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Pensieve header: May 14, 2026 experiments: R3 fails without the wisdom projection - probably mean-
ing that not every to-$\epsilon$ solution extends to a to-$\epsilon”2$ solution.

Initialization

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"1];
Once[<< KnotTheory™; << Rot.m];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

pdf
in-1:- CFlw_. & E] :=CF[w] CF /@ &}
CF[& List] :=CF /@ &;
CF[&_] := Module[{vs, ps, c},
vs =Cases[&, (X|p|&|x|8) ,o|U{e};
Total[CoefficientRules[Expand[&], vs] /. (ps_-c_) = Factor[c] (Timeseevs™)] ];
pdf
mi-j= E/:E[A_]1E[B_] :=E[A+B];
pdf

in[-]1:= %7 = Identity; (» The Wisdom Projection «)

pdf
in[-]1:=  Unprotect[Integrate];
jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, z@, Z, A, DZ, DDZ, FZ, a, b},
n = Lengthevs; LO=L /. e > 0;
Q = Table[ (-8yspay,vsoy L) /. Thread[vs » 0] /. (p | X) _—>@, {a, n}, {b, n}];

If[ (A =Det[Q]) =0, Return@"Degenerate Q!"];
Z=270=CF@$r[L +vs.Q.vs/2]; G=1Inverse[Q];

FixedPoint[(DZ = Table[d8,Z, {V, VS}];

DDZ = Table[8,DZ, {u, vs}];
FZ = Sum[G[a, b] (DDZ[a, b] +DZ[a] DZ[b]), {a, n}, {b, n}]1/2;

A
Z-= CF[ZO+J;$7r[FZ] du]) &, z];

PowerExpand@Factor[»~ A2 E[CF[Z /. A > 1 /. Thread[vs - 0]]] ];

Protect[Integrate];
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inl-1:= T3=TyTa3 1 T:=1+1;
$r =
(CF@Nor‘mal[#+0[e]2] /. {7ris__ B o, Xis B Xis, Pis :-)Bpis} /.eB~/;b<050/.
B-)l) &;

In[-]:=  VS; :=Sequence[ps i, P2,i» P3,is X1,is X2,is X3,i]3
Flis__]1 :=E[Sum[7m, ; Py,i, {1, {is}}, {v, 3}11;
L[K ] :=CF[L /@Features[K][2]1];
VS[K ] := Unionee Table[{vs;}, {i, Features[K][1]}]

The Lagrangian

tex

\needspace{30mm}
{\bf\red The Lagrangian.}

exec

nb2tex$PDFWidth »= 1.25;
pdf

- LIXi,; [s_1] := T3 E[CFePlus|

2:1 (Xvi (Pvir = Pvi) +Xyj (Pvj* = Pvj) + (Tf, = 1) Xyi (Pvit = Pvj*) ) 5
(Ti = 1) P3j X1i (T§ Xai - ij) s
es (T3-1) p1j (P2i - P2j) X3;: / (T-1),
€S (1 /2 + T3 P1i P2j Xai Xai - P1i P2j X1i X257 - P3i X3i - (Ti = 1) P2j P3i X2i X3i +
(Ti = 1) P25 P3j X2i X3i + 2 P2; P3i X2 X3i + P1i P3j X1i X35 = P2i P3j X2i X35 = T3 P2j P3j Xai X35 +
( (Ti = 1) P1j X1i (T§5 P2j X2i - T3 P2j X25 - (T§ + 1) (T§ = 1) P3j X3i + T3 P3j X3j) +
(T5-1) p3j Xai (1= T3 Pri Xai + Pai Xa5 + (T3 - 2) P2y X25)) / (T3-1)) ] ]

pdf

3
e LI 1011 2=TEE[DT  Xvi (Pvis = Pyi) +€ 0 (P3iXsi=1/2) ]

exec

nb2tex$PDFWidth /= 1.25;
Reidemeister 3

tex

{\bf\red Reidemeister 3.}
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pdf

Infe]:= Shor‘t[lhs = ff[i, 3> kK1 £/@ (X3,5[1] Xi+,k [1] X5+ ,- [1]) d{VSi, VSj, VSk, VSi+, VS5, vsk+}]

Out[-]//Short=
pdf

33 3e
Ti TZIE[* + <<153>>]
2

pdf

in[-1:= rhs = ~I‘ﬂ“[i, Js k1 £/@ (X4,k[1] X,k [1] Xyi+,5+[1]) A {VSsi, VS§, VS, VSi+, VS4+, VSi+};5 lhs == rhs

Out[e]=
pdf

True

i1~ $m= (CFeNormal[# +0[e]?]) &;

pdf

ni-)- Short [1hs = fs—’[i, 35 K] £ /@ (X;,3[1] X5,k [1] Xg-, [1]) @{VSs, VS5, VSis VSies VS5, Vsic)

Out[-]//Short=
pdf

33 3¢ 2
Ti TZIE[— + <<311>> +€ (1-T1) P3 2.k 71,5 T2,k T3,k
2 s

pdf

in[-]:= rhs = j?‘[i, Js k1 £/@ (X5, [1] Xi,ik+ [1] Xy+,5+ [1]) A {VSi, VS, VSk, VSi+, VS4+, VSk+}; 1hs == rhs

Out[e]=
pdf

1

il 1= diff = CF[1hs[3, 1] - rhs[[3, 111 /. {mis = Bmis, Xis = BXis, pis B! pis}

Out[e]=
2Be (-1+T1) TuTop3,0.9 71,172, ~Be (m1+Ty) (1-Ty-To+ Ty To+ 2Ty T3) Py gui 7,1 7,5 +

Be (~1+Ty) (-1+T2) P3,2.k7T,§ 72,1 ~Be (-1 +T1) Ty T3 Pa,ouk P3,2e 71,1 75,5 +
Be (-1+T1) T3 P2,2+j P3,2+k 711,14 ﬂg,i +Be (-1+T1) T3 (-1+T1T2) Pa,oek P3,2ek 1,1 Hg,i -
2T TS (1-Ty =Ty - T35+ 2T1T3) P3,2.5 P3,2.k 13,5 73,5 +

( )

B2e (-1+T1)% T3 (1-Ty+To-2TyTo-TyT5+2T3T5) p3 o 73,1 7155 +
( )
( )

B2e (-1+T1)°Ty (-1+T,) T3 (1+Ty) P3,2.5 P3,2+k 71,1 711, F%,i—
B2 e (-1+T1)% T3 (-1-To+ Ty T3) p3 o715 71,5 75,5 —2Be (~1+T1) Ty Tops g0y /mai 72,5 +

Be (-1+T1) (-1+T1+T1Ta) 3ok /ta,i 7,5 +Be (~1+T1) 2 T3 Top1,o0s P3,ok 71,4 72,5 -

Be (-1+T,)%T3T, P1,2+j P3,2+k ﬂ%,i 72,9 +Be (=1+T1) Tz P3,2.k 71,5 72,5 -

2Be (-1+Tq) T3 T2 P1,2.1 P3,2:k 7,4 71,97, +2B€e (-1+Ty) T, P1,2+9 P3,2+k 7T1,1 /11,5 7T2,5 +
Be (-1+Tq) Ty T3 P2,2:k P3,2+3 71,1 72,1 72,5 ~Be (-1 +Ty) °T3 P2,2+i P3,2+k 71,1 /12,1 72, +

Be (-1+Ty) T3 (2-3Ty+T1T2) Pa,2vj P3,24k 11,1 72,1 72,5

*1+T2
Be (-1+Ty) (-1+2T1) T5P2, 0k P3,20k 71,1 72,1 7,5+
B2 e (-1+T1)?TyTy (-1+2Ty) (-1+Ty+T1T2) P3,aug P3,2.k 7115 72,1 72,5 —
B2 e (-1+T1)% Ty (1-Ty+To-3Ty T+ T3 To+ T3 T5) P35 7155 M2, 1 7T, +

3 2
Be (-1+Ty) T3 P2,2+i P3,2+k /11,5 72,i 72,5 + B€ (=1 +T1) T3 P2,2:+k P3,2+k /11,5 7T2,i 72,5 —
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B2e (-1+T1)°T1 T, (*1 + Ty + T%) P3,2+9 P3,2+k 71,1 /11,5 (2,1 7T2,5 +
B2€ (*1+T1)2T2 (*1*2T2+T1 T2> p§,2+kﬂ1,if(1,j 7'(2)17'(2)3‘ +
Be (-1+Tq) Ta (-1+T3) Tap2,2.k P3,245 71,4 ﬂ%,j -

Be (-1+T1) T, (1—3T2 +T1 T +T§> P2,2+5 P3,2+k 71,1 F%,j

*1+T2

Be (-1+T1) Ty (-1+T2) T2Pa ik P3,20k /11,1 73, —
2
2,3

2 3 2.2 2 2
-B°e (-1+T1)"T1 T3 P3,2:k 71,i 72,5 *

2 3 2
B e (-1+T1)” TaT2P3,245 P3,24k 711,51 7T
B2 1+T)%T, T ; i 7014 7Te <+ B2 1+T) 2T, T2p2 {7114 7T
€ (=1+T1)" T1 T2 P3,2:9 P3,24k 71,1 71,5 75,5 + BT € (=1 + T1) " Ty T5 P35 5.p 71,4 71,5 715 5 +
212 2
Be (-1+T1) T1P3,20k7M1,i 72,k - B€ (=1 +T1) " T1 P1,241 P3,24k 77,5 T2,k +
22 2
Be (-1+T1)" T1 P1,2+5 P3,24k 71,5 72,k + B€ (1= T1) P3,2.k 71,5 72,k +
2 2
2Be (-1+T1) Ty P1,241 P3,24k 7T1,i 71,5 T2,k — 2B € (=1 +T1) T1 P1,2.9 P3,2+k 7T1,1 /11,5 T2,k +
2 22
3Be (-1+T1) T1T5P2,0:k P3,245 1,1 7T2,i Mo,k + B (=1 +T1) " T3 P2,2.1 P3,24k 7T1,i 72,1 T2,k =

Be (-1+Ty) Ty (1+T3-2T,-3TyTo+3T1T3) P2,ouk P3,20k 71,1 72,1 712,k

+

—1+T2
2 2 2 2
B e (-1+Tq)" Ty (-3 +2T1) T3 P3,2.9 P3,24k /11,5 72,1 72,k =

B e (-1+Ty)> Ty (Ty-2T,-2Ty T+ 3Ty T5) p3o 71,1 72,1 T2,k

—1+T2

2

Be (-1+Ty) T3 P2,2+i P3,2+k 7T1,5 72,i 72,k =B € (=1 +T1) Tz P2, 2.k P3,2+k 71,5 7T2,i 712,k =
2 2 2

2B € (-1+Tq)" T1 T3 P3,245 P3,24k /11,1 /11,5 72,1 72,k +

BZe (-1+T1)2T, (—1+T1—T2—2T1 T,+3T, Tg) P3 2uk 71,1 71,5 2,1 T2,k

*1+T2
3Be (-1+T1) T1TapP2,2¢k P3,245 /11,1 7T2,5 72,k + B€ (=1 +T1) T2 P2,2.5 P3,24k 71,1 72,5 72,k +

Be (-1+Ty) (1-2T,-2TyTo+3 Ty T3) Paauk P3,20k 7T, 72,5 T2,k

*1 + T2
2B’e (-1+T1)° Ty T, P3,2.5 P3,2:k F%,i 70,5 T,k +

B2e (-1+T1)3 Ty (-2-T1+3T1T2) P2 o 7Thus 72,5 7ok

+
—1+T2

2 2
2B € (=1 +T1)" Ty T2 P3,245 P3,2+k 71,1 711,53 72,5 72,k —

B e (-1+T1)? Ty (-2-Ty+3T1T2) P35 /11,1 /11,5 72,5 72,k

N
*1+T2

1

" Be (-1+Ty) TaTo (-1+TyTy) (Te+To-2T3To-2T5+2T1T3) P32y P3,20k /Ta,1 72,1 713, 4
14T,

1 2 2 2 13 2

Be (-1+Ty) Ty (-1+TyTy) (-142Ty+To-TyTy-T3To-2TyT5 42T T5) P3 5,4 11,1 72,1 73,4 +

*1+T2 ’

Be (-1+T1) TaTa (=1 +T1T2) P3,249 P3,24k /11,5 12,1 /13,1 —
Be (-1+T1) To (-1+ Ty Ty) P3 oy 70,5 72,1 73,4 -

Be (-1+T1) TaTo (-1 +T1T2) (-1-T1-2To+4T1T2) P3,2.5 P3,24k 71,1 72, 73,1

+
*1+T2

Be (-1+Ty) To (-1+T1Ty) (1-3Ty+TuTo+T3To) P35, ouk 70,1 /12,5 73,4

+
*1+T2
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2Be (-1+Ty) T2 T P3,2+i P3,2+k /11,5 /(2,5 713,i —

Be (-1+T1) Ty Ty (-1+T1Ty) (1—2T2+2T§) P3,2+3 P3,2+k 71,5 712,75 713, i

+
*1+T2

Be (-1+Ty) To (-1+T1Ty) (1-2T,+T1Ty) p3 oo 7Ta,5 712, 73,4

*1+T2
2Be (-1+Tq) ToT, (14T Ty) P3,2+5 P3,2+k /11,1 72,k /13,1 +

Be (—1+T1) Tl Tz (—1+T1 T2> (—3+T1+2T1 Tz) p§)2+kﬂ1,iﬂ2,kﬂ3,i

—1+T2
2Be (-1+Ty) T2 T5P3,2.1 P3,2.k 71,5 72,k 13,1 +
2Be (-1+Tq) TaTy (=1 +T1T2) P3,249 P3,24k 7T1,5 712,k 713,i —

Be (-2+T1) (-1+Ty) Ty (-1+T1Ty) p§,2+k7'(1,j T,k 713,

-1+T,
Be (-1+T1) T1 T, (1—T1 -2T,+2T, T%) P3,2+9 P3,2+k 7T1,1 /(2,1 /13,5 +
Be (-1+Ty) To (-1+TyTy) (-1+Ty+TiTy) P ooy 7Mai 72,1 73,5 -
Be (-1+T1) T1T2P3,2:9P3,24k 71,5 72,1 73,5 - Be€ (=1 +T1) Ty (-1+T1Ty) p§,2+k 71,5 72,1 713, +

Be (-1+T1)2TyTy (-1+2Ty) P3,2.9 P3,2:k 71,1 72,5 713, §

*1+T2
Be (-1+T1) T1To (-1+T1Ty) P§,2+k 711,172, 73,5 +2B€ (-1+Ty) LERP P3,2+9 P3,2.k 7T1,1 712,k /13,5 —

Be (—1+T1) (—1+T1T2) (—1+2T1T2> p§,2+kﬁ1,iﬂ2,kﬂ3,j

+
*1+T2

Be (-1+Ty) Ty (-1+T2) Top3 o Ta,1 72,1 M3,k +

Be (-1+T1) TaP3 ok /Ta,j 72,5 M3,k - B (-1+T1) T Tap3 5,4 /Ta,i 72,5 713,k
mn[-1:= {diff /. e >0, diff /. B - 0}

Out[e]=

{e, @}

The Trefoil

tex
\needspace{25mm}
\parpic[r]l{\includegraphics[width=0.6in]{../Beijing-2407/Trefoil.jpg}}
{\bf\red The Trefoil.}

pdf

ml-1:= K=Knot[3, 17; JL[K] d vs [K]

pdf
KnotTheory: Loading precomputed data in PD4Knots'.

Out[«]=
pdf

PTIT2E { € (1-Ty+Ti-To-T3 Tou T5+T3 T5-Ty T3-T§ T3+T1 T3-T3 T3+T71 T3) }
112 -

(1-Ty+T3) (1-Tp+T3) (1-Ty To+T7 T3)

(1-Ty+T3) (1-To+T5) (1-Ty T+ T3 7T3)
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Invariance Under Reidemeister 2b

i++ / J++

Territory: (x | p)g)jy» Xi|j-

R2b

Y
in[-]-= lhs = J\f[l, j] L/@ (Xi,j [1] Xi+1,j+1[_1]) d{vs;, VS5, VSj+, VSj+}

rhs = jﬂi, j1 £ /@ (C;[@] Ci.1[0] C5[8] Cy.1[@]) d{VSi, VSj, VSiv, Sy}

1lhs == rhs
Out[«]=
E[P1,2+1 71,1 + P1,2+5 711,75 + P2,2+i 72,1 + P2,2+5 7T2,5 + P3,2+i 713,i + P3,2+5 73,5 ]

Out[e]=
True

Invariance Under R2c

. .H
it ‘
et
AN
S .
1

in[-]:= lhs = jf[i: 1 £/@ (Xiu1,5[1] Xi,542[-1] 4.1 [1]) d{VSi, VSj, VSj+s VSj+, VSj.2}

rhs = jﬂ"[i; jl £ /@ (C;[@] C4,1[0] C5[0] C5,1[1] C4,2[0]) d{VSsi, VSj, VSi+, VSj+, VSj,0};5

1lhs == rhs

Out[e]=
€
-1Ty T E [E +P1,2+1 71,1 + P1,345 71,5 + P2,241 72,1 + P2,345 72,5 + P3,2+1 713,i + P3,3+5 713, + € P3,3+5 73, j
Out[«]=

True

Invariance Under R1l

7;4—!—
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In[«]:=

Out[«]=

Out[e]=

In[«]:=

Out[«]=

Out[e]=

lhs = Jf[i] L/@ (Xi42,1[1] Ci,2[1]) d{vs;, VSi+, VSi,o}

rhs = jﬂ"[i] L/@ (C;[0] Ci,1[0] Ci,,[0]) Ad{Vsi, VSi+, VSi,};

1lhs == rhs
—1 E[P1,3+d 71,1 + P2,3+1 72,1 + P3,341 /13,1

True

Invariance Under R1r

(

Rlr

lhs = jﬂ"[i] L/@ (Xi,1,2[1] Ci,1[-1]) d{vSi, VSi+, VSi,o}

rhs = Jﬂ"[i] L/@ (C;[0] Ci,1[0] C;,,[0]) d{VvSi, VSi+, VSi,a};

1lhs == rhs
~1E[P1,3+i 7T1,i + P2,3+i 72,1 + P3,3+1 /13,1 ]

True

Invariance Under Sw

N

Swt )
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in[-]:= 1lhs =

J-T[i: J1 £/@ (Xi41,5+2[11 Ci[-1] C5[-1]1 C442[1] C4,2[1]) d{VSs, VS4, VS, VS4+, VSi,2, VS4.2}

rhs = jf[ix j1 £/@ (Xi.1,5.1[1] C31[@] C5[@] C4,2[0] C4,2[@]) A{VSi, VSj, VSi+, VSj+s VSji.a, VSj,2l}s

1lhs == rhs
Out[e]=
T, T, IE[

€
E +T1P1,304 711,41 + (L =T1) P1,3:9 71,1 + P1,345 77,5 + T2 P2,3+1 72,1 — € Ta P2,341 72,1 + (1= T2) P2,3.4 72,1 +

€ (=1+Ty1) Ty P1,3.5 P2,3+5 71,1 72,1
€ T1 T2 P1,3.1 P2,345 71,1 72,i + 1.1 + (=1 +Ty) Ty P3,3.9 71,1 7T2,i +
“14T,

€ (=1+T1) P1,3+5 P2,3+j /11,1 /12,5
P2,3.5 72,5 + € P2,3+5 72,5 — € T1 P1,3+1 P2,3+§ 71,1 72,5 — 1.7 +
“1+T,

€Ty (-1 +T1T2) P1,3.5P2,3+1 73,1 € T2 (=1 +T1T2) P1,3.5 P2,345 73,1
(1-T1) P3,349§ 7T1,i 7T2,5 + - +
—1+T2 —1+T2

€Ty (-1+T1T3) P3,3.5 713,
T1 T2 p3,3.1 73,1 + € T1 Ta P3,3.1 73,1 + (1 =Ty T2) P3,3.9 73,1 - 1.1 -
.

€T1To (-1 +T1T3) P1,3:1 P3,3:9 71,1 73,5 € (=1+T1) To (-1 +T1T3) P1,3.9 P3,3+5 71,1 /13,1
4 _

*1+T2 *1+T2

€Ty (-1+T2) T2P2,3+9P3,3+1 72,1 73,1 + € T2 (=1 + T1T2) P2,3,9 P3,3.5 12,1 /13,1 +
€Ty (-1+T1T2) P2,3:1 P3,345 12,5 /13,1
2e€ Ty Ty P2,3.5 P3,341 /12,5 73,1 + -
-1 +T2

€ (-1+2T3) (-1+T1T2) P2,3.9 P3,3+9 72,5 /13,1

+P3,3.9 73,5 + € T1 P1,3.1 P3,3+5 /11,1 73,5 +
-1 +T2

€ (=1+T1) P1,3+5 P3,3+j /11,1 /13,5

—1+T2

- €T3 P2,3:1 P3,345 72,1 713, — € P2,3+j P3,3+j 12,1 /13,5

Out[e]=
True
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