xks Pi+1s Pj+1s Pkels Xie1ls Xje1s Xke1l}s
rhs = j(ﬁ /@ (X5, [1] Xi, ke [21] Xisa,4+2[11))

d{Xi> Xj5 Xks Xit1s Pis+1s Pje1ls Pkels Xje1s Xke1l}s
lhs === rhs
O True
® lhs

Dl Degenerate Q!

Invariance Under Reidemeister 3, Take 3
® lhs =
j(IE[J'UTi Pi + i 7ty p5 + & 7 Pk ]
L/@ (Xi,5[1] Xiy1,k [1] Xj41,k+2[11))
dl{pi: pj: Pks Xi, xj: Xks Pi+1s pj+1) Pr+1s Xis1s
xj+1: Xk+1}3
rhs =
j(E[i”i Pi + 175 p§ + 1 7 Pkl
L/@ (X4,k[1] Xi, k1 [1] Xiy1,542[11))
dl{pi: pj: Pks Xi, Xj: Xks Pi+1s Pj+1: Pr+1s Xis1s

xj+1J xk+1};
1hs == rhs

D True

—

€

— +iTPpyym i (14 T) Tpagm+
I'LTzepz+j7Ti—J'l (=1+T) poik7mi +
jT6p2+k7Ti—_ (-1+T) T3€p2+i p2+j7T§+

2

(-1+T) Pepijmi-= (-1+T) T> € payi Pauk 75 +

N

2 2 1 2 2
(—1+T) Tep2+j p2+k7Ti+2 (—1+T)T€p2+k7ri+

E NI Rr NP

Tp2ij iy -1TeEP2jmy—1 (-1+T) paok 7y +
i (-1+2T) €Pak 7y + T° € Past Pauj 7M1 714 —
Te Péj 7y = (=1 +T) T2 € pyyi Pauk 7T 74 +
(-1+T)2Te Py Pk 75 + (-1 +T) Teps, i -
1 2 1 2 2
E (=1+T) Te€Ppa.jPaek 7T *3 (-1+T) Tepl, s+

i Pook 7Tk — 2 1 € Park Tk + T2 € P2.i Pavk i M —

(-1+T) T€Paj Pk 7 7Tk - T € Pouy 7T Tk +

Tepajpak Tk -Te P3.k T4 Tk
Invariance under the other Reidemeister moves is proven in a si-
milar way. See [Type.nb at https://drorbn.net/g24/ap.

Where is it coming from? The most honest answer is “we do-
n’t know”. The second most, “undetermined coefficients for an
ansatz that made sense”. The ansatz comes from the following
principles / earlier work:
Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Qlx;], Qly;D) — Ql&1y;l.
and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.
Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y,], Q[z]), then

|
Gon [ sy

Use universal invariants. These take values in a universal enve-

loping algebra (misschien kwantized), and thus they are expres-

sible as long compositions of generating functions.

“Solvable approximation” ~» perturbed Gaussians. Let g be

a semisimple Lie algebra, let [) be its Cartan subalgebra, and let

b* be its upper and lower Borel subalgebras. Then b* has a bra-

cket B, and as the dual of b~ it also has a cobracket ¢, and in fact,
égb = Double(b*, 8, 6). Let ¢ := Double(b™, 8, €6) (mod ?*! it

is solvable for any d). Then by [BV3, BN] (in the case of g = sl,)

all the interesting tensors of U(g).(quantized or not) are pertur-

bed Gaussian with perturbation parameter € with with understood

bounds on the degrees of the perturbations.

References.

[BN] D. Bar-Natan, Everything around sl is DoPeGDO. So w-
hat?, talk given in “Quantum Topology and Hyperbolic Geo-
metry Conference”, Da Nang, Vietnam, May 2019. Handout
and video at wef3/DPG.



Dror Bar-Natan: Talks: Groningen-240530:
Knot Invariants from Finite Dimensional Integration

Thanks for having me in Groningen! _E [=]
wep:=http://drorbn.net/g24 [w]

IAbstract. For the purpose of today, an “I-Type
Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a
Lagrangian which is a sum over the features of that |
diagram (crossings, edges, faces) of locally defi- |
ned quantities, over a product of finite dimensional
spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.
Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

el

O\

joint with
R. van der Veen

s

m \pR_1> Knots.
(\ f oot rvatiantd Something simple:
> = > < numbers, polynomials,
‘/&_\ > matrices, etc.
) DN
% /-

The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between

Aysuezoy

|
KeqioaQ

sanunuo)

rigorous. ’

Q. But integrals belong in analysis!
A. Ours only use squeaky-clean algebra.
The slég2 Example. With T an indeterminate and with €> = 0:

— 2= [ L)L LaLC
R}, measure on R is (2m)'/2-standard
where L(X}) = 75265 and LEy =
T¢/2iLCD) (i = V-1 is optional), and
LX) = xi(pis1 = pi) + xj(pjs1 = D))
+(T* = Dxi(pis1 — Pj+1)

+§ (Xi(pi -Ppj) ( (" = Daip; ) — 1)

+2(1 — x]'pj)
L(C?) = xi(pis1 — pi) + €p(1/2 — x;py)
SoZ=T f@ﬁ”@)dpl ...dp7dx; ...dx;, where L(&) =

7

D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1

x1(p1 — ps) (T* = Dx1ps +2(1 — x5ps5)) — 1

€| +x6(ps — p2) (T° — Dxep2 + 2(1 = x2p2)) — 1
2| +x3(p3 —p)((T° = Dxap7 +2(1 —x7p7)) -1 |
+2X4p4 -1
and so Z = (T -1+ T°H! exp (e- %ﬁ) =
-4 (T-2+T V), . :
A~" exp (e . T)‘ Here A is the Alexander polynomial and

knots and algebra.
(Alternative) Gaussian Integration. Gauss f
Y

1 ..
Goal. Compute L n dxexp (—Ea”x,-x i ¥ V(x)) .

1 N
Zix) = f ~dyexp (—ﬁa”yiyj +V(x+ y)) :

Then Z,(0) is what we want, Zo(x) = (detA)~'/2 exp V(x), and
with g;; the inverse matrix of a"/ and noting that under the dy

Solution. Set

1
integral d, = 0, Egijaxiaij/l(x)
1 1 ..
=5 f dy gij(axi_ayi)(axj_ayj) exp __aljyiyj + V(x + y)
2 Jgn 24
=5F § dya'y;y;exp (—ﬁaijyiy 7ok V(& + y)) = 0, Z(x).

IHence

1
() aZa(x) = 58ij0x,0x,Za(x),

Za(x) = (det A)_l/ . exp (g g ,axiax‘f) exp V(x).

! /
@
-~ \

and therefore

'We’ve just witnessed the birth of “Feynman Diagrams”.
[Even better. With Z := log( Vdet AZ), by a simple sub-
stitution into (*), we get the “Synthesis Equation™:

Feyn?n?ﬁl
1 n
0\ Z, = 3 Z 8ij (ax,-,sz/z + (ax,-Z/I)(aij/l))’
ij=1
an ODE (in 1) whose solution is pure algebra.

IPicard Iteration (used to prove the existance and uniqu-
ness of solutions of ODEs). To solve d,f;, = F(f;) with

a given fy, start with f, iterate f — fy + fol F(f)dA,
and seek a fixed point. In our cases, it is always reached

Zy =V,

§>

a

Picard

1 is the Rozansky-Overbay polynomial [Ro, Ov, BV1, BV2].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

-0 Ry-+

after finitely many iterations!

Strong. A faster program to compute p; is available at [BV2].
ith it we find that the pair (A, p;) attains 53,684 distinct valu-
es on the 59,937 prime knots with up to 14 crossings (a deficit
of 6,253), whereas the pair (HOMFLYPT polynomial, Khovanov
Homology) attains only 49,149 distinct values on the same knots
(a deficit of 10,788).

In as much as we know the pair (A, p;) is the strongest knot inva-
riant that can be computed in polynomial time (and hence, even
for very large knots).

To Do. ¢ Human-hard but computer-very-easy (poly time!).

e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

IAcknowledgement. This work was supported by NSERC grant
IRGPIN-2018-04350 and by the Chu Family Foundation (NYC).
Disclaimer. It’s fun, but not fully ready.




Preliminaries
This is IType.nb of https://drorbn.net/g24/ap.
® Once[<< KnotTheory ; << Rot.m];

Ol Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Ol Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.
©CF[w_. & E] :=CF[w] xCF /@ &;
CF[& List] :=CF /@ &;
CF[&_ ] := Module[{vs, ps, c},
vs=Cases[5, (x|p|&|m) _, @] U{x, p,€};
Total[CoefficientRules [Expand[£], vs] /.
(ps_ »c_) = Factor[c] (Timeseevs™)] |;

© {21 = J-IE:[L] d{xi}, 712 = jz1 dl{xz}}

o 2

(—b2+a c) x% bxp & . £

E|-
{ 2a a 2a

Va
© g - Normal[# +0[e]™] &; J]E[—¢2/2+e¢3/6] d{¢}

+ X3 52}

R Tr‘ue}

O ;5e2 56&* 1105e¢® 565¢% 82825¢'® 19675¢12
IE[* — + + + - }
24 16 1152 128 3072 96
From https://oeis.org/A226260:
013627 THE ON-LINE ENCYCLOPEDIA

752 OF INTEGER SEQUENCES ©

10221121

founded in 1964 by N. J. A. Sloane

| [ Search | Hins

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi”3 field theory.
1, 5, 5, 11e5, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13289845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,

history: text: internal format)

Integration

Using Picard Iteration!
OE/: E[A_]xE[B_] :=E[A+B];
© $7 = Identity; (+« hacks in pink «)
® Unprotect[Integrate];

Jw_. E[L_]d(vs_List) :=

Module[{n, Le, Q, A, G, @, Z, A, DZ, FZ, a, b},

n = Lengthevs; LO=L /. € » 0;

Q = Table[ (-8yspay,vsqey LO) /- Thread[vs - @] /.
(p|x)__~8, {a, n}, {b, n}];

If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];

Z =170 = CF@$n[L +vs.Q.vs /2]; G =Inverse[Q];

DZ, :=0dysgayZ; DZg ,p := BysppyDPZa;

1 n n
FZ: - CF@$7r[E ZZGEa, b] (DZ,,, + DZ, DZ}) ];
a=1b=1

A
FixedPoint [ (z =70+ j Fz dm) &, z];
(%}

PowerExpandeFactor [~ A™/?]
E[CF[Z/.x>1/. Thr‘ead[vs-»O]]]];

Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

2e[-£)
i
©) 1

b
L=-= (x5, Xz}-(z )-{xl, X2} + {15 &2} {X15 X2}
2 C

212 = j]E[L] dl{xl, X2}

c&f ISR I ags ]
2 (—b2+a c) b2 ac 2 (—b2+a <)

V-b%+ac

QE[

The Right-Handed Trefoil
® K = Mirror@Knot[3, 1]; Features[K]
D Features[7, C4[-1] X1,5[1] X3,7[1] Xe,2[1]]
© L[Xi 5 [s_1] :=T"E][
Xi (Pis1 = Pi) + X5 (Pjs1 - Pj) +
(T°-1) xi (Pisa - Pjea) +
(es/2)x
(xi (Pi-p3) ((T°-1) xipj+2(1-x;p5)) -1)]
L[C [¢ 1] := TWzIE[Xi (Pisa - Pi) +te@ (% - X Pi)]
L[K ] :=CF[L /@Features[K][2]]

VS[K ] :=
Joinee Table[{pi, X;}, {i, Features[K] [1]}]
© {vs[K], L[K]}
g{{pl.v X1, P2s> X2, P35, X3, Pa, X4, P5s, X5, Pes» X6, P75 X7}J

T]E[—Ze—p1x1+ep1x1+Tp2x1—ep5x1+(1—T> Pe X1 +
1 » 1 2.2
E(—1+T)€P1P5X1+E(1—T)€P5X1—P2Xz+
P3Xp -P3X3+€P3X3+TpPgX3s-€p7X3+ (1-T) pgx3+
1 > 1 2.2
E(—1+T)ep3p7x3+5(1—T)ep7x3—p4x4+

€ Pa Xgq + P5s X4 — P5s X5 + P X5 — € P1 Ps X1 X5 +
2
EP5s X1 Xs ~€ Py Xg+ (1 -T) p3Xg — Ps Xg +

€ Pe Xg + T P7 X + € P3 X2 X — € P2 P X2 Xg +
1 2.2 1 2
E (1-T) ep2x6+5 (-1+T) €pyps Xg -
P7X7+P8X7—€P3P7X3X7+€P%X3X7H
©$7r=Norma1[#+O[e]2] &; JL[K] d (vseK)

(-1+T)2 (1+72) € ]

i TE |-
N (1-T+12)2

1-T+T?




Invariance Under Reidemeister 3

i+t top variables

middle variables

k bottom variables

© 1hs - j(zz /@ (Xi,511] Xia1,k [1] X501, 101 [11))
dl{pi+1) pj+1: Pi+1s Xis1s xj+1) xk+1};
rhs = f(z: /@ (X5, [1] Xi, ez [1] Xiv1, 502 [11))

dl{xi+1.v Pi+1s pj+1J Pi+1s Xj+1) xk+1};
lhs === rhs

O False

Invariance Under Reidemeister 3, Take 2
© 1hs - f(z: /@ (Xi5[1] Xan,k [1] Xgo1, 02 [11))
d{Xis Xj5 Xks Pi+1s Pj+1s Pkels Xie1ls Xje1s Xke1l}s
rhs = j(ﬁ /@ (X5, [1] Xi, ke [21] Xisa,4+2[11))

d{Xi> Xj5 Xks Xit1s Pis+1s Pje1ls Pkels Xje1s Xke1l}s
lhs === rhs
O True
® lhs

Dl Degenerate Q!

Invariance Under Reidemeister 3, Take 3
® lhs =

j(E[i"ipi+i”jpj+i”kpk]

L/@ (Xi,5[1] Xiy1,k [1] Xj41,k+2[11))
d{Pis> Pjs Pks> Xis> Xj5 Xks Pis1s Pj+1s Pke1ls Xie1s
Xj+15 Xks1}s
rhs =

j(E[i”i Pi + 175 p§ + 1 7 Pkl

L/@ (X4,k[1] Xi, k1 [1] Xiy1,542[11))
dl{pi: pj: Pks Xi, Xj: Xks Pi+1s Pj+1: Pr+1s Xis1s
xj+1J xk+1};

1hs == rhs
O True

® lhs

3e
T2E|-=— +iTpyym -1 (-1+T) Tpy,y7my +
2
i T2 e oy mi—i (~1+T) Pk 7ms +
. 1 3 )
1T6p2+k7ri—5 (=1+T) T €payiPaigrii+

(-1+T) Tepiyni-

N

(-1+T) T €pari Pk 7T +

2 2 1 2 2
(—1+T> Tep2+j p2+k7Ti+2 (—1+T)T€p2+k7ri+

E NI Rr NP

Tp2ij iy -1TeEP2jmy—1 (-1+T) paok 7y +
i (-1+2T) €Pak 7y + T° € Past Pauj 7M1 714 —
Te Péj 7y = (=1 +T) T2 € pyyi Pauk 7T 74 +
(-1+T)2Te Py Pk 75 + (-1 +T) Teps, i -
1 2 1 2 2
E (=1+T) Te€Ppa.jPaek 7T *3 (-1+T) Tepl, s+

i Pook 7Tk — 2 1 € Park Tk + T2 € P2.i Pavk i M —

(=1+T) TepagP2:k T Tk~ T € Payi 7T Tk +

Tepajpak Tk -Te P3.k T4 Tk
Invariance under the other Reidemeister moves is proven in a si-
milar way. See [Type.nb at https://drorbn.net/g24/ap.

Where is it coming from? The most honest answer is “we do-
n’t know”. The second most, “undetermined coefficients for an
ansatz that made sense”. The ansatz comes from the following
principles / earlier work:
Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Qlx;], Qly;D) — Ql&1y;l.
and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.
Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y,], Q[z]), then

Glgof) = f e g dydn

Use universal invariants. These take values in a universal enve-
loping algebra (misschien kwantized), and thus they are expres-
sible as long compositions of generating functions.

“Solvable approximation” ~» perturbed Gaussians. Let g be
a semisimple Lie algebra, let [) be its Cartan subalgebra, and let
b* and b/ be its upper and lower Borel subalgebras. Then b* has
a bracket §, and as the dual of b’ it also has a cobracket 6, and in
fact, g ® h = Double(b*,3,6). Let g7 = Double(b”, 3, €5) (mod
e™*! it is solvable for any d). Then by [BV3, BN] (in the case
of g = sly) all the interesting tensors of U(g;) (quantized or not)
are perturbed Gaussian with perturbation parameter € with with
understood bounds on the degrees of the perturbations.
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Dror Bar-Natan: Talks: Groningen-240530:
Knot Invariants from Finite Dimensional Integration

Thanks for having me in Groningen!
wef:=http://drorbn.net/g24

EfE
El%

IAbstract. For the purpose of today, an “I-Type

Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a

Lagrangian which is a sum over the features of that |

diagram (crossings, edges, faces) of locally defi- |

ned quantities, over a product of finite dimensional

spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

rigorous. ’
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Q. But integrals belong in analysis!
A. Ours only use squeaky-clean algebra.

onunuo))
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The slég2 Example. With T an indeterminate and with €> = 0:
Ry, —= 7= f Wip e aE s Tap el | sngy
8 4
= R}, measure on R is (2m)'/2-standard
..... s sy = Ts/2nLX) N
sy /\7\ 3| where L(Xl?j) = 752e"%7 and L(C)) =

T¢/2L(C] ) and

RZ

1’3)‘3& B
RP7X7
LXS) o

LX) = xi(pis1 = pi) + xj(pjs1 = D))
+(T* = Dxi(pis1 — Pj+1)
€S (TS = 1))6,'])]'
Zxitpi - p; ~1
+ 3 (xl(pl p])( +2(1 - xjpj)
L(C?) = xi(pis1 — pi) + €p(1/2 — x;py)
SoZ=T {e"dp;... dx7, where L(Q) =
7

D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1

dprdx; ...

x1(p1 = ps) (T = Dxyps + 2(1 = x5ps)) — 1

€| +x6(ps — p2) (T — Dxgpa +2(1 — x2p2)) — 1
2| +x3(p3 —p) (T = Dx3pr +2(1 —x7p7)) -1 |
+2X4p4 -1
and so Z = (T -1 + 771! exp(e- %ﬁ) =
A~ exp (e . W) Here A is Alexander’s polynomial and p;
A

is Rozansky-Overbay’s polynomial [R1]-[R3], [Ov, BV1, BV2].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

el -
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The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between

knots and algebra.
(Alternative) Gaussian Integration. Gauss f
Y

1 ..
f dxexp (—Ea”xixj + V(x)).
R? ...--f]/‘l__

Zalx) = f

Rn

Goal. Compute
(if convergent)

1 .
dyexp (— ﬁa”yiyj + V(x+ y)) .

Then Z;(0) is what we want, Zo(x) = (detA)™'/2exp V(x), and
with g;; the inverse matrix of a” and noting that under the dy

1
Egijax,-asz/l(x)

1 1 ..
Ef dy gij(0x,—0y,)(0x,—0y,) exp (_ﬁauyiyj"' V(x+y))

Solution. Set

integral d, = 0,

1
222

24
1
() aZa(x) = 58i0x,0x,Za(x),

f dy a"jy,-y.,- exp (
R’l

aijyiyj + V(x +y)) = 0, Z.(x).
IHence

and therefore

Z(x) = (detA)~1/? exp (g gi ,-ax,.axj) exp V(x).

'We’ve just witnessed the birth of “Feynman Diagrams”.
I[Even better. With Z := log( Vdet AZ), by a simple sub-
stitution into (*), we get the “Synthesis Equation™: Feynman
0iZ1 = 5 Z 81 (02,520 + (04,2005, Z0))

an ODE (in 1) whose solutlon is pure algebra.

Zy =V,

IPicard Iteration (used to prove the existence and uniqu-
eness of solutions of ODEs). To solve 0, f; = F(f;) with
a given fy, start with fo, iterate f — fo+ fo/l F(f))dA, and
seek a fixed point. In our cases, it is always reached after
finitely many iterations!

§2

ﬂ

Picard

Definition. f : The result of this process, ignoring f convergence.

ith it we find that the pair (A, p;) attains 53,684 distinct valu-
es on the 59,937 prime knots with up to 14 crossings (a deficit
of 6,253), whereas the pair (HOMFLYPT polynomial, Khovanov
Homology) attains only 49,149 distinct values on the same knots
(a deficit of 10,788).

In as much as we know the pair (A, p;) is the strongest knot inva-
riant that can be computed in polynomial time (and hence, even

To Do. ¢ Human-hard but computer-very-easy (poly time!).

e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

for very large knots).

Y
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Preliminaries
This is IType.nb of wef/ap.
® Once[<< KnotTheory™ ; << Rot.m];

Ol Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Ol Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.

®CFlw_. & E] := CF[w]

CF[& List] :=CF /@ &;
CF[&_ ] := Module[{vs, ps, c},
vs = Cases[&, (x| p|§]|n)_, o] U{x,p, €};
Total[CoefficientRules [Expand[£], vs] /.
(ps_ > c_) = Factor[c] (Timeseevs™)] |;

CF /e s;

© {21 = J-IE:[L] d{xi}, 712 = jz1 dl{xz}}

o]

E|-

2

b 3
- X2§1+—1+X2§2}
2a a 2a

(—b2+a c) x%

{

" Tr‘ue}

Va

© g - Normal[# +0[e]™] &; JE[—¢2/2+6¢3/6] d{¢}

]

82825 196752
+
3072 96

565 8
128

1105 °
1152

5e*

[ 5 62
24 16

From https://oeis.org/A226260:

013627 THE ON-LINE ENCYCLOPEDIA
3'3(?5%;1 OF INTEGER SEQUENCES®

founded in 1964 by N. J. A. Sloane

‘ | Search | Hims

A226260

Integration

Using Picard Iteration!
OE/:E[A ]
© $x = Identity; (« hacks in pink «)

E[B ] :=E[A+B];

® Unprotect[Integrate];
Jw_. E[L_]d(vs_List) :=

Module[{n, Le, Q, A, G, @, Z, A, DZ, FZ, a, b},

n = Lengthevs; LO=L /. € » 0;

Q = Table[ (-8yspay,vsqey LO) /- Thread[vs - @] /.
(p|x)__~8, {a, n}, {b, n}];

If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];

Z =120 = CF@$n[L +vs.Q.vs /2]; G = Inverse[Q];

DZ, :=0dysgayZ; DZg ,p := BysppyDPZa;

FZ := CF@$7r[% iie[[a, b] (DZ,,, + DZ, DZ}) ];

a=1b=1
A
FixedPoint [ (z =270+ j Fz dm) &, z];
(%}
PowerExpandeFactor [~ A™/?]
E[CF[Z /. -1 /. Thread[vs ->e]]]];
Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

2e[-£)
i
©) 1

b
L=-= {x, Xz}-(z )-{xl, X2} + {15 &2} {X15 X2}
2 C

212 = j]E[L] dl{xl, X2}

cg%

+ b§1 52 +
2 (—b2+ac)

b2 ac

V-b%+ac

ag% ]

QE[ 2 (-b2:ac)

Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi”3 field theory.
1, 5, 5, 11e5, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13209845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,

history: text: internal format)

The Right-Handed Trefoil

® K

= Mirror@Knot[3, 1]; Features[K]

O Features[7, C4[-1] X1,5[1] X3,7[1] Xe,2[1]]

© L[Xi 5 [s_1]1:=T"E][

Xi (Pi+1 = Pi) + X5 (Pjs1 - Pj) +
(T°-1) xi (Pisa - Pjea) +
(es/2)x
(xi (Pi-p5) ((T°-1) xipj+2 (1-x5p5)) -1)]

1
L[C [¢ 1] := TWZIE[Xi (Pisa - Pi) +te@ (3 - X Pi)]

L[K ] :=CF[L /@Features[K][2]]
Vs [K_] o=

Joinee Table[{p;, X;}, {i, Features[K][1]}]

© {vs[K], L[K]}

o

©4

{le X15 P2s X25 P35, X3, Pas Xa, Ps, X5, Pes X6, P75 X7}J
T]E[—Ze—p1x1+ep1x1+Tp2x1—ep5x1+(1—T> Pe X1 +
— [-A4T 2 1 1-T 2 x2
2(‘ + >€p1p5X1+2( -T) e ps X7 - p2 X2 +
P3Xp -P3X3+€P3X3+TpPgX3s-€p7X3+ (1-T) pgx3+
1 , 1 2,2
E(—1+T)ep3p7x3+5(1—T)ep7x3—p4x4+

€ Pa Xgq + P5s X4 = P5s X5 + P X5 — € P1 Ps X1 X5 +
2
€ P5 X1 X5 —€ P2 Xg+ (1-T) p3 Xg ~ P Xp +

2
€ Ps X + T P7 X + € P3 X2 Xg — € P2 Pe X2 Xp +

1 2,2 1 2

E (1-T) ep2x6+5 (-1+T) €pype Xg -

p7x7+pgx7—ep3p7x3x7+ep§X3X7H
T = Nor'mal[# +O[e]2] &; jL[K] d (vseK)

(-1+T) 2 (1+72) € ]

. T]E{_ (1-T+72)2

1-T+T?



Invariance Under Reidemeister 3

it top variables
middle variables
k bottom variables

© 1hs - j(z: /@ (X1,511] Xia,k [1] X501, 101 [11) )
dl{pi+1: pj+1: Pr+1s Xis1s xj+1) xk+1}3
rhs = f(z: /@ (X5, [1] Xi e [1] Xiva, 502 [11))

dl{Xi+1, Pi+1s pj+1J Pr+1s xj+1) xk+1}).
lhs === rhs

O False

®©

]

e 3e

Invariance Under Reidemeister 3, Take 2

© 1ns - f(z: /@ (X5 111 Xoun, i [1] X501, 02 [11))
d{Xis Xj5 Xks Pi+1s Pj+1s Pkels Xis1s Xje1s Xke1l}s
rhs = J(L /@ (X4, [1] Xi,ke2[1] Xis1,5.2[1]))

d{Xi> Xj5 Xks Xit1s Pis1s Pje1ls Pkels Xje1s Xke1l}s
lhs === rhs
O True
® lhs

Dl Degenerate Q!

Invariance Under Reidemeister 3, Take 3
® lhs =

J(E[i"ipi"'j-ﬂjpj"'iﬂkpk]

L/@ (Xi,5[1] Xiy1,k [1] Xju1,k+2[11))

dl{pi: pj: Pis Xis Xj: Xiks Pi+1s pj+1: Pk+1s Xis1s
xj+1) Xk+1}3

rhs =
j(E[i"i Pi + 175 p5 + 1 7 Pl

L/@ (X4,k[1] Xi, k1 [1] Xi41,5+2[11))

d{Pis> Pjs Pks> Xis> Xjs Xks Pis1s Pj+1s Pkels Xiels
xj+1) Xk+1}5

1lhs == rhs

O True

1lhs
+ 1T P, -1 (~1+T) Tpygrm +
].1T2€p2+j i -1 (=1+T) pok 74 +

iTepopm~ = (~L+T) T° & Pasi P2+j7T§+

1
(-1+T) TPep3 - > (-1 +T) T & Poyi Paic - +

NIR NP

1
(-1+T)2Tepyj p2+kn§+5 (-1+T) Teps, 2+

=

TPajij-1TeEPj -1 (=1+T) pai 7y +
i (-1+2T) €Pak 7y + T° € Past Pauj 71 714 —
T3€p§+j 735 - (=1+T) T? € py.i P2k 7T 7Ty +

—1+T)2T€p2+j p2+k7TiJTj+ (—1+T) T€p§+kﬂi7rj_

NIlR —~

2 1 2 2
(—1+T> T€p2+j p2+k7rj + E (-1+T) T€p2+k7Tj +

. . 2

1 Paik Tk = 21 € Poak Tk + T € Pasi Pask 7Ti Tk —
2

(=1+T) TepagPak 7Ti 7k = T € Poy 7i Tk +

2
T € P2sj P2ek 715 7k = T € Py 715 ”k]

Invariance under the other Reidemeister moves is proven in a si-
milar way. See IType.nb at wef/ap.

Where is it coming from? The most honest answer is “we do-
n’t know”. The second most, “undetermined coefficients for an
ansatz that made sense”. The ansatz comes from the following
principles / earlier work:

Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Q[x;], Qly;]) — QI&1y;l,

and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.

Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y;], Q[z]), then

Glgof) = f e dydn

Use universal invariants. These take values in a universal enve-
loping algebra (misschien kwantized), and thus they are expres-
sible as long compositions of generating functions. See [La, Oh].

“Solvable approximation” ~» perturbed Gaussians. Let g be
a semisimple Lie algebra, let [) be its Cartan subalgebra, and let
b* and b’ be its upper and lower Borel subalgebras. Then b* has
a bracket 3, and as the dual of b’ it also has a cobracket 6, and in
fact, g ® h = Double(b*, 3,5). Let g} = Double(b”, 3, €6) (mod
e™*! it is solvable for any d). Then by [BV3, BN1] (in the case
of g = sl,) all the interesting tensors of U(g}) (quantized or not)
are perturbed Gaussian with perturbation parameter € with with
understood bounds on the degrees of the perturbations.



©
jm}

©
jm}

®©

The Philosophy Corner. “Universal invariants”, valued in uni-
versal enveloping algebra (possibly quantized) rather than in re-
presentations thereof, are a priori better than the representation
theoretic ones. They are compatible with strand doubling (the
Hopf coproduct), and as the knot genus and the ribbon property
for knots are expressible in terms of strand doubling, universal
invariants stand a chance to say something about these proper-
ties. Indeed, they sometimes do! See e.g. [BN2, GK, LV, BG].
Representation theoretic invariants don’t do that!

There’s more! To get sl, inveriants mod €, add the following
to L(ij), L(Xl.‘j), and L(C f), respectively (and see More.nb at ®-
ef/ap for the verifications):
e’ rz[1, i, J]

1

— €
12

(-6piXi +6psx; -3 (-1+3T) pipsx;+3 (-1+3T) pj
X} +4 (-1+T) pipix3 -2 (-1+T) (5+T) pyp5xi+
2 (-1+T) (3+T) p3xi+18p;pyxsXy-

2

182 xi x5 - 6p2pjx2xy+6 (2+T) pi p2 X2 xg -

6 (1+T) p?xixj—6pip32.xisz.+6p§xix§>

e?ry[-1, i, j]
1
e* (—6T2pixi+6T2pjxi+
1212
3(-3+T)Tpipyxi-3(-3+T)Tpixi-
4 (-1+T)Tpipyxi+2(-1+T) (1+5T) p; pjx; -
3

2 (-1+T) (1+3T) p3xj

1+18T2piijin—
18T2p§xixj—6T2p§pjx§xj+6T (1+2T) pipixixj—

6T (1+T) pgfx%xj—6T2pip§xix§+6T2p§xix§>

e’ ¥2[0, i]

1 2 2
_E € ¢ PiXj
The sl formulas mod €* are in the last page of the handout
of [BN3].
We are very close to having some s/3 formulas, but they are cer-
tainly not ready for prime time.
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Dror Bar-Natan: Talks: Groningen-240530:
Knot Invariants from Finite Dimensional Integration

Thanks for having me in Groningen!
wef:=http://drorbn.net/g24

EfE
El%

IAbstract. For the purpose of today, an “I-Type
Knot Invariant” is a knot invariant computed from

a knot diagram by integrating the exponential of a
Lagrangian which is a sum over the features of that |
diagram (crossings, edges, faces) of locally defi- |
ned quantities, over a product of finite dimensional
spaces associated to those same features.

Q. Are there any such things?  A. Yes.

Q. Are they any good?  A. They are the strongest
we know per CPU cycle, and are excellent in other ways too.
Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from

el

joint with
R. van der Veen

m Knots.
f rvatiantd Something simple:
numbers, polynomials,
=T \m> matrices, etc.
) .

s

The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between

Q. But integrals belong in analysis!
A. Ours only use squeaky-clean algebra.

onunuo))
Aysuezoy

|
KeqioaQ

%]

rigorous. ’

The slég2 Example. With T an indeterminate and with €> = 0:
S = 2= § LOG)LELERLC)
s m 62 37
= R}, measure on R is (2m)'/2-standard
Il s
iy’ X 3| where L(Xl‘?j) = T52e"%)) and L(Cf) =
2 ) L Terel€h) and

LX) = xi(pis1 = pi) + xj(pjs1 = D))
+(T* = Dxi(pis1 = pjr1)|

+§ (Xi(pi -Ppj) ( (" = Daip; ) — 1)

+2(1 - x]'pj)
L(C?) = xi(pis1 — pi) + €p(1/2 — x;py)
SoZ=T {e"dp;... dx7, where L(Q) =

7

D Hipin=p)+HT =11 (P2 = po)+x6(p7r = p3)+x3(pa = Py))
i=1

1’3)‘3& B
RP7X7
LXS) o

dprdx; ...

x1(p1 = ps) (T = Dxyps + 2(1 = x5ps)) — 1

€| +x6(ps — p2) (T — Dxgpa +2(1 — x2p2)) — 1
2| +x3(p3 —p) (T = Dx3pr +2(1 —x7p7)) -1 |
+2X4p4 -1
and so Z = (T -1 + 771! exp(e- %ﬁ) =
A~ exp (e . W) Here A is Alexander’s polynomial and p;
A

knots and algebra.

(Alternative) Gaussian Integration. Gauss f
\h

Goal. Compute 2

1 ..
f dxexp (——a”x,-xj + V(x)) .
(if convergent) R” 2

Solution. Set Z,(x) := A"? f

1 .
dyexp (— ﬁa”yiyj + V(x+ y)) .

Then Z;(0) is what we want, Zo(x) = (detA)™'/2exp V(x), and
with g;; the inverse matrix of a” and noting that under the dy

n

1
integral d, = 0, Egijax,-asz/l(x)

1 1 ..
Ef dy gij(0x,—0y,)(0x,—0y,) exp (_ﬁauyiyj"' V(x+y))

1

1
2/12 fdy(gt/a a’ yl Yy +/1glja )GXP(—ﬁalM)’j"'V(x"'y))

1

ij 1
=5z N dy(a Tyiy; +/ln) exp (_ﬁa Ty, + V(x+y))

1 = GAZA(x).
(*) 0aZalx) = Egijax,asz/l(x)’

Za(x) = (det A)_l/ 2 exp (g 00, ij) exp V(x).

IHence

and therefore

'We’ve just witnessed the birth of “Feynman Diagrams™.
I[Even better. With Z, := log( VdetAZ,), by a simple |
substitution into (*), we get the “Synthesis Equation™: »%eyr;m;\h

ZO =V, a/lZ/l = 2 Z g;/ ax, X; Z/l + (ax,Z/l)(a Z/l))

an ODE (in 1) whose solutlon is pure algebra.

Picard Iteration (used to prove the existence and uniqu-
eness of solutions of ODEs). To solve 9, f; = F(f;) with

§=2

is Rozansky-Overbay’s polynomial [R1]-[R3], [Ov, BV1, BV2].

Guido Fubini

Theorem. Z is a knot invariant.
IProof. Use Fubini (details later).

el -

L L

L \
QH

a

Picard

. . . g
a given fy, start with fy, iterate f — fo+ fo F(f)dAa, and
seek a fixed point. In our cases, it is always reached after
finitely many iterations!

Definition. f : The result of this process, ignoring the converge-
nce of the actual integral.

Strong. A faster program to compute p; is available at [BV2].
'With it we find that the pair (A, p;) attains 53,684 distinct valu-
es on the 59,937 prime knots with up to 14 crossings (a deficit
of 6,253), whereas the pair (HOMFLYPT polynomial, Khovanov
IHomology) attains only 49,149 distinct values on the same knots

To Do. ¢ Human-hard but computer-very-easy (poly time!).

e Strong! e Details of the proof. e Where is it coming from?
e A philosophical point: “Universal invariants” are qualitatively
better than representation theory ones.

(a deficit of 10,788).
In as much as we know the pair (A, p;) is the strongest knot inva-
riant that can be computed in polynomial time (and hence, even
for very large knots).




Preliminaries
This is IType.nb of wef/ap.
® Once[<< KnotTheory™ ; << Rot.m];

Ol Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Ol Loading Rot.m from
http://drorbn.net/AP/Talks/Groningen-240530
to compute rotation numbers.
©CF[w_. & E] :=CF[w] xCF /@ &;
CF[& List] :=CF /@ &;
CF[&_ ] := Module[{vs, ps, c},
vs=Cases[5, (x|p|&|m) _, @] U{x, p,€};
Total[CoefficientRules [Expand[£], vs] /.
(ps_ > c_) = Factor[c] (Timeseevs™)] |;

© {21 = J-IE:[L] d{xi}, 712 = jz1 dl{xz}}

2 2 2
0 IE[_(—b “ac) X3 bxp& i‘*'xzéz}

Ey
2a a 2a

{ 7
© g - Normal[# +0[e]™] &; jE[—¢2/2 +e ¢’ /6] d{¢}

i Tr‘ue}

QE[S €2 5¢* 1105¢® 565¢%® 82825¢'® 19675 612}
_—+ — *+ + +
24 16 1152 128 3072 96
From https://oeis.org/A226260:
013621 THE ON-LINE ENCYCLOPEDIA

2'3(?5%8 OF INTEGER SEQUENCES®

10221121

founded in 1964 by N. J. A. Sloane
[ | Search | Hins
(Greetings from The On-Line Encyclopedia of Integer Sequences!)

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi”3 field theory.
1, 5, 5, 1105, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13289845125,

2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,

history: text: internal format)

Integration

Using Picard Iteration!
OE/: E[A_]xE[B_] :=E[A+B];
© $x = Identity; (« hacks in pink «)
® Unprotect[Integrate];

Jw_. E[L_]d(vs_List) :=

Module[{n, Le, Q, A, G, @, Z, A, DZ, FZ, a, b},

n = Lengthevs; LO=L /. € » 0;
Q = Table[ (-8yspay,vsqey LO) /- Thread[vs - @] /.

(p|x)__-0, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
Z =120 = CF@$n[L +vs.Q.vs /2]; G = Inverse[Q];
DZ, :=0dysgayZ; DZg ,p := BysppyDPZa;

1 n n
FZ: - CF@:I;n[E ZZGEa, b] (DZ,,, + DZ, DZ}) ];
a=1b=1
A
FixedPoint [ (z =270+ j Fz dm) &, z];
(%}

PowerExpandeFactor [~ A™/?]

E[CF[Z/.A»1/. Thread[vs > 0]11];

Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

2e[-£)
i
©) 1

b
L=-= {x, Xz}-(z )-{xl, X2} + {15 &2} {X15 X2}
2 C

212 = j]E[L] dl{xl, X2}

c&f ISR I ags ]
2 (—b2+a c) b2 ac 2 (—b2+a <)

V-b%+ac

QE[

The Right-Handed Trefoil
® K = MirroreKnot[3, 1]; Features[K]
D Features (7, C4[-1] Xq,5[1] X3,7[1] X6,2[1]]
©L[X; 5 [s_1]1 :=T"E][
Xi (Pis1 = Pi) + X5 (Pj+1 - Pj) +
(TS = 1) Xi (Pis1 = Pje1) +
(es/2)x
(xi (Pi-pj) ((T°-1) xipj+2(1-x;p5)) -1)]

1
L[Ci [w 1] := TWzIE[Xi (Pis1 - Pi) +€@ (; - Xy Pi)]

L[K ] :=CF[L /@Features[K][2]]
VS[K ] :=
Join@e Table[{pi, X;}, {i, Features[K] [1]}]
© {vs[K], L[K]}

[
- {le X1, P2s X2, P35, X3, Pa, X4, P5s, X5, Pes> X6, P75 X7}J

T]E[—Ze—p1x1+ep1x1+Tp2x1—ep5x1+ (1-T) pe X1 +
1 1 2.2
E (—1+T)ep1p5x1+£ (1-T) eps X] —p2 X2+
P3 Xz -P3X3+€P3X3+TpPgX3s-€p7X3+ (1-T) pgx3+
1
2 (—1+T)€P3P7X§+E (1-T) €pix3 - paxa+

€ Pa Xgq + P5s X4 = P5s X5 + Pe X5 — € P1 Ps X1 X5 +
2
€EP5 X1 X5 —€ P2 Xg+ (1-T) p3 Xg ~ P Xp +

2
€ Ps X + T P7 Xg + € P3 X2 Xg — € P2 Pe X2 Xp +

1 2.2 1 %)
E (1—T)ep2x6+5 (-1+T) € papeXg -

2
P7X7+P8X7—€P3P7X3X7+EP7X3X7H

© g = Normal [ # +0[e]2] &; jL[K] d (vseK)

-

N\ ~14T)2 (1472
jT]E'-{——< ) (22)5]
/ (1-T+14) ,/}
1-T+T?
-
O



Invariance Under Reidemeister 3

it top variables
middle variables
k bottom variables

© 1hs - j(z: /@ (X1,511] Xia,k [1] X501, 101 [11) )
dl{pi+1: pj+1: Pr+1s Xis1s xj+1) xk+1}3
rhs = f(z: /@ (X5, [1] Xi e [1] Xiva, 502 [11))

dl{Xi+1, Pi+1s pj+1J Pr+1s xj+1) xk+1}).
lhs === rhs

O False

®
]

=2

Invariance Under Reidemeister 3, Take 2

© 1ns - f(z: /@ (X5 111 Xoun, i [1] X501, 02 [11))
d{Xis Xj5 Xks Pi+1s Pj+1s Pkels Xis1s Xje1s Xke1l}s
rhs = J(L /@ (X4, [1] Xi,ke2[1] Xis1,5.2[1]))

d{Xi> Xj5 Xks Xit1s Pis1s Pje1ls Pkels Xje1s Xke1l}s
lhs === rhs
O True
® lhs

Dl Degenerate Q!

Invariance Under Reidemeister 3, Take 3
® lhs =

J(E[i"ipi"'j-ﬂjpj"'iﬂkpk]

L/@ (Xi,5[1] Xiy1,k [1] Xju1,k+2[11))

dl{pi: pj: Pis Xis Xj: Xiks Pi+1s pj+1: Pk+1s Xis1s
xj+1) Xk+1}3

rhs =
j(E[i"i Pi + 175 p5 + 1 7 Pl

L/@ (X4,k[1] Xi, k1 [1] Xi41,5+2[11))

d{Pis> Pjs Pks> Xis> Xjs Xks Pis1s Pj+1s Pkels Xiels
xj+1) Xk+1}5

1lhs == rhs

O True

lhs
e ) ,

— +1 T P2+i 773 — 1 (—1+T>Tp2+j7Ti+
]'1T2€p2+j7Ti—

1 (=1+T) Pk 7Ti +

_ 1
L TePairy -~ (<1+7) T2 € Paui P2.j 72 +

(-1+T) TPepiyni-

N

(-1+T) T € pari Pk 702 +

2 2 1 2 2
(=1+T)"TePa.jPaek 1§ + > (=1+T) Tepyyrmi+

E NI R N R

TPy iy -1TeEP2jy-1 (=1+T) pak 7ty +
i (-1+2T) €Pak 7y + T° € Past Pauj 71 714 —
Te Pij 735 - (=1+T) T? € P2.i Pask i 7§+
(-1+T)2TepajPak i+ (-1+T) Teps, -
1 2 1 2 2
E (=1+T) T€PpajP2k 7Ty + E (=1+T) Tepy 75+

i ook 7Tk — 2 1 € Pasi M + T2 € Paui Pak 7T 7T -

(-1 +T) TepagPak 7T 7k — T € Pookc 7T Tk +

T € P2.j Paek 75 7k = T € P2, 75 ”k]
Invariance under the other Reidemeister moves is proven in a si-
milar way. See IType.nb at wef/ap.

Where is it coming from? The most honest answer is “we do-
n’t know”. The second most, “undetermined coefficients for an
ansatz that made sense”. The ansatz comes from the following
principles / earlier work:

Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Q[x;], Qly,1) — QI&1y;l,
and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.
Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y;], Q[z«]), then

Glgof) = f e dydn

Use universal invariants. These take values in a universal enve-
loping algebra (misschien kwantized), and thus they are expres-
sible as long compositions of generating functions. See [La, Oh].
“Solvable approximation” ~ perturbed Gaussians. Let g be
a semisimple Lie algebra, let [) be its Cartan subalgebra, and let
b* and b/ be its upper and lower Borel subalgebras. Then b* has
a bracket §, and as the dual of b’ it also has a cobracket 6, and in
fact, g ® h = Double(b*,3,6). Let g7 := Double(b”, 3, €5) (mod
e?*! it is solvable for any d). Then by [BV3, BN1] (in the case
of g = sly) all the interesting tensors of U(g;) (quantized or not)
are perturbed Gaussian with perturbation parameter € with with
understood bounds on the degrees of the perturbations.



©
jm}

©
jm}

®©

The Philosophy Corner. “Universal invariants”, valued in uni-
versal enveloping algebra (possibly quantized) rather than in re-
presentations thereof, are a priori better than the representation
theoretic ones. They are compatible with strand doubling (the
Hopf coproduct), and as the knot genus and the ribbon property
for knots are expressible in terms of strand doubling, universal
invariants stand a chance to say something about these proper-
ties. Indeed, they sometimes do! See e.g. [BN2, GK, LV, BG].
Representation theoretic invariants don’t do that!

There’s more! To get sl, invariants mod €, add the following
to L(ij), L(Xl.‘j), and L(C f), respectively (and see More.nb at ®-
ef/ap for the verifications):
e’ rz[1, i, J]

1

— €
12

(-6piXi +6psx; -3 (-1+3T) pipsx;+3 (-1+3T) pj
X} +4 (-1+T) pipix3 -2 (-1+T) (5+T) pyp5xi+
2 (-1+T) (3+T) p3xi+18p;pyxsXy-

2

182 xi x5 - 6p2pjx2xy+6 (2+T) pi p2 X2 xg -

6 (1+T) p?xixj—6pip32.xisz.+6p§xix§>

e?ry[-1, i, j]
1
e* (—6T2pixi+6T2pjxi+
1212
3(-3+T)Tpipyxi-3(-3+T)Tpixi-
4 (-1+T)Tpipyxi+2(-1+T) (1+5T) p; pjx; -
3

2 (-1+T) (1+3T) p3xj

1+18T2piijin—
18T2p§xixj—6T2p§pjx§xj+6T (1+2T) pipixixj—

6T (1+T) pgfx%xj—6T2pip§xix§+6T2p§xix§>

e’ ¥2[0, i]

1 2 2
_E € ¢ PiXj
The sl formulas mod €* are in the last page of the handout
of [BN3].
We are very close to having some s/3 formulas, but they are cer-
tainly not ready for prime time.
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