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Pensieve header: The rank 2 mod $\epsilon”2$ invariant using integration techniques; continues
Rank2.nb at pensieve://Talks/Geneva-2408/ and UC4A2.nb and Theta.nb at pensieve://Projects/High-
erRank/.

Initialization

SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"] ;
Once[<< "IType.m"];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

T3=TyTy; 1 " :=1+1;
$r =
(CFeNormal[# +0[e]?] /. {mis =B m, Xic =B Xy, pisc_»Bpis}/. e B- /;b<0-50/.
B-)l) &;

VvS; :=Sequence[p; i, P2,is P3,is X1,is X2,i5 X3,i]3
Flis__] :=E[Sum[7m, i Py,1, {i, {i5}}, {v, 3}11;
L[K ] :=CF[L£ /@Features[K][2]1];

VS[K ] := Unionee Table[{vs;}, {i, Features[K][1]}]

The Lagrangian

\needspace{30mmj}
{\bf\red The Lagrangian.}

nb2tex$PDFWidth »= 1.25;

L[X; ,; [s_11:= T§1E[CF@P1us[

Zizl (xvi (Pvit = Pvi) +Xyj (Pvj* = Pvj) + (Tf, = 1) Xyi (Pvi+ = Pvj*) ) 5
(T1-1) p3jxai (T3 Xai - X25) 5
es (T3-1) p1j (P2i - P2j) X3:/ (T3-1),
€S (1 /2 + T3 P1i P2j Xai X2i - P1i P2j X1i X25 — P3i X3 - (Ti = 1) P2;j P3i X2i X3i +
(Ti = 1) P2; P3j X2i X3i + 2 P2 P3i X257 X3i + P1i P3j X1i X35 — P2i P35 X2i X35 = T3 P25 P37 Xa2i X35 +
((73 - 1) payXai (T3° P2j Xai - T3 P2j X25 - (T3 +1) (T5-1) p3jXai + T; p3j X35) +
(T3-1) p3jXai (1 - T3 Pai Xai + Pai Xaj + (T3 - 2) PajXa5)) / (T2 -1)) ] ]

https://drorbn.net/AcademicPensieve/Talks/Bonn-2505/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Bonn-2505: Rank2.nb 2025-05-01 10:07:39

pdf

3
e LIC [0 11 :=TEE[ DT Xyt (Puis =Pvi) +€ ¢ (P3iXai-1/2) ]

exec

nb2tex$PDFWidth /= 1.25;

Reidemeister 3

tex

{\bf\red Reidemeister 3.}
pdf
i1~ Short[Lhs = fr[i, 35 K1 £/@ (Xe,5 1] Xer i [1] Xy i [11) @ (VS5 VS5, VSy, VSi5 VS5, VS ) ]

Out[~]//Short=
pdf

3e
T3 T;E[T +Tip1,20i,i - (-1+T1) Ty P1,2+j 7T1,i + <<150>>

pdf

in[-1:= rhs = jﬁr[i, Js kK1 £/@ (X5,[1] Xi,k* [1] Xj+,4+[1]) A {VSi, VSj, VSk, VSi+, VS4+, VSi+}; 1hs == rhs

Out[«]=
pdf
True
The Trefoil
\needspace{25mm}
\parpic[rl{\includegraphics[width=0.6in}{../Beijing-2407/Trefoil.jpg}}
{\bf\red The Trefoil.}
pdf

1= K=Knot[3, 1]; jL[K] d vs [K]

pdf
KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
pdf

PT2T2E { € (1-Ty+Ti-To-T3 Tou T3+T§ T3-Ty T3-T§ T34TF T3-T3 T3+T7 T3) ]
112 -

(1-Ty+T3) (1-Tp+T3) (1-Ty To+T3 T3)

(1-Ty+T3) (1-To+T3) (1-Ty T+ T3 T3)

Invariance Under Reidemeister 2b

Territory: (x | p)(ilj)*’ Xi| j-
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in[-1:= 1hs = Jf[i: jl £/@ (Xi,5[1] Xiu1,542[-1]) A {vsi, VSj, VSi+, VSj+}

rhs = jﬂr[i, jl £/@ (C;[0] Ci,1[0] C5[0] C5,1[@]) A{VSi, VSj, VSi+, VSj+};

1lhs == rhs
Out[«]=

E[P1,241 71,1 + P1,2+5 711,53 + P2,2+1 72,1 + P2,2+5 7T2,5 + P3,2+1 713,i + P3,2+5 73,5 ]

Out[e]=
True

Invariance Under R2c
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in[-]:= 1hs = jﬂ"[i: 31 £ /@ (Xii1,5[1] Xi,542[-1] C4,1[1]) d{VSi, VSj, VSi+s VSj, VSj.2}

rhs = Jf[i, jl £ /@ (Ci[0] C4,1[0] C5[0] C4,1[1] C4,2[0]) d{Vsi, VSj, VSi+, VSj+, VSj.2};

1lhs == rhs

Out[«]=

€
-1Ty T E [; + P1,2+i 7T1,i + P1,345 71,5 + P2,2+1 72,1 + P2,34+3 712, + P3,2+i 713,i + P3,3+5 713, + € P3,3+j 713,35

Out[e]=
True

Invariance Under R1l

Z‘—H-
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In[«]:=
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Out[e]=

In[«]:=

Out[«]=

Out[e]=

lhs = Jf[i] L/@ (Xi42,1[1] Ci,2[1]) d{vs;, VSi+, VSi,o}

rhs = jﬂ"[i] L/@ (C;[0] Ci,1[0] Ci,,[0]) Ad{Vsi, VSi+, VSi,};

1lhs == rhs
—1 E[P1,3+d 71,1 + P2,3+1 72,1 + P3,341 /13,1

True

Invariance Under R1r

(

Rlr

lhs = jﬂ"[i] L/@ (Xi,1,2[1] Ci,1[-1]) d{vSi, VSi+, VSi,o}

rhs = Jﬂ"[i] L/@ (C;[0] Ci,1[0] C;,,[0]) d{VvSi, VSi+, VSi,a};

1lhs == rhs
~1E[P1,3+i 7T1,i + P2,3+i 72,1 + P3,3+1 /13,1 ]

True

Invariance Under Sw

N

Swt )
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in[-]:= 1lhs =

J-T[i: J1 £/@ (Xi41,5+2[11 Ci[-1] C5[-1]1 C442[1] C4,2[1]) d{VSs, VS4, VS, VS4+, VSi,2, VS4.2}

rhs = jf[ix j1 £/@ (Xi.1,5.1[1] C31[@] C5[@] C4,2[0] C4,2[@]) A{VSi, VSj, VSi+, VSj+s VSji.a, VSj,2l}s

1lhs == rhs
Out[e]=
T, T, IE[

€
E +T1P1,304 711,41 + (L =T1) P1,3:9 71,1 + P1,345 77,5 + T2 P2,3+1 72,1 — € Ta P2,341 72,1 + (1= T2) P2,3.4 72,1 +

€ (=1+Ty1) Ty P1,3.5 P2,3+5 71,1 72,1
€ T1 T2 P1,3.1 P2,345 71,1 72,i + 1.1 + (=1 +Ty) Ty P3,3.9 71,1 7T2,i +
“14T,

€ (=1+T1) P1,3+5 P2,3+j /11,1 /12,5
P2,3.5 72,5 + € P2,3+5 72,5 — € T1 P1,3+1 P2,3+§ 71,1 72,5 — 1.7 +
“1+T,

€Ty (-1 +T1T2) P1,3.5P2,3+1 73,1 € T2 (=1 +T1T2) P1,3.5 P2,345 73,1
(1-T1) P3,349§ 7T1,i 7T2,5 + - +
—1+T2 —1+T2

€Ty (-1+T1T3) P3,3.5 713,
T1 T2 p3,3.1 73,1 + € T1 Ta P3,3.1 73,1 + (1 =Ty T2) P3,3.9 73,1 - 1.1 -
.

€T1To (-1 +T1T3) P1,3:1 P3,3:9 71,1 73,5 € (=1+T1) To (-1 +T1T3) P1,3.9 P3,3+5 71,1 /13,1
4 _

*1+T2 *1+T2

€Ty (-1+T2) T2P2,3+9P3,3+1 72,1 73,1 + € T2 (=1 + T1T2) P2,3,9 P3,3.5 12,1 /13,1 +
€Ty (-1+T1T2) P2,3:1 P3,345 12,5 /13,1
2e€ Ty Ty P2,3.5 P3,341 /12,5 73,1 + -
-1 +T2

€ (-1+2T3) (-1+T1T2) P2,3.9 P3,3+9 72,5 /13,1

+P3,3.9 73,5 + € T1 P1,3.1 P3,3+5 /11,1 73,5 +
-1 +T2

€ (=1+T1) P1,3+5 P3,3+j /11,1 /13,5

—1+T2

- €T3 P2,3:1 P3,345 72,1 713, — € P2,3+j P3,3+j 12,1 /13,5

Out[e]=
True

https://drorbn.net/AcademicPensieve/Talks/Bonn-2505/#MathematicaNotebooks



