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Abstract. There is expected to be a hidden paradise of poly-time
computable knot polynomials lying just beyond the Alexander
polynomial. I will describe my brute attempts to gain entry.

Why “expected™?  Gauss diagram y, (K) = f(r)
formulas [PV, GPV] show that YcX(K), |Yl=d
finite-type invariants are all poly-time, and tempt the conjecture
that there are no others. But Alexander shows it nonsense:
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This is an unreasonable picture! * Fresh, numerical, no cheating.
So there ought to be further poly-time invariants.

Also. e The diagonal above the Alexander diagonal in the
Melvin-Morton-Rozansky [MM, Ro] of the coloured Jones poly-

nomial. e The 2-loop contribution to the Kontsevich integral.
Why “paradise”™? Foremost answer: OBVIOUSLY. Cf. proving (in-

computable A)=(incomputable B), or categorifying (incomputable C).

wep/K17:

Second Answer. The secand answer has to do with “Algebraic Knot Theory™, so let me stant with that. Somewhat 4 | ‘
informally, a “langle”™ is a piece of a knol. or a “knot with endpaints™ (an example is on the right). Knots can SO0

(extend to tangles, perhaps detect non-slice ribbon knots)

be assembled by stitching together the strands of several langles, or the different strands of a singhe tangle. Some
interesting classes of knots can be defined algebraically using tanghes and these stitching operations. Here is the muost
nteresting example: [
Delnition 1. A “ibbon kot .4 knot K thitcan be preseniod as he boundary of a disk £ which s allowed o have
“ribbon singularities” bat not “clasp singularities”, See Figure 2.
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Definition 2. Let 7, denote the st of all tangles T with 20 copo-
menls that conmext 2n points along a “op end” with In points along
a “hottom end” inducing the identity permutstion of ends {an exam- | i T t L3 (-

ple is the tangle in Figare 1), Given T € T, let 7iT) be the result ! e
of siifching its companents at the top in pairs 2 on the right — it is
an m-compenent tangle all of whose ends are a1 the botiom. and we
isomewhal loasely) denote the set of all such by T,,. s0 71 Toy — T,,. Likewise ket a(7) be the result of stitching T both at the 1op and at the
bttom, als as on the right. So (T is a 1-component tangle, which s the same as a knot, and x: Ta, — T3,

Theorem 1 (] have not seen this theorem in the liserature, yet it is not difficult 1o provel. The set of ribbon knots is the set of all knots & that
can be written as & = T} for sonse tangle T for which £(7) is the untangled fcrossingless) tangle U:

[ribbon knots| = ol Th: T € To amd 1iT) = U € T}

Figure 1. A tangle

Figure 2, A risbon singularity,
clasp singularity, and an exampls of
a ribban knot.

—= T

gives Ty =" Ty ——=T;

Nerw suppase we have an invarians Z: Ty — Ay of tangles, which takes values in some spaces Ay
Suppase also we have operations 74: Az, — A, and ky: Az, — Ay such that the diagram on the right is
commutative. Then z J) I/

Tas—Ta——=T ()

e ]

Zi[ribbon knots)) © Ry = () £ € Ay and Thidh = 1y € Ayl © A, [k

where 1y o= ZiL') € Ay, IF the tanget spaces Ay are algebraic (polynomials, matrices, matrices of polynamials, cte.) und the operutions 74 snd
&y are algebraic maps between them {at this stuge, meaning just “have simple algebraic formislus”™), then Ry is an algebraically defined sel.
Hence we potentially have an algebraic way to detect pon-ribban knots: if Z(K) € Ry, then K is not ribbon.
As it turns o, it is vahuable to detect bban knots. Tndeed the Slice-Ribban Conjectare
(Fow, 1961s) asserts that every slice knot (a knot in §° that can be presented as the boundary of a
disk embedded in 5) is ribbon. Gompt, Scharkemann, and Thompson [GST] describe a family of
slice knots which they comjectisre are nod fibbon (the simplest of those is on the right). With the
algebraie technology described shove it may be possible 1o show that the [GST] knots are indeed
son-ribon. thas disproving the Slhoe-Ribbon Conpecture.
What would it take?

©1. An variant Z which makes sense om tangles and for which disgram (1) commuses.

€2, Z canmot be o simple extension of the Alexander polysomial to tngles. for by Fox-Milnor [PM] the Alexander polynomial does not
detect mon-ribbon slice knots,

€3, Z cannol be compuatable from finitely many finite type invariands, for this would contradict the resslts of Ng [Ng].!

C4. Z must be computable on at least the simplest [GST] knot, which has 48 crossings.

C5. It is better if in some meaningful sense the size of the spaces Ay, grows skowly in . Indeed in 12}, if Az, is much bigger than A, and A,
then at least generically |y will be the full set A} and our condition will be empty.

Noimvariant that T know now meets these criteria. Alesander and Vassiliey Fail C2 and C3, respectively. Abmaost all quantum invariamts
and knot homologies pass C1-C3, but fail C4. Jones, HOMELY-PT and Khovanoy potentially pass C4, yet fail C5. We mwst come up with
somcihing new,

[FM] R H. Fox and 1. W, Milnor, Stngwlarities of 2-Speheres in 4-Space and Cobordion of Kmors, Osaka J. Math, 3 {1%66) 257-267,

[GST] R. E. Gompd, M. Schaslemann, and A. Thompsoe, Fiwered Knots and Posentinl Cowteeeamples i the Property 28 and Sliee-Ribbor
Comgjerrares, Geom, and Top, 14 (2010 2305-2, 1103.1601,

[Ng] K.Y, Ng. Groups of ribbon bnoes, Topolagy 37 {1998) 441 458, arXiv:q-alg/9502017 {with an addendum st arXiv:math GTAO310074)

A slight subélty arises: There in o iaking et here. s €3 docs o8 proshude: the possibility that 2 is computable from infirséely many nite type imvariants. The
Fun-Milioe condition on the Alevarder polysmial of shen keots, for exsmple. is eapressible in terss of the full Alesasder polysorsial yet sl in serms of sy it
tr . Unfostusssely by C2 i casiooe be used bese.

Why “brute”? Cause it’s the only thing I know,
for now. There may be better ways in, and it’s fair
to hope that sooner or later they will be found.
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“God created the knots; all else in
topology is the work of mortals.”

The Kot <Telss

Leopold Kronecker (modified) katlas.org
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14. Other approaches: QG for a 2D Lie BiAlg? Simply study MMR? Get more out of the Kricker proofs of the Rozansky conjecture?
Something out of Ito? GG formulas?
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