Dror Bar-Natan: Talks: CUMC-2606:

Thanks for inviting me to the CUMC!
Car Traffic on Knot Diagrams and Some Cool Knot Invariants

Abstract. We will study some strange traffic rules for
cars driving through an interchange: When they enter
via an underpass, they just go through. But when they
enter via an overpass, they fall down to the underpass
with some small probability p, and then keep going
unharmed, down under.

IWe will learn that to analyze this traffic game we need matrices
and that to play it better we need probabilities that are not num-
bers between 0 and 1. We will also learn how this game can be
used to define some knot invariants (a notion we will explain) w-
hich may be the best we presently have.
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For many years, the Perko pair (on the

right) were thought to be different, until =

an undergrad, K. Perko, had shown them

the same, in 1973. Seeing that eyeballing

isn’t good enough, how can we tell with certainty if two diagrams

represent the same, or different knots?

?

Rl Reidemeister moves, invariants.

Something simple:

Model T Traffic Rules. Cars always drive forward. When a car
crosses over a bridge it goes through with probability 7 ~ 1, but
falls off with probability 1 — T ~ 0. On various edges traffic
counters are placed. i
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matrices, etc.

Tell knots apart" Alternatmg” Bound a genus 7 surface? Comple-
ment is fibered over S'? Complement is hyperbolic? Bounds a
disk with only ribbon singularities? Bounds a topological / smo-
oth non-singular disk in B*? ...

Definition. The traffic function G = (gaﬁ) is the ™\
reading of a traffic counter at S, if car traffic is
injected at @ (if @ = B, the counter is affer the
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injection point) Example 1.
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'What about the Trefoil? We get:

g5 = 0 37
8s5—85 = 0 \
85—Tgss—(1-T)g;s = 0
gs5—gs5 = 0 \
85— Tges—(1-T)gzs = 1 5
845—-8s5 = 0 N
815—T25—-(1-T)gss = 0 u
In other words,
1 -T 0 0O T-1 0 0 815 0
0 1 -1 0 0 0 0 825 0
0 O 1 -T 0 0 T-1 835 0
0 0 0 1 -1 0 0 845 = 0
0O 0 T-1 0 1 -T 0 gs5 1
0O O 0 0 0 1 -1 865 0
0 O 0 0 0 0 1 875 0
So with A the 7 X 7 matrix above, g,z = (A‘l)aﬁ =: Gop with
1 T 1 T 1 T 1 v
O 1 1 T T 72 1 §
T>-T+1 T>-T+1 T>-T+1  T*-T+1 ~
0 0 Tlel T2T 1 T2T 1 TZT 71 g
G = 0 0 l_—T+ _1T+ _1T+ _TT+ 1 E
2Tl TRTR) TPT+l TRTHI 2
0 0 1-T _(r-n 1 T 1 =
T2-T+1 T2-T+1 T2-T+1 T2-T+1 2
0 0 0 0 0 1 1 g
0 0 0 0 0 0 1 S
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https://diamondtraffic.com/productcategory/Portable-Counters
http://www.math.toronto.edu/~drorbn
http://www.math.toronto.edu/~drorbn/Talks
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http://drorbn.net/cumc26

More? Start from http://drorbn.net/talks.
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