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Pensieve header: The rank 2 mod $\epsilon”2$ invariant using integration techniques; continues
UC4A2.nb and Theta.nb at pensieve://Projects/HigherRank/.

Initialization

in[-]1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Talks\\Beijing-2407"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Talks/Beijing-2407 to compute rotation numbers.

In[«]:= T3 = T1 Tz_;

+

1 " :=1+1;

The Lagrangian

exec

in[-]:= nb2tex$PDFWidth x= 1.25;

pdf
In[«]:= ’['[X"-,)J,[l]] = T3]E[P1US[

Z,i:l (Xvi (Pvit = Pvi) +Xyj (Pvj* = Pvj) + (Ty = 1) Xyi (Pvit = Pvi*) )
P3j X2i (T1 X1i - X15) »
€ (T3 -1) p1j X3i (P25 - P2i) »
€ (1/2-p3i X3i - T3 P1j P25 X1i X21 + P25 P3i X25 X3i = T2 P25 P3j X2i X35 +
(T3 - 1) p3;j X3i (T1P1j Xai + T2 P25 X21) + (P15 X15 (P2i X2i - P3i X3i) +
T1 P1i X2i (P35 X35 = P25 X25) + (T3 =1) P1j X1j (P25 X2i = T1 P3; X3:)) / (T1-1)),
o[e]’
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Infe]:= Simplify[First[T;lL[Xi,j[l]]] ==
[( (=P1,i +P1,i*) X1,i + (-1 +T1) (P1,i* = P1,5*) Xa,i + (-P1,§ + P1,§*) X1, + (-P2,i + P2,i*) Xa2,i +
P3,j X1, X2,i + (=P2,j + P2,5*) X2,j +

(-1+T3) (P2,i* = P2,j*) X2,i + T1P3,j X1,i X2,

(-P3,i +P3,i*) X3,i + (-1 +T1T3) (P3,i* = P3,5*) X3,i + (=P3,j +P3,j*) X3,j) +
(=1 +T1T2) P1,5P2,j X1,j X2,i

1 P1,j P2,i X1, X2,i
= - T1Top1,5P2,5 Xa,i X, + +
—1+T1 —1+T1
T1P1,i P2, X1,i X2,5
+ (1-TyT3) P1,jP2,i X3,i + (=1 +T1T3) P1,jP2,jX3,i
—1+T1
P1,5 P3,i X1,5 X3,i
P3,i X3,i + T1 (=1 + Ty T2) P1,5P3,j X1,i X3,i - -
—1+T1
T1 (-1 +T1T3) p1,5P3,j X1,j X3,
+Ty (-1+T1T3) Pa,j P3,j X2,i X3,i +
—1+T1
T1P1,i P3,5 X1,i X3,j 2
P2, P3,i X2,5 X3,i + -T2 P2,jP3,jX2,i X3,5| € +0[€] ]
—1+T1
out[e]=
0[e]” ==
pdf
ni-1-  L£[% 3 [-11] :=T;11E[P1us[

ZB/ 1 (le' (pvi* - pvi) + ij (ij* - pvj) + (Tvl - 1) Xyi (pv'i+ - ij*) ) E]
T;l (p3J X315 X2i = Til P3; Xai xZi) ]

e Ti' ((T3-1) pyj Pai Xai - (T3 - 1) Pyj Paj X3i) 5
€ (-1 / 2+ P3i X3i - T1* Paj Pai Xai Xai - (1 -1t - Til) P1j P25 X1i X2i = P15 P2j X15 X21i =

-1 -1
P1j P2;j X1i X25 + T3~ P1j P3i X1i X3i = (1 -T; ) P25 P3i X2i X3i = P25 P3i X25 X3i + P15 P35 X1i X35 +
1 1
P2j P3j X2i X35 + (1 - T3") P3j Xai (Pa2j Xzj + P1j Xai = P2i Xai + (2-T3") P2j Xai) +
1
(T1 (1 -T; ) P1i P25 X1i X2i = P15 P2i X15 X2i + T1 P1i P25 X1i Xa25 -

T3' (T3 -1) pa; P3;j X1i X3i + P15 P3i X157 X3i = T1 P1i P35 Xai X3j) / (T1-1) ) 5
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In[-]:= Simplify[First[T3L[Xi,j[—l]]] ==

1
[((-P1,i +P1,iv) X1, + [-1 + T_) (P1,i* = P1,5*) X1,i + (=P1,5 + P1,5*) X1,5 + (=P2,i + P2,i*) X2,i +
1

P3,j X1,i X2,i  P3,j X1,j X2,i
+

1
[-1 * —] (P2,i* = P2,5°) X2,1 - + (=P2,j + P2,50) X2,j +

T, T T, L

1

(=P3,i +P3,i*) X3,i + [-1 + ] (P3,i* = P3,5*) X3,i + (=P3,j +P3,j*) X3,5| +

1T,
[ 1 p1,jP2,iX1,iX2,i  T1 (=1+T3) P1,i P2, X1,iX2,i  (=Ta=Ta+T1T3) p1,5P2,5X1,i Xo,i
- - + -

2
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P1,5 P2,i X1,5 X2,i T1P1,i P2,§ X1,i X2,5
= P1,j P2,j X1,5 X2,i + = P1,j P2,j X1,i X2,5 +
—1+T1 —1+T1

(-1+T1T2) P1,j P2,i X3,i (=1+T1T3) Pa,jP2,jX3,i
- +P3,i X3,i +

T, T,
P1,5P3,i X1,i X3,i (=1+T1T3) P1,i P3,5X1,i X3,i (=1+T1T3) P1,jP3,jX1,iX3,i
- + +
T1 (—1+T1) TZ Tl Tz

P1,j P3,i X1,jX3,i (=1+T2) P2,5P3,i X2,i X3,i (-1+T1T2) P2,i P3,j X2,i X3,i
- +

-1+T, T, T, T,

(-1+2T3) (-1+T1T3) Pa,jP3,5X2,i X3,1 (=1+T1T2) P2,j P3,j X2,5 X3,
2 = P2,j P3,i X2,5 X3,i +
LER B T1 T,

T1P1,i P3,5 X1,i X3,

—1+T1

2
+P1,j P3,j X1,i X3,5 + P2,5 P3,j X2, X3,jJ €+0[e] ] ]

3
me L6 1011 3= TEE[DT Xyt (Pyir = Pvi) +€ @ (P3,iXs,i -1/ 2) +0[e]?]

nl-1:= L[Ci[e]]
Out[«]=
(TyTp)?
1

E| ((-P1,i +P1,14i) X1,i + (= P2,i + P2,1+i) X2,i + (=P3,i + P3,1+1) X3,i) + @ (*5 +P3,i X3,i| € +0[€}2}

exec

in[-]:= nb2tex$PDFWidth /= 1.25;

in[-]:= << FormalGaussianIntegration.m
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mi]-  ps; i=Sequencelpy i, P2,is P3,il;
Xs; :=Sequence([Xy i, Xz,i, X3,i];
vs; :=Sequence[ps;, Xs;];

Flis___1 :=E[Sum[m, ;p,,i, {1, {is}}, {v, 3}11];
L[K_ ] :=CF[L£ /@Features[K][2]1];
VS[K_ ] := UnioneeTable[{vs;}, {i, Features[K][1]}]

pdf

Reidemeister 3

pdf
in[-]:= BalancingHack = ReplaceAll[eSeries [most___, Last_] =»
eSeries[most, CF[Llast /. {ns__ = B!m., pss B pss}] /- B- /;b<0 e]];

In[«]:= Shor't[lhs = j}'[i, Js k] £/@ (Xi,5[1] Xi+,k [1] X4+,k+ [1]) A{VSi, VSj, VSk, VSi+, VSj+, VSi+} //

BalancingHack]
Out[-]//Short=
pdf
T3T3E [eSer‘ies [Ti P1,2+i 71,1 — (=1 +T1) T1p1,2.97m,1 + (1 -T1) P1,2ek 71,1 +
<<24>> + T3 Ty P3,2.5 73,5 + (1 = T1 T2) P3,2.k 73,5 + P3,2:k 713,k — + <<107>> ] }
2
pdf

in[-1:= rhs = j?[i, js kK1 £/@ (X4,k[1] Xy, k- [1] Xi+,5-[1]) d{VSi, VSj, VSk, VSji+, VSj+, VSir} //

BalancingHack;

lhs == rhs
Out[e]=
pdf

True
pdf

The Trefoil

pdf

in[-1:= K=Knot[3, 1]; IL[K] d vs [K]

Out[]=
pdf

1-Ty+T2-To-T3 T+ T34 T T2-T, T5-TF T3+ T2 T5-T; T3+T1 T3 } ]

i T2 T3 E[eSeries [0, -
11112 €Series @, (1-T1+T2) (1-Tp+T3) (1-Ty To+T2TE)

(1-Ty+T]) (1-T2+T3) (1-Ty T+ T3T3)
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