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Pensieve header: Mathematica notebook for Talks: Geneva-2408.

Ancestors in Talks/Beijing-2407 and in Projects/HigherRank.

nb2tex$TeXFileName = "ITypel.tex";

in[-]1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Geneva-2408"];

Preliminaries

{\bf\red Implementation} (see IType.nb of \web{ap}).

in[-]:=  Once[<< KnotTheory™ ; << Rot.m];

C:\drorbn\AcademicPensieve\Projects\KnotTheory\KnotTheory

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Geneva-2408 to compute rotation numbers.
pdf
w1~ CFlw . & E] i=CFlw] CF/@ &}
CF[& List] :=CF /@&
CF[&. ] := Module[{vs, ps, c},
vs =Cases[&, (X |p|E|n|8) ,o|U{e};
Total[CoefficientRules[Expand[&], vs] /. (ps_ - c_) = Factor[c] (Timeseevs™)] |;

tex

\vskip Imm\rule{\linewidth}{1pt}\vspace{-2mm}

Integration

tex

{\bf\red Integration} using Picard iteration. The \myellow{core is in yellow} and \mpink{hacks are in
pink}.

pdf

In[«]:= ]E/:]E[A_]E[B_] :=IE[A+B];

pdf

in[-]:=  $7 = Identity; (» The Wisdom Projection x)

https://drorbn.net/AcademicPensieve/Talks/Geneva-2408/#MathematicaNotebooks
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pdf

in[-]:= Unprotect[Integrate];

jw_. E[L_] d(vs_List) := Module[{n, Le, Q, A, G, Z0, Z, A, DZ, DDZ, FZ, a, b},

n

Q

Lengthevs; L0 =L /. e > 0;

FixedPoint[(DZ = Table[8,Z, {V, VS}1;

DDZ = Table[auDZ, {uJ VS}];

FZ = Sum[G[a, b]] (DDZ[a, b] + DZ[a] DZ[b]), {a, n}, {b, n}] / 2;
A

Z-= CF[zo+j $7[FZ] du]) &, z];
(2]

PowerExpand@Factor [~ A™?] E[CF[Z /. A » 1 /. Thread[vs - 0] ] ]];

Protect[Integrate];

tex

\parpic[rl{\parbox{0.75in}{

\includegraphics[width=0.75in]{../../Projects/Gallery/Fourier.jpg}

\footnotesize Joseph Fourier

1
\picskip{2}
Inf-]:= ~[IE[— ux®/2+1&x] d{x)

Out[e]=
pdf

e-5]
N

tex

\needspace{12mm}

pdf

Infe]:= FofG:jE[—u (x—a)2/2+1'1§x] d {x}

Out[«]=
pdf
]E[Ji (2ap+i €) §]
2pu
Vu
tex
\needspace{l12mm}
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Table [ (-0yspap,vspop LO) /. Thread[vs » @] /. (p|X) -0, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
Z =170 =CF@$x[L +Vvs.Q.vs /2]; G=Inverse[Q];
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pdf

In[«]:=

Out[-]=
pdf

tex

pdf

In[«]:=

Out[-]=
pdf

tex

In[]:=

Out[~]=
pdf

pdf

In[«]:=

Out[~]=
pdf

tex

JFO'FG]E[-J':. £x] d{&}
1

E[-= (a-%)7u
2

So we’ve tested and nearly proven the Fourier inversion formula!

1
L = -; {X1, X2} . (Z :) (X1, X2} + {&1, £2}.{X1, X2}

Z12 = J‘E[L] dl{xl, Xz}

E [ c& . bé& & a&l ]
2 (-b*+ac) b%*-ac 2 (-b*+ac)

\J-b*+ac

\parpic[rl{\parbox{0.65in}{
\includegraphics[width=0.65in}{../../Projects/Gallery/Fubini.jpg}
\scriptsize Guido Fubini

B

\picskip{2}

{21 - JE[L] d{x.}, 212 = jZldl{xz}}

(-b’+ac)x3  px, € &2
=R e
{ JTr'ue}
Va

$7 = Normal[# +0[e]*’] &; ‘J-]E[—¢2/2+e¢3/6] d{¢}

+ + + + +

5e2 5e* 1105e® 565e® 82825¢® 19675 e“]
24 16 1152 128 3072 96

E|

\vskip 1mm
From \surl{oeis.org/A226260}:
\vskip 1mm

\includegraphics[width=\linewidth]{../Groningen-240530/OEIS.png}
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013627 THE ON-LINE ENCYCLOPEDIA
2'3?5%8 OF INTEGER SEQUENCES®

10221121

founded in 1964 by N. J. A. Sloane

l

|[ Search | s

(Greetings from The On-Line Encyclopedia of Integer Sequences!)

A226260 Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi*3 field theory.
1, 5, 5, 1105, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13209845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,
281365778405032973125, 2824650747089425586152484375, 776632157034116712734375 (List; graph; refs; listen;

history; text; internal format)

\vskip -3mm\rule{\linewidth{1pt}\vspace{-2mm}
The Right-Handed Trefoil
{\bf\red The Right-Handed Trefoil.}

pdf

inf-1:= K = Mirror@Knot[3, 1]; Features[K]

pdf
KnotTheory: Loading precomputed data in PD4Knots".
Out[-]=
pdf
Features[7, C4[-1] Xq,5[1] X5,7[1] X6,2[1]]
pdf

)= L[Xg 5 [S_11 := T2 E[
Xi (Pi+1 = Pi) +X5 (Pjs1 - P5) + (TS = 1) Xi (Pi+1 = Pjs1) +

(€5/2) x (xi (pi-p;) ((T°-1) xip;+2 (1-x%x5p;5)) -1)]

1
LI[C; [¢ 1] := TWZ]E[Xi (Pis1—-Pi) t€@ (E - X Pi]]
L[K ] :=CF[£ /@Features[K][2]]
vs[K_] := Joinee Table[{pi, Xi}, {i, Features[K][1]}]

exec

in[-]:= nb2tex$PDFWidth »= 1.25;

tex

\needspace{5cm}
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pdf
inf-1:= {vs[K], L[K]}
Out[«]=
pdf
{{pl) X1, P25 X325 P35, X3, Pas Xas Pss X5, Py Xes P75 X7}J

1
T]E[—Ze—p1X1+ep1X1+Tp2X1—ep5X1+ (1—T) p6X1+7 (—1+T) 6p1p5Xi+
2
(1-T) epix]-paXa+P3Xa-P3Xs+€P3X3+TPaXs-€pyXs+ (1-T) pgxs+

(-1+T) €p3p7X§+£ (1-T) € pi X5 — paXq+€PaXg+PsXa—Ps Xs + Pg X5 — € P1 Ps X1 X5 +

2 2
Ps X1 X5 —€ P2 Xg + (1 -T) P3Xg —Pe Xg + € Ps Xe + T P7 Xg + € P3 X2 Xg — € P2 Ps X2 X6 +

NIR D NIRNR

22 1 2 2
(1-T) €PzX6+£ (=1+T) €pzsts—P7X7+PsX7—€I33P7X3X7+€[37X3X7]\JL

exec

in[-]:= nb2tex$PDFWidth /= 1.25;

tex

\needspace{10mm}

imi-]= $7 = Normal[# + 0[e]?] &; IL[K] d vs[K]

Out[]=
pdf
_14T)2 (1472
]iT]E[— (-1+T) (1T)€}
(1-T+12)2
1-T+T2
In[]:= j(L[K] /.« Xi_ = iXx;) d(vsek)
Out[e]=
TE [7 (-1+T)% (14T?) €
(1-T+712)2
1-T+T?
tex
\vskip 1mm

A faster program to compute $\rho_1$, and more stories about it, are at~\cite{APAI}.

\rule{\linewidthH{1ptHhvspace{2mm}\vskip -2mm
%\newcolumn

Invariance Under Reidemeister 3

{\bf\red Invariance Under Reidemeister 3.}
\vskip 2mm

\def\ip{{i*+}} \def\jp{{j*+}} \def\kp{{k*+}}

https://drorbn.net/AcademicPensieve/Talks/Geneva-2408/#MathematicaNotebooks
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\def\ipp{{i*{+\!+}}} \def\jpp{{j*{+\!+}}} \def\kpp{{k {+\!+}}}
\import{../Beijing-2407/figsH{R3.pdf_t}

top variables

middle variables

bottom variables

pdf

in[-]:= 1hs = J.(li /@ (Xi,5[1] Xiv1,k [1] X5u2,k42[2]) ) A {Pis1s Pjezs Pkeis Xisis Xju1s Xka1l}s

rhs = J(L /e (XJ,k[l] Xi,k+1[1] Xi+1,j+1[1] )) d{Xii15 Pis1s pj+1: Pk+1s Xj+1s Xk+1} 3

lhs === rhs
Out[e]=
pdf
False
\vskip Imm\rule{\linewidth}{1pth\vspace{2mm}
Invariance Under Reidemeister 3, Take 2
{\bf\red Invariance Under Reidemeister 3, Take 2.}
pdf

in[-]:= 1lhs = J-(L /@ (Xi,5[1] Xiua,k [1] Xju1,ke2[2]) ) A {Xis Xj5 Xks Pis1s Pjets Pels Xieds Xji1s Xks1}s

rhs = j(lﬁ /@ (X4,k[1] Xi,ke2[2] Xiv1,542[2]) ) A{Xis X55 Xis Xis1s Pis1s Pjets Pkais Xjue1s Xks1}s

lhs === rhs
Out[e]=
pdf
True
pdf
in[-1:= lhs
Out[e]=
pdf

Degenerate Q!

tex

\newcolumn

https://drorbn.net/AcademicPensieve/Talks/Geneva-2408/#MathematicaNotebooks
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Invariance Under Reidemeister 3, Take 3

tex

{\bf\red Invariance Under Reidemeister 3, Take 3.}

exec

in[-]:= nb2tex$PDFWidth »= 1.25;

inf-]:= 1hs = J‘(lE[J'l TP+ Ly py+Amep] £/@ (Xi, 5021 Xiva,k [1] Xju1,k02[11))
d{Pis> Pis> Pks Xis Xj5 Xks Pi+1s Pj+1s Pke1s Xisds X415 Xks1l}3
rhs = f(lE [i7pi+375pj+LmePr] £/7@ (X5,k[1] Xi, ke [1] Xiia,542[21))

d{Pis> Pis> Pks Xis Xj5 Xks Pi+1s Pj+1s Pks1s Xis1s X415 Xks1l}s3

lhs == rhs
Out[e]=
pdf
True
tex
\needspace{20mm}
pdf
in[-1:= 1hs
Out[-]=
pdf

3/2 3¢ L2 . L2 . .
T E|l-— +1T°pyi7my -1 (71+T)Tp2+j7(i+]lT € P2y 7li—1 (=1+T) poux7Ti +1 T E Pk 7T —

1 1
(-1+T) T € pa.i P2.g ni+; (-1+T) TP ep,; ni—; (=1+T) T € Pa.s Pk 715 +

1
(-1+T)*Tepy.j p2+kﬁi+£ (-1+T) Teps, 7 +1Tprjmy-1Tepyny-

(=1+7T) Pk 7y + 4 (=14 2T) € poui 715 + T € Py Pary /1y 715 - T € pag 71y 715 -
(=14 T) T2 pous Pouk 73 715 + (=14 T)2 T € Pauy Pouk 73 715 + (=14 T) Tepd, 7y 715 -

1

; (=1+T) Tepay P2+kﬂ§+£ (-1+T) T€p§+kﬂ§+jp2+k7Tk*21.1€p2+k7rk+T2€p2+ip2+k7Ti7Tk*

2 2
(=1+T) T€P2:jP2ek 7T 7Tk = T € Py 7Ti Tk + T € Payg P2ik 71§ Tk — T € P, 71§ Tk

exec

in[-1:= nb2tex$PDFWidth /= 1.25;

tex

Invariance under the other Reidemeister moves is proven in a similar way. See IType.nb at \web{ap}.
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Invariance Under Reidemeister 3, Take 4 (just for fun)

in[-]:= lhs = j(lE [1 75 pi + 3715 Pj + & 7 P + & a2 Piv2 + L 75,2 Pje2 + 1 Meiz Pra2 +
B €542 Xiv2 + 8 €542 Xj42 + 1 ka2 Xkw2] L/@ (Xi,5[1] Xiva,k[1] X5u1,k42[11))
dl{pi: pj: Prs Xis Xjs Xk» Pi+1s pj+1: Pr+1s Xis+1s Xj+1s Xk+1s Pi+2s pj+2) Pk+2s Xis+2s X442 Xk+2}5
rhs = J(E [ 71y pi+ %705 Pj + & 7 Py + & a2 Piva + L 74,2 Pjez + L o2 Praz +

i €i.2 Xiy2 + i §j+2 Xj42 + i Ek+2 Xki2] L /@ (xj,k [1] Xi,k+1 [1] Xi+1,j+1 [11))

d{Pis> Pjs> Pks Xis Xj5 Xks Pi+1s Pj+1s Pkels Xitls X415 Xkels Pis2s Pje2s Pke2s Xis2s Xj:25 Xke2}3

lhs == rhs
Out[e]=
True
in[-]:= 1lhs
Out[«]=

Degenerate Q!

Invariance Under Reidemeister 2b

i++ /‘ jt+

Territory: (X | p)gyjy» Xij-

R2b

A,

in[-]:= 1hs = jE[i 7 pi+ A5 P35l L£/7@ (Xi,502] Xiva,j+1[-211) A{Xi5 Xj5 Pis Pjs Xis1s Xje1s Pisis Pje1l}

rhs

le[J'l 7t P+ Lty pj] L/@ (Ci[0] C4,1[0] C5[0] C4,2[01) d{Xis Xj5 Pis Pjs Xis1s Xj+1s Pis1s Pjeal}s

1lhs == rhs
Out[e]=
E[1 Pa.i /i + 1 Pasj 7y]

out[e]=
True

Invariance Under R2c

https://drorbn.net/AcademicPensieve/Talks/Geneva-2408/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Geneva-2408: IType.nb

In[«]:=

out[e]=

Out[«]=

In[«]:=

out[e]=

Out[«]=

. .—+_'_
it )t
ot o
£, yY,
S .
7

lhs = IE[i 7 pi+ 275 Pl L/@ (Xiwa,5[1] Xi,542[-1] C5.2[1]1)
d{Xis Xj5 Pis> Pjs Xis1s Xjs15 Pis1s Pjs1s Xj:25 Pjs2}
rhs = jE[i 7 pi+ vy py] L/@ (C3[0] Ci,1[0] C5[0] Cy.1[1] Cy.2[0])

d{Xi> X5 Pis Pjs Xi+1s Xj+15 Pis1s Pje1s Xji25 Pjs2}3
lhs == rhs
. € 0 . .
-1 T E{7; + 1P T+ 1P3,§7T§ - 1€ P3ig TT§

True

Invariance Under R1l

Z‘—H—

’

lhs = J-E[J'l 7 Pil £/@ (Xiy2,i[1] Ci,a[1]) d{Xis Pis Xis1s Pi+1s Xis2s Pis2}

rhs = flE{fl 7t pi] £/@ (C;[0] C4,1[0] C3,2[0]) d{Xis Pis Xis1s Pis1s Xiv2s Pis2}s

1hs == rhs
-1E[1 P3.i 7]

True

Invariance Under R1r

https://drorbn.net/AcademicPensieve/Talks/Geneva-2408/#MathematicaNotebooks
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Rlr

in[-1:= lhs = J]E[J'l i Ppil £/@ (Xi,342[1] Cipa[-1]) A{Xis Pis Xis1s Pi+1s Xiv2s Pis2}

rhs = JE[i 7ti pil £/@ (C5[0] C4,1[0] Ci,2[0]) d{Xis Pis Xisis Pis1s Xis2s Pis2}s

1lhs == rhs
Out[«]=
-1 E[1Pp3.177]

Out[«]=
True

Invariance Under Sw

Swt )

in[-1:= lhs = J.E[J'l 75 P+ 275 pj] L/@ (Xiva,5+2[1] Ci[-1] C5[-1] C4,2[1] C4,2[1])
A{Xis X5 Pis Pjs Xis1s Xju1s Pis1s Pje1s Xiv2s Pis2s Xje2s Pje2}
rhs = J.]E[j_ 7 pi + 175 P51 £/@ (Xih1,5.2[1] Ci[0] C5[0] Ci,2[0] C5,2[0])

d{xi, Xjs Pis Pjs Xis1s Xj+1s Pi+1s Pj+1s Xis2s Pis2s Xji2» pj+2};

lhs == rhs
Out[e]=
€ 1 2
\EE[—E +1Tp3ir—1 (-1+T) p3+j7Ti+leep3+j7Ti_£ (=1+T) Te€PpsiiP3eq g +
1 2 2 . . 2
; (—1+T)T€p3+j7ri+1p3+j7rj—]1€p3+jﬂj+Tep3+ip3+jﬂi7rj—Tep3+j7riﬂj
out[e]=

True
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