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Dror Bar-Natan: Talks: Greece-1607: wefir=http: //drorbn.net /Greece- 1607/ FOI long knots, w is Alexander, and that’s the
[Work in Progress! The Brute and the Hidden Paradise fastest Alexander algorithm I know! :
IAbstract. There is expected to be a hidden paradise of poly-time Dunfield: 1000-crossing fast.
computat.ﬂc knolt polyn?mlals lying just beyond tl_1e Alexander f - o [EK, Ha, En, Se]. There is a “homom nrphi » expami on”
polynomial. 1 will describe my brute attempts to gain entry. , Lo =
Why “expected™?  Gauss diagram y, (K) = Z F(¥) 7. {S —componen.l} S A= ﬁ =0
formulas [PV, GPV] show that YeX(Er Wimd (v/b-)tangles ™ Jsrw Ly
finite-type invariants are all poly-time, and tempt to conjecture | == ‘j —~ i —< ! P
that there are no others. But Alexander shows it nonsense: 3 o /J ../ o o
1 - 20l amx \ / K
d | 23 4 5 6 7 8 --- Etingol  Kushdan Moy Enviquer Severn 00007 "’ Y / L' VTN
known invts”™ in O(n™) | 1 1 e 3 4 8 11 --- st

This is an unreasonable picture! * Fresh, numerical, no cheating, [\t 18 enough to know Z on * and have disjoint umon and Sm‘:h'“%
So there ought to be further poly-time invariants. formulas) e s ".‘“"‘PU"“””"I and too hard!
Also. e The line above the Alexander line in the Melvin-Reznsksldea. Look for “ideal” quotients of Ay that have poly-sized de-

Morton [MM, Ro] expansion of the coloured Jones polyno- scriptions; ... specifically, limit the co-brackets.
imial.  The 2-loop contribution to the Kontsevich integral. l-co and 2-co, aka TC and

Why “paradise™?  Foremost answer: OBVIOUSLY. Cf. pro- TC?, on the right. The pri- YIfOOE-fBY Y

ing (mmmpulable A} (mmmputab]e B). or categorifying (mmmpumb]e C} mitives that remain are:

wef/K17: |

oy SECARN(=I—E 1)
tangles, &)

lperhaps detect .. manageable but still exponential!
non-slice @ The 20D relations come from the relation with 2D

ribbon knots) Lie bialgebras:

Moral, Need =i e — = T Fenes -0 = .
Fstitehing™: e s e g i e
N 'N“ e O 0O Mo nwld Lor Tl
: : T :@3,-.—-: %: zn-/,'{bmm.,.},/'-lg—/fm

We let A> be A modulo 2-co and 2D, and z** be the projection oXe § .
of log Z 1o P*? := nP", where P are the primitives of A",
L T T e et Main Claim, 222 is poly-time computable.

T..L.\....:\._.._..,,...N.,.....Lm Main Point. P> is poly-size, so how hard can it be? Indeed, as a

et e MOAUle Over Qb P> is at most
i i l ik b = _’O
o

, 5 ' Q ' 6 ‘ ' Q
i i i moj v

Why “brute”? Cause it’s the only thing I know, for Ioa; 8 < da;j cid; dagay 0= : C
now. There may be better ways in, and it’s fair to Claim. Ry = e%e”* is a solution of the Yang-Baxter / R3 equa-
hope that sooner or later they wnl] be found. ion R13R 3R2: = RasRy3Ryy in exp P22, with Pk =

The Gold Standard is set by the formulas [BNS, BN] e Sands (b Wby Sana

for Alexander. An §-component tangle T has ['(T) € wib))| —cp + Kk ""0 £l P k (qa“ _ Sk ] N

s b; b byd(by) bj
RsxMsus(Rs) = {T’T} with Ry = Z({1,: a € §):

i

IFHI] AL Fon o 1. W, M. Togonter o b i e e oo o e, Ok 1 Mk, 3150
omEL i iad s k! ol e Pt Mo S e

and with ¢(x) = e =1 = —x + x*/2 — ..., and ¢(x) =
l|a wiws | S 82 ((x+2)e " =2+ 1) /(2x) = ¥7/12 = x*/24 + ..., (This already
o ;,N«) = a|l 1-1; "ut:— & | A 0 givessome new (v-)braid group representations, as below).
blo ! 8 0 A
w b S “ - % Problem. How do we multiply in exp(P>?)? How do we stitch?
e ab (A-Pw| ¢ 5 | BCH is a theoretical dream. Instead, use “scatter and glow” and
a|la [ 68 e " o " "
" c Y+i5 €+i; feedback loops™
bly 6 € 1,1,—1, b = wf
S|le¢ v = S ¢+ B The Euler trick: ¥

With Ef = (deg f)f get Ee' = xe'

. e - -
Help [\geded. D1sorgamzed videos of talks hnd E(e'e’e) =
lin a private seminar are at wefi/PP. f Xe'e'e + elye'et + etelzet . |
i L -
- I"""‘i’jﬁ'ﬁ%ﬁ"&iﬁi‘élﬁ"j Cherenkov radiation Feedback loop
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Dror Bar-Natan: Talks: Greece- 1607: wefi=http:/ /drorbn.net/Greace- 1667/
[Work in Progress! The Brute and the Hidden Paradise
ILocal Algebra (with van der Veen) Much can be re-
formulated as (non-standard) “quantum algebra” for the
MD Lie algebra g = (b, c. 1. w) over Q[e]/(e* = 0), with
b central and [w, ¢] = w, [¢, u] = u, and [u, w] = b—2ec.

Column® {lhs = {vi, vz, Va} // B1,2 // B1,3// B2 3,
rhs = {vy, vz, Va} // Ba,3 // Bya //B1z,
1lhs - rhs // Expand}

...testing R3

{wip (I-t)wi+twe, (1-t)wvi+t ((1-t)wve+tws)}
{wie (1-t) wi+twy,

oty if(l-t)wietwe)+t (1
{0, 0, O}

) w4 Eva))

Gi 5 [£ )=/ wim (1-ty) vistsvs Gassner (old
... Overcrossings Commute (OC);
Column® {1hs = {vi, vz, Vi} // 61,2 // G1,3,

Expand[lhs - ({vy, va, va} // G132 // Gy2) ]}

(bas // TG,z /7 TGy,3) - (bas // TG1,3 /] TG z) ~.0d

[0, -£[ta, tz, ta]l upuzwa+ £[ty, tz, ta] £ty up uzwa+
£ty ta, ta] uiuaws

-f[t1, t3]

Ly, tz, ta] tyug uswa,

upuzwy+ £ty Tz, £3] £ wyupwy +

£[ty, tz, ta] uguzws -
flt:, tz, ta] tyw uswe, 0, 0, 0, 0, O, 0}

[The key: a;; = (b; — ec;)e; + wywj in U(g)®). van der Ve /: n[i_12=0; n/:nli_1n[j_1=0; Turbo-Burau (new!
Some (new) representationss of the (v-)braid groups.  we[}/RepstB: ,; [£] :=
Bi s [£ )=/ vim(lot)vistyy Burau (old) Expand[s /. {

£ . ¥ B Plus[fwve /. vy (1-t-n[i]) vi+ (t+n[i]) v;,

(t=-1) (Coafficient[f, n[i]] - Coafficient[f, n[i]]) =
(ue /ooy = (I-t) ug+tuy) suwy,

ESc: (£/. _n=0) (u;-u) vywi],

i = (1-t)u:;+tu;,

wooawo+ (Lot ) wy, wist W}

£f = £q+ £17[1] + £2 7[2] + £an[3];

bas = {£fvy, £fvy, £fvs, viwy, ufwy, uy, ug, vy, wi, wa, w3}

(bas // TBy o // TBy i) - (bas // TBy,5 // TBy,2) .00

{0, ~-fpuwpuzwi+t fpu wy + £puy v wi -t £5 1y vz Wi,

-fpup uzwz+t £pugug
o, 0, 0, 0, 0, 0, O, O}

iz + £oug ug Wy - £ £g g ug Wi,

{vie (1-t1) vi+tyve,
{0, 0, 0}

(1-ti) vi+tyva)

... Undercrossings Commute (UC)
Column@ {1hs = {vy, vz, Va} // Gi,3 // Gz,1,

ths = {vi, v2, va} // Ga,3 // G153,

lhs - rhs // Expand}

{vi, vz, (L-t3) wi+ty ((1-tz) vzetzvall
{vie w2, (1 Ywa+ta ({l-ti) vistyvs

Flower Surgery The-
orem. A knot is rib-
bon iff it is the re-
sult of n-petal flower
surgery (from thin pe-
tals to wide petals) on
an n-componenet un-
ink, for some n.

?

Colin, you kappy?

{0, Oy vi-trwi-tavi+titavi-Va+trvestyvy-tytyve)
Gassner Plus (new?
GP; s [£] :=Expand[¢ /. {uj= (1-t) u+t:u,,
£ovimE(lot) vie Ftivy e (ti-1) (0, £-t;0c, £) uie
feou }]s
bas = {f[ty, tz, tal vi, £[ts, ta, tal va, £[t1, ta, tal va,
uy, Uz, usl;

Short[lhs = bas // GPy ; // GP1,3 // GPz,3, 2] . R3(left

ti, Lz, ta] vi-

{E[t1, tz, t3] vi, £t1, £z, t3] trwy

Flt1, ta, 3]l b1 vy + <<b=e +tiug £ W t1, tz, tal.

woloe ¢ aclBoe + acloe,

=51

uy ux + by ouz,

up -ty uy+tpuz -ty tpup+ £y tpus}
(bas // GPy 3 // GP1,3 // GPy ;) - lhs
{0, 0, 0, O, O, O}
(bas // GPBy,3 // GPy,3) - (bas // GBy 3 // GPy 1)
{0, 0, 0, O, O, O}
Question. Does Gassner Plus factor through Gassner?

...R3 (rest

..0Q

K&,  , :=KroneckerDelta[i, j]:
me; 5 [£.] Expand[¢ /. |
£oove wPlus[fvi /. vio (1ot vistivy,
(1-t71) (£ede, £t f)

(ue /ouy = (1-t) vy +tiuy) *vuwy,

Turbo-Gassner (new!

Kéy,. £ (uy-u) usw],
u; = (1-t) u+tiug,

W W o+ (1 -t]l} Wi, Wi tjlw_i}];
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“God created the knots, all else in

o
topology is the work of mortals”

Leopold Kronecker (modified ) www . katlas.org 1ikee filae
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