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Pensieve header: Proof of invariance of $\rho_2$ using integration techniques; continues pen-
sieve://Talks/Geneva-2408.

Initialization

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Bonn-2505"1];
Once[<< KnotTheory™; << Rot.m];

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Bonn-2505 to compute rotation numbers.

Initialization

in[-]:=  CCF[&_] := ExpandDenominator @ExpandNumerator@Together[&5];
CCF[&_ ] := Factor[&];
CFlw . & E] :=CF[w] CF /@ &;
CF[& List] :=CF /@ &}
CF[& ] := Module[{vs =Cases[s, (x|p|7) , ] U{X, p, €}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_->c_) » CCF[c] (Timeseevs™)] |;

The Basic Feynman Ring

In[-]:=  S={Xy, X , ¥, 2};
Adx ,y [f_ 1 :=(8x,,f) /. Thread[S > 0];
6x ,y =XY;
f =0:=f===0;
EVys 1istse[f_]1 :=CF[f /. Thread[vs -» 0] ]
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The eSeries Feynman Ring

In[]:= 8= {X: Vs Z, &5 X , P, X,Pp }3
dx ,y [ser_eSeries] := (0y,,ser[1]) /. Thread[S - 0] ;
6x ,y =XY;
eSeries /: D[ser_eSeries, vs ] :=D[#, vs] & /@ser;
eSeries /: Plus[ss __ &Series] /; Length[{ss}] >1 := Module[{l = Min[Length /@ {ss}]},
eSeries @@ Total [Take[Listee #, 1] & /@ {ss}]]
eSeries /: t_ +ser_eSeries := MapAt[ (# + t) &, ser, 1];
eSeries /: s1_cSeries xs2_eSeries := eSeries @@ Table[
Sum[si[ii + 1] s2kk -ii +1], {ii, @, kk}]1, {kk, @, Min[Lengthe@s1, Length@s2] -1}];
eSeries /: c_xser_cSeries := (c #) & /@ser;
ser_eSeries = @ := Andee ((# ===0) & /@ser);
eSeries /: Integrate[ser_ cSeries, pars__] := eSeries @@ (Integrate[#, pars] & /@ ser);
eSeries /: Evys ;istoe[Ser_eSeries] :=ser /. Thread[vs -» 0] ;
CF[ser_eSeries] := CF /@ser;

Integration

Using Picard Iteration!

mil- E/:E[A ]1E[B ] :=E[A+B]

in[-1:= E[sd_SeriesData] /; (Listeesd)[{1, 2, 4, 6}] === {€, 0, O, 1} :=
E [eSeries @@ PadRight [sd[3], sd[5], 0] ]

Following a program in Projects/FullDoPeGDO/Engine.nb, we write Z, =¥ Z[m] A™.
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in[-]:= Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_]d(vs_List) := Module[{n, Q, A, G, a, b, my m1, $m}, Clear[Z];

n = Lengthevs;
Q= Table[qu[[a]],vs[b]] [L], {a, n}, {b) n}l;

If[ (A =CFeDet[-Q]) == @, Message[Integrate::sing]; Return[]];
G = CF[-Inverse[Q] /2];
Z[] =2[@] =CF[L -Sum[Q[a, b]] 6vs|[a]],vs|[b]]) {a, n}, {b: n}l/2]1;
Z[m_, a ] :=2Z[m, a]l] =CF@D[Z[m], vs[al];
Z[m ,a ,b 1/5;a<b:=2Z[m, a, b] =CF@eD[Z[m, a], vs[b]];
Z[m_,a_,b_1/5a>b:=2Z[m, b, a];

For[$m =m=0, m<2%$m, ++m,

Z[m+1] = CF@Sum[Sum[If[G[[a, b] ===, O,

G[a, b]

(Z[m, a, b] + Sum[Z[ml, a] Z[m-ml, b], {ml, @, m}])],
m+1

{a, n}], b, n}];
If[! (Z[m+1] =0), $m=m+1; Z[] +=Z[m+1]];

s

PowerExpande@Factor [~ A™/2] E [CF[EV,s,0[Z[1]1]]

s

Protect [Integrate];
In[+]:= J]E[—HXZ/2+:EL§X] d {x}

Out[e]=
2
-]
2u
Ju

1 ab
e = s (o) O )+ (8 €005 )
712 = Jm [L] d{Xs, Xp}
Out[e]=
E[cg%—zb& §z+a§§]

2 (-b*+ac)

\V-b*+ac

Inf- i {21 - J]E[L] d{x:}, 212 = JZld{xz}}

Out[e]=

2 2
(brac) i & x(-b&ragy) ]
2a 2a a

{ Va

E|-

R Tr'ue}
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Integration of eSeries

In[-]:= j]E[—xz/2+ex3/6+0[e]13] d{x}

Out[e]=

. 5 5 1105 565 82825 19675
E[eSer‘les[e,e,—,9,—,0,7,0,7,0, » 0, H
24 16 1152 128 3072 96

The p, Integrand
Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.

nie S={X, P}
als_, 1_5 J_1 :=X; (Pis1 - Pi) + X5 (Pjs1 - Pj) + (T5 = 1) Xi (Pis1 = Pje1) 5

S
rols_s i, J_] = (xi (pi-py) ((T°-1) xipj+2(1-pjx;)) -1);

rafl, i, 3.1 := (-6piX;+6p;X; -3 (-1+3T)pip;x:+3 (-1+3T)pixZ+4 (-1+T) pZp;x] -
2(-1+T) (5+T) p; pix3+2 (-1+T) (3+T) p’x? +18p; p; X; X5 - 18 p% x; X; -
6pip; X2x;+6 (2+T) pi p2 X2 x5 -6 (1+T) p3 xZ x; - 6p; p5 x; X5 + 6 p x; x3) /12;

rp[-1,1 , j ] :=

(-6T2p:iX; +6T*p;X;+3 (-3+T) Tp;p;xi-3 (-3+T) Tpixi-4(-1+T) Tpip;x;+2(-1+T)
(1+5T) p;pix3 -2 (-1+T) (1+3T) p3x3+18T p;p;x; X;-18 T2 p2 x; x; -6 T2 pip; X2 x; +

6T (1+2T) pipixix;-6T (1+T) pixix;-6T p; pix; x5 +6T2pix; x3) / (127%);

Yilo s R t= ¢ (1/2-Xpr) 3

Yalo s k.1 i= -0? pp X/ 2;

L[Xi 5 [s_11 :=T"2E[q[s, i, j] +ery[s, i, j] + €’ ry[s, i, j1 +0[e]?];

LIC [ 11 :=T"2E[-Xx (Pr - Pra1) + € 1[0, k] + €2 v2[0, k] +0[€]’];

LK ] := (27) FeatureslKIN cp[ £ /@ Features [K][2]1;

vs[K_] := Unionee Table[{pi, Xi}, {i, Features[K][1]}]

exec

in[-]:= nb2tex$PDFWidth %= 1.25;

exec

TimesBy: nb2tex$PDFWidth is not a variable with a value, so its value cannot be changed.

pdf
In[«]:= ezrz[l) i, 1
Out[«]=
pdf
1, Y. . a2 2.2 2. .3
126 (—6p1x1+6p]x1—3(—1+3T) PiPjXi+3 (-1+3T) pjx;j+4 (-1+T) pjpjX;-
2(-1+T) (5+T)pip5x;+2 (-1+T) (3+T) p3x; +18p;s pj Xy X5 - 18 p5 X4 Xy -

6p§pjx§xj+6 (2+T) pipﬁxij—6 (1+T) p?xij—6pip§xix§+6p§3xix§)
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pdf
Inf-]- €2 ry[-1, i, j]

Out[e]=
pdf
1
262 (-6T?pix;s +6T>pyxy +3 (-3+T) Tpypyxi -3 (-3+T) Tpixi-4 (-1+T) Tpipyxi+
127
2 2.3 3.3 2 2 .2
(-1+T) (1+5T) pipjxi—z (-1+T) (1+3T) pjxi+18T Pi PjXi X5-18T Pj Xi Xj -
6T2pipsXsxy+6T (1+2T) pipixi x5 -6T (1+T) pxixs-6T p;pjxsxj+6Tp]x;x5)
pdf
- €2y le, il
Out[e]=
pdf
1

-—€? (02 Pi Xi
2

exec

in[-]:= nb2tex$PDFWidth /= 1.25;

DivideBy: nb2tex$PDFWidth is not a variable with a value, so its value cannot be changed.
in[-]:= Features[Knot[3, 1]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[«]=
Features[7, C4[-1] X3,6[-1] X5,1[-1] X7,3[-1]]
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imi-1- L[Knot[3, 1]]

Out[«]=
1

128 517 T2

. p3xa  (-1+T) p7Xxz (=1+T) p2Xs
]E[eSer‘leS[—plxl+p2X1—p2X2+ + —P3X3+Pga X3 —PaXg+PsXg+t — -
T T T

Ps Xs (=1+T) pax; Ps X7 (-1+T) p2 pe X3
PsXs + —— —PgXg +P7Xeg + ———————— —PrXz+ —, L-prXp+PgXpg+ ————— —
T T T 2T
. (-1+T)pixZ  (-1+T) p1psx}
+ P4 Xgq + P1 X5 — Ps X5 — Py X1 X5 + P1 Ps Xg X5~ + +
2T 2T 2T

(-1+T) p3x3  (-1+T) p3ps X3
+

(-1+T) p2x3

2 2
P2 Pe X2 Xg = Pg X2 Xg + P3 X7 — P7 X7 = P3 X3 X7 + P3 P7 X3 X7 —

27T 27T
2 2,2 2 3 2,3
1 PeXa (-3+T)papeX; (-3+T)pgX; (=1+T)pypex; (-1+T) (1+5T) pppgX;
i PR + - - 4 B
2 4T 4T 3T 6 T2
(-1+T) (1+3T) pax3 PpaXs PiXs PsXs 3 3 1.,
- + - -~ P71 X1 X5 + — P1Ps X1 Xs + — P37 X3 X5 -
6T 2 2 2 2 2 2
1 (=3+T)p2x2  (=3+T)pipsx? (1+T)pdxyx2 (1+2T) p?psxq X2
2 2 1”75 1PF5 A5 1721 A5 1 M5 A1 Ag
*p1p5X1X5— + - + -
2 4T 4T 27T 2T
1 , 5, (F1+T) (1+3T)pixd  (-1+T) (1+5T)pipsxa (-1+T) pypéx:
fplpsxlxs— + - +
2 6 T2 6 T2 3T
3 3, , (1+2T) papgx3xs (1+T) pgx3xe
— P2 P6 X2 Xg — — Pg X2 Xg — — Py Ps X; Xe + - -
2 2 2 27T 27
1 2 2 1 3 , P3Xs PrXy 3 2 3 3,2
— P2 Pg X2 Xg + — Pg X2 Xg + - - — P3 X3 X7+ — P3P7X3Xy+ — P3 X3 X7 -
2 2 2 2 2 2 2
1 (=3+T)p2x2  (=3+T)pspsx2 (L+T)pdxsxZ (1+2T) p2pyx3x2
2 2 347 3 P7 A7 383 47 3 P7 A3 &7
~ P3P7 X3 X7 - + - + -
2 4T 4T 27T 27
1 , 5, (F1+T) (1+3T)p3x3  (-1+T) (1+5T) pipsx; (-1+T) p3pjx;
— P3Py X3 X; - + - }]
2 6 T2 6 T2 3T

mn[-1:= vs[Knot[3, 1]]
Out[«]=
{pl.v P25 P35 Pas Ps, Pss P75 X15 X2, X3, X4, X5, Xg, X7}
inf-1- K=Knot[3, 1]; jL[K] d (vseKk)

Out[e]=

. T]E[ Series {0 (-1+T)2 (1+72) T2 (1-4T24T4) ] }
. € a2 7 g (1Ter?)!

128 77 (1-T+T2)
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Invariance Under Reidemeister 3

in[-]:= 1hs = J(]E [70s pi + 715 P§ + 7k Px] £ /@ (X4, 5 [1] Xiva,k [1] Xji1,ke2[1]))
d{pi, pj: Pks Pi+1s pj+1: Pr+1s Xis Xjs Xks Xir1s Xj+1s Xk+1}
rhs = J(]E [7ti Pi + 715 P5 + 7k Pk] £ /@ (X4, [1] Xi,ke1[1] Xis1,5.2[11))

d{pi, pj) Pks Pi+1s pj+1) Pr+1s Xis Xjs Xk Xir1s Xji1s Xk+1}5

lhs == rhs
Out[e]=
TB/ZE[GSG"‘iES{TZ P2:i 7T = (=1 +T) Tpoj g+ (1-T) poak 7t + T Parj 755 + (1= T) Posk 775 + P2k Tk
3 3 » 1 3.2 2
=+ T P2 i+ TPosk i+ — (=1 +T) T7payi Poij 7ty — — (-1+T) T7p5 471 +
2 2 2
1 2 , 1 2 , 1 2 2
E (=1+T) T°pa.i P2+k7Ti—£ (=1+T)°Tpaj Pz+k7Ti—£ (=1+T) TPy 7 —TPag7y+
(-1 +2T) pau 7ty — T2 Payi Parg 7Ti 71y + T° p§+j 737ty 4 (=14 T) T2 Pa,s Pauk 7Ty 715 -

1 1
(=1 +T)2 T P2y Pouk 713 713 = (=1 +T) Tp3, 7y 714 (1T Thas P2k 7T -5 1+ Tp3 ;-

2Pak Tk = T2 P2ai Paok 7T T + (=1 + T) T Payg Paek i 7k + T Pk 7T 7T = T P2.j Pask 715 7k + T Paskc 715 Tks
1

2 Z } 3 2 } 3 2 2
T p2+j7Ti*2Tp2+k7Ti*4T (-1+3T) I92+1P2+j7Ti+4T (=3+5T) py.y71

i-
2 2 E 2
T (_1+3T> p2+ip2+k7Ti+4 (_1+T) T (_1+5T> p2+j p2+k7Ti+

T (-3+5T) p3,, 72 -

i~

1
(-1+T) T°p3.; Pa. rri+g (-1+T) T* (-1+47T) pos P35 713

alpr

(-1+T) T* (-1+37T) p3.5 713

i

QR

5
(-1+7T) T*p3,5 Pauk 7 + g (-1+T)2T pay P2.j P2:k -
3

1
(-1+T)?>T2 (-1+4T) p3,5pok 75 + — (-1+T) T (-1 +4T) pas p3., 73

1
(-1+T)%T (-1+4T) pa Pk - — (-1+T) T (-1+3T) p;+kﬂi+£Tp2+j 7+

m\l—\m

3 3 > 5, 1,
(1-47) p2+k7Tj+£T p2+ip2+j7Ti7(j—£T p2+j7Ti7Tj_£T (=3 +5T) poui Pk 73 75 +

1 1
(-1+T) T (-3+7T) pa.jPack 7Ti 75 + E T (-5+7T) Py 7ty + 5 T° P53, P2.j 713 71§ -

1
T* (~1+4T) pyus P37y + B T (-1+37T) p3ymin -

NP

(-1 +T) T*p3,; Pak 713 715 +

(-1+T) T2 (=54 4T) Ps Pouj Pauk 75 715~ — (=1 +T) T2 (1-5T+3T%) p35 pauic 715 71y +

N

(-14T) TP (-144T) pi Poy ity — = (-1+T)2T (-1 +4T) py,y Py 712 715 -

N R

]

NlRrNIPNMNIRPNIPNIRPNIRPOTIRPOIRPOOTIR,PD™IRPDIRPNR

1 1
(-1+T) T (-1+3T) p§+kn§njsz (-5+7T) pa.j p2+k7r§+ZT (=7 +9T) p3., 5+
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1
T* Pa.i P35 71 715 - 5 TP,y 7t 75 =2 (=14 T) T2 pous Pauj Pavk 71i 715 +

1
(-1+T) T (-1+4T) p3; p2+k7117T§+5 (<1+T) T2 (=14 37T) paui Paoy 7T 715 -

(-1+T) T (1-5T+37T%) ppj P34 71 715 -

z (-1+T) T (-1+3T) p3,, 72 -

]

AR NIRNIRLRNIR
NP

1
(-1+T) T?p35 p2+kn§+g (<1+T) T (-1+4T) pauj P5ic 715 -

3 (-1+T) T (-1+3T) p3,, 73 +

J

alR

5 1
2 Poik Tk + 5 T2 P2.i Pask 7Ti 7Tk — E T (=5+7T) Pasj Pask 7Ti 7k — E T P37 Tk +

1
£T4 P3.i P2k 7 T~ 2 (-1 +T) T>pyyy P2.5 P2:k ﬂ%”k*’; (-1+T) T> (-1+3T) p§+j P2k T3 Tk —

E 2 . p2 2 } 2 2 E 3 2
2T (-1+4T) P2+1P2+k7Ti7Tk+2 (=1+T) T (-1+4T) pa.j p2+kﬂi7rk+2T(—1+3T) P,k 7T Tk +

7
E T P24 P2+k 71§ 7k - E T P35k 71§ 7Tk + 3 T2 Pa.i Pavg Park 7Ta 7T T~ T2 (=143 7) p§+j P2k 714 71§ T =

T2 (-1+37T) pous Poyy 71 71y M+ T (15T +37T%) pouypl, ity me+ T (=143 7T) 3, 7t 713 71 +

1 1 1
5 T? p§+j P2k 7T§ Tk = 5 T (-1+4T) pajP3.y 7T32~ T + 5 T (-1+37) p3., 7T§ Tl + 5 T2 P2.i P3ok 71 7Th -
1 2 2 3 2 2 2 15 2
— (=1+T) TP2j Poc i e = = T P2k 7 Mg + = T P24g Poyk 75 7 = = T P2 75 7TkH
2 2 2 2
Out[«]=
True

Invariance Under Reidemeister 2b

Territory: (x | p)g)jy» Xi|j-

Y
inf-]:= 1hs = jIE [75 P+ 775 P5] £/7@ (Xi,5[1] Xiva,§52 [-1]) d{Xis X5 Pis Pjs Xie1s Xju1s Pis1s Pjerl}

rhs = JlE [7i pi+ 715 p5] £/@ (Ci[0O] Ci,1[0] C5[0] C4,1[0]) A{Xis Xj5 Pis Pjs> Xis1s Xj+1s Pis1s Pje1ls

1hs == rhs
Out[e]=
E [eSeries[py,i 7y + Pasj 7T, @, O] ]

Out[«]=
True

Invariance Under R2c
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In[«]:=

Out[e]=

Out[e]=

In[«]:=

out[«]=

Out[e]=

. .—+_'_
it )t
oL
ALY
S- :
(]

lhs = le [7s pi + 75 P51 £ /@ (Xiy1,5[1] X4, 4+2[-21] C542[1])
d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pys1s Xje25 Pjs2}
rhs = jE [7Tj_ Pi + 7T5 pJ] L/@ (Ci [0] cj_+1 [0] cj [0] cj+1 [1] cj+2 [0])

d{xi, Xjs Pis Pjs Xis1s Xji1s Pi+1s Pj+1s Xj+2» pj+2};
lhs == rhs

) . 1 1
-1 \E E [659P1e5 {qu TTi + P3+5 775, *E = P3+3 75, ; P35 ﬂj} ]

True

Invariance Under R1l

Z‘4—|-

)

lhs = ~J-IE[Wi Pil £/@ (Xi,2,i[1] Ci.1[1]) d{Xis Pis Xis1s Pir1s Xis2s Pis2}

rhs = jIE [7tipi] £/@ (Ci[0] C4,1[0] Ci,2[0]) d{Xis Pis Xis1s Pis1s Xiv2s Pis2}s

1lhs == rhs

-1 E[eSeries[ps.i i, 0, 0]]

True

Invariance Under R1r

(

Rlr
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In[«]:=

Out[«]=

Out[e]=

In[«]:=

Out[«]=

Out[e]=

lhs = JE [7i pil £/@ (X4,342[1] Cia[-11) d{Xis Pis Xis1s Pis1s Xis2s Pis2}

rhs = jIE [7tipi] £/@ (Ci[0] C4,1[0] Ci,2[0]) d{Xis Pis Xis1s Pis1s Xii2s Pis2}s

1lhs == rhs

-1 E[eSeries[ps.i i, 0, 0]]

True

Invariance Under Sw

N

Swt )

lhs = IE [7i pi + 775 P5] £/@ (Xii1,4+2[1] C3[-1] C5[-11 C4,2[1] Cy,2[1])
d{Xis Xj5 Pis Pjs Xit1s Xj+1s Pis1s Pje1s Xis2s Pis2s Xj:25 Pjs2}
rhs = IE [7ti pi + 775 P5] £/@ (Xi,1,5.1[1] Ci[0] C5[0] C4,,[0] C4.2[0])

d{Xi> Xj5 Pis> Pjs Xis1s Xj+15 Pis1s Pj+1s Xis2s Pic2s Xj:25 Pjs2}s
lhs == rhs

1

T E | eSeries [T P3.i 7Ti + (1*T) p3+j Tty + p3+j Ty —— +Tp3+j Tty +
2

(-1+T) TpsyiP3grms -

N

1 2 1 2 2
Tp3+j7Ti_ZT (-1+3T) P3+ip3+j7Ti+ZT (=3+5T) p3.5 7 -

alR

2 3 1
(-1+T) T (-1+4T) p3,sp3,47

i~

|
NIRrNIWOAIRPRNNIRNIPRP —
[N

T (-1+37T) p3jmimy+ p TP3.i P3.g 7 7 - 5 TP ”%H

True
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(-1+T) T (-1+3T) pj57G +— P3.jry+
2

2025-05-01 10:07:37

(-1+T) T Pij - P3+§ 705 = T P3.i P3.j 7T 715 + T P;j T3 T4,

(-1+T) T?p3,i P3.j 75 +

2 1 2 .2 2 1 2 2
T Pp3.i P34j 714 715 - E T p3.5 7t 715 + E T° 3,3 P3.j 71§ 715 - E T(-1+4T) p3.i P34 77715 +



