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Dror Bar-Natan: Talks: Greece-1607: wefi=http://drorbn.net/Greece- 1607/ [FOT Iong knots, w is Alexander, and that’s the
Work in Progress! The Brute and the Hidden Paradise fastest Alexander algorithm I know!

Abstract. There is expected to be a hidden paradise of poly-time Dunfield: 1000-crossing fast.
computable knot polynomials lying just beyond the Alexander
olynomial. I will describe my brute attempts to gain entry.

Why “expected”? Gauss diagram = S -component ! — 1 'AS:\/‘?7=0
' va,f(K) = Z fiz. { } - AL = i [ &5

Theorem [EK, Ha, En, Se]. There is a “homomorphic expansion™

formulas [PV, GPV] show that YeX(K), |Y|=d (V/ b-)tangles _‘ ok b g
finite-type invariants are all poly-time, and tempt to conjecture |* _<3 =l = ><
that there are no others. But Alexander shows it nonsense: s
,. wHX: 7 ) ( 2]
d | 2 3 4 5 6 7 8 Al Etingol  Kazhdan  Haviv  Enriquez  Severa t;::‘:ﬂ
known invts* in O(n®) ’ 1 1 o 3 4 8 11 --- i
This is an unreasonable picture! * Fresh, numerical, no cheating. (itis enough to know Z on *% and have disjoint unfon and Sl“Chmg'
So there ought to be further poly-time invariants. formulas) _— ) _--.exponential and too hard!
Also. e The line above the Alexander line in the Melvin- Roznsklldea. Look for “ideal” quotients of A that have poly-sized de-
Morton [MM, Ro] expansion of the coloured Jones polyno- CrIpons; - specifically, limit the co-brackets.
mial. @ The 2-loop contribution to the Kontsevich integral. FE8¥| .co and 2-co. aka 7C and

Why “paradise”™? Foremost answer: OBVIOUSLY. Cf. pro- TC?, on the right. The pri- Y|f°02f°Y Y
ving (incomputable A)=(incomputable B), or categorifying (incomputable C). mitives that remain are: & i

plrtiors — .
wef/K17: e e s T N T | ) o
extend to I o b e o o 3 koo |33 % R
: e B .

tangles,

ane P 11 . 1al!
perhaps detect * ‘ ::“:::,,L“:,:z, ... manageable but still exponential!
non-slice The 2D relations come from the relation with 2D

ribbon knots) ¥ Lie bialgebras:

- oy
MOI‘LI] 4 Need caniy o6 soeme M“,’,:Mu, un;h( \’u:.?-m-\»\-.
“stitching™:

A N reaciast 72T,
T A = A

o tanglen, which takes vabies 18 e waces A,
31 A — Ay vech et B diagrarn on the ight i

e T ; 2

We let A2 be 5‘1" modulo 2-co and 2D, and z>? be the projection
of log Z to P*? := ", where P" are the primitives of A"
et st e it s [Main Claim. 222 is poly-time computable.

vould comteadict e resalts o N (g

v s oo Main Point. P22 is poly-size, so how hard can it be? Indeed, as a
PSRy R e k€ e, e MOAULE OVEr Q[B;]], P2 is at most

na ke ommobighes pass C1C3, bet (] €4 o HOMILY T st Kbox a--,--“u y-..xu 1 3. e mand oo up o

- v 3 y . b
I B Fox b . Ml e of 2 Sk o - and Cotonsionof Kk otk | M. 31468 257247 1 1 i i| k i =
e Gl . Scharten ™ esamyles o the Paperny r?
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Why “brute”? Cause it’s the only thing I know, for Voa; 6 ¢ day cai;  dajay 0= O_)O

now. There may be better ways in, and it’s fair to

hope that sooner or later they will be found.

The Gold Standard is set by the formulas [BNS, BN] ' e ) )

for Alexander. An S-component tangle 7 has I(T) €| y(b,)|-c; + Crajk _ 0ajidjk L. $b)(br) ( — 6“!"“’\'").
b; b’ brd(by) b;

w|S
Rs X Mgys(Rs) = 4‘— ith Rg = Z({t,: 3 J
s X Msxs (Rs) {5 A }wn . (az@ €81 land with ¢(x) = e* =1 = —x + x%/2 — ..., and ¥(x) =

(x+2)e ™ =2+x)/(2x) = ¥2/12 = x*/24 + .... (This already
TWuT, - S, igives some new (v-)braid group representations, as below).

sy ,mv y Ry

Claim. Rj = e“*¢”* is a solution of the Yang-Baxter / R3 equa-
ion R12R3R23 = Ry3R13R 2 in CXpPz‘z, with Pjk =

Problem. How do we multiply in exp(#>?)? How do we stitch?

wla b '2 m (=B | S BCH is a theoretical dream. Instead, use “scatter and glow” and
Z Cyr § ’ ﬁ’ l ¢ ‘ Y+{5 e+1% | [feedback loops™ + f
s Ip — 1, mb — !1’9
i S tig =t
i .
( e p e e e , Cherenkov ::mp ack

I"'m slow and feeble- mmdul radiation
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Dror Bar-Natan: Talks: Greece-1607: wefii=http://drorbn.net/Greece- 1667/
The Brute and the Hidden Paradise
[ocal Algebra (with van der Veen) Much can be re-
formulated as (non-standard) “quantum algebra™ for the
4D Lie algebra g = (b, ¢, u, w) over Q[e]/(€* = 0), with
b central and [w, ¢] = w, [¢, u] = u, and [u, w] = b—2ec.

Work in Progress!

(busffTshszTshsffTGgg)-(b&sffTGLgffTthffTGLzl,R3

{0, 0, 0, 0, 0, O, O, O, O}

(bas // TGy,z // TGy,3) - (bas // TGy, // TGy,z) .00

{0, -£[t1, t2, t3]wiuzwy+ £[t1, £z, 3] L1 Ut Uz w3+

flti, tz, t3] wpusws-£[ty, Lz, ts] L1 U1 U3 W3,

Column@ {lhs = {vy, vz, v3} //B1,2 //B1,3// Bz 3,
rhs = {vi, V2, va} //B2,3//B1,3// B1,2,
lhs - rhs // Expand}

{vi, (1-t)vi+twz, (1-t)vi+t ((1-t)vz+twva}}
{vi, (1
(1-t) ({I-t)wvi+twa)+t ({(1-t)vi+tws)}
{0, 0, 0}

t) vi+t v,

G s [£]:i=&/ v (1-t) vistsv; Gassner (old
Column@ {1lhs = {vi, vz, Va} // G1,2 // Gy 3,
Expand[lhs - ({vi, v2, V3} // G1,3// G1,2)]}

{vi, {1=-t1) vi+t1ve, (1-t1) vi+tsvs}

{0, O, 0}
... Undercrossings Commute (UC):
Column@ {lhs = {vy, vz, va} // G1,3 // Gz 3,
rhs = {vi, va, va} // G2,3// G1,3,
lhs - rhs // Expand}
{vi, va, (1-t1) vi+ts ((1-tz) va+tzvs)}

{vi, va, (1=t2) va+ta ((1-t1) vi+t1va))

{0, 0, m-tawvi-tawvi+trtavi-va+trva+tava-ty tawva}
Gassner Plus (new?

GP; ,; [£.] :=Expand[¢ /. {uy» (1-t:) us+tiuy,

£LvimE(l-t) vit FEivi+ (Bi-1) (€50, £-t;0:, £) ui+

ft;u; }]!

bas = {f[t1, ta, ta] vi, £[t1, ta, ta] v2, £[t1, t2, t3] v3,

uy, uz, us};

Short[lhs =bas // GPy,» // GPy,3 // GP2,3,

2] ... R3 (left

{flt1, tz, t3] v1, £[t1, tz, t3] trur + £[t1, tz, ts]
flty, Lz, B3] L1V + <<6>> +tfup £11.0.0

wolse + wclBss + 9cls», <cls», u) -t]u) +t; uz,
ur - £ U+t up - £t U2 + £y tr us)

{bas // GPz,3 // GP1,3 // GP;,2) - lhs

{0, 0, 0, 0, O, O}

{bas // GPy,z // GP1,3) - (bas // GPy 3 // GPy 2)
{0, 0, 0, 0, O, O}

... R3 (rest

..0Q

Question. Does Gassner Plus factor through Gassner?

Ké&; i := KroneckerDelta[i, j];
TG, ,; [£] := Expand[¢ /. {
£ .vy »Plus[fve /. vy (L-ti) vi+tivy,
(1-t:1) (£:0e, £-t;58¢, £) »
{ue /.uy = (1-t;) u; +t;uy) v#u; wy,
Kﬁk,if(\lj-u:)“i“j]:

uj =+ (1-ty) us+tiuy,

Turbo-Gassner (new!

The kt‘,yi djj = (b; — E(.';)(.'j + UiW in ‘ll(g}a“--"'" van der Veeng -£[t1, tz, ta] wyuzwz+ £[t1, tz, t3] trur uz wz +
Some (new) representationss of the (v-)braid groups.  wef/Reps lt1r t2r £3] uiuswe -
B s [£]:=&/.vim(l-t)visty; Burau (old flti, £z, t3] L1 Uy uywe, 0, 0, 0, 0, O, O}

...testing R3

... Overcrossings Commute (OC);

n/:nli 1*=0; n/:nli_1nlj_1=0; Turbo-Burau (new!
TB; ,; [£.] :=
Expand[¢& /. {
£ vy »Plus[fve/. vy (L-t-n[i]) vi+ (E+n[i]) vy,
(t-1) (Coefficient[f, n[i]] - Coefficient[f, n[j]]) *
(up /. uj= (1-t) u; +tuy) *u; w;,
K, : (£/. _n=0) (u;-u;)u;w;],
u; =+ (1-t)u;+tuy,
weswi+ (L=t ) wy, wistlw}];
£f = fo+ £1n[1] + £2n[2] + £3n[3];
bas = {ffv;, ffvy, £fvy, uiwy, uiwz, uy, uz, uz, w1, wz, wi};
Short[lhs =bas // TB;y, // TBy 3, 3] ..0Q
{fovi-foulws-frufwos t f1ufwo s f2ufwo -t £2uf wa
fouruzwz-foufwi-frufwi+tfrufws+fsufws-tfzufws+
fouwiuzwi+ frvin[l] + f2wvin[2)] + f2vin[3], <9, "'T}
rhs =bas // TBy,3 // TBy,;; lhs - rhs
{0, ~fouiuzws+t fouruzws+ foupusws-t fgup us ws,
—fouruzwz+t fouguzwz+ fpuguzwe -t £oup vz wz,
g, 0,0, 0, 0,0, 0,0}
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w,-.wi-l-(l-t;l)wj, wj-.tgle}];
bas = {f[t1, t2, t3] vi, £[t1, t2, ta3] v2, £[t1, t2, t3] va,

Uy, Uz, Uz, Wi, W2, Wi};
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“God created the knots, all else in
topology is the work of mortals.”

Leopold Kronecker (maodified) www.katlas. org Ttekrel Tilas

Roland's typo.
Picture from PolyPoly meetings.

Euler comment: Ef:=(deg f)f, Ee*x=xe”x, E(e"xeryerz)=xerxeryerz+erxyeryerz+....

Some flowers?
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