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In[-]:= N =3;
A = IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} - &a,5, {N, n}11, {B, 1, n}, {a, 1, B}];
A // MatrixForm

Out[-]//MatrixForm=
3 €1,1+€ & 3 €1,1+¢,
etul gféiitéae 51)2 @533 ((E 1,1 51,3 + @sL17e2.2 51,2 52,3)

%) e§z,z e52,2+§3,3 52)3
0 0 ess

in[-]:- Reduce[x+y+z==08&&X +Yy == 0]

Out[e]=
z==08&X == -y
i1~ Solve[e* = e¥, X, Assuming - {y € Reals} |
Solve: Unknown option Assuming in Solve[e” == ¢’, x, Assuming - {y e R}].
Out[«]=

Solve[e* == ¥, X, Assuming - {y e R}]

inf-]:= utm, [1_, j_->R_] :=Module[{A, a, B, eqns, vars, sol, £},
Ei,j)k [
A = IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} » &.,5, {N, N}11, {B, 1, n}, {a, 1, B}];
(» This specifies the PBW ordering =x)
eqns = And @@ Thread [Flatten [CF[ (Inverse[A /. .5 = 8,51 /. Es 0 2 &a,a[l] +&4,2[7]1) .
(A/.&ap »Eas[1]) o (A/e 8oy = Es[71)11 = Flatten[IdentityMatrix[n]]1];
vars = Union@Cases[eqns, £ , ©];
{sol} = Solve[egns, vars];
CFL(vars /. Eas - Xqg[R]) . (vars /. sol) +Sum[X,,q[R] (£4,a[1] + &€4,a[J])» {a, N}]1]
1
15

in[-]:= utm, [1_, j_->R_] :=Module[{A, a, B, lhs, rhs, eqns, vars, sol, C},
E(i,53-0k [
A = IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} - &5, {N, n}11, {B, 1, n}, {a, 1, B}];
(» This specifies the PBW ordering «)
lhs = (A/. &up » Eapll]) e (A/ Eup > EaplT]) s
rhs =A/. 8,5 2 8ap /84,0 Ea,alll +&a,2[71;
eqns = And @@ Thread [Flatten /@CF /@ (lhs == rhs)];
vars = Union@Cases[rhs, £ , o]; {sol} = Solve[eqns, vars];
CF[(vars /. Eas_ = Xap[R]) . (Vars /. sol) + Sum[Xa,q [R] (€a,ali] + £a,alJ1)s (@5 N}1]

15
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In[-]:= utmg[1, 2 » 3]
efL (1162, [1]+55,2 2 51 (1] + 4 @u1[1]+61,1[2]+62,2[2 §1 ,[2] = - efu1[11+61,1[2]+6,2[1]+65,2 (2] §$155291,2&&
e U616 020 g o1 ] e (1620465120 ) L) “6511[1%&:[11@33[ 17623021 £} ) [1] &,,3[1] +
efril+ 62 [1+02[20+6312] o) 117 &, 2] + efut (M e [21+622(202602] o) 127 ¢, (2] =
efta M enaRIvEs G 2] (0415529, 4 4 o221 %22(2) £415529, , £$15529, ;) &&
ef22[11+63,3[1]+63,3(2] £3,3[1] + @f22[11+82,2(2]+63,5(2) £2,302] = e22[11+62,2[2]+83,3[1]+63,3(2] £$15529, ;

Out[e]=

E(1,215(3) [X1,1[3] E1,1[1] +X1,1[3] &1,2[2] +
e x5 (3] €1,5[1) + e 2 x5 (3] €1,5(2] + @ 2P % 503] £1,3(1] +
e 21 %y 53] €1,312] +%,2[3] €2,2[1]) +%5,2[3] £2,2[2] + e 2212 % 3(3] &,,5[1] -
X1,3[3] €1,2[2] &2,3[1] + @ =2 x5 3[3] £5,302] +X3,3[3] €3,3[1] +X3,3[3] &3,3[2] |

in[-1:= Table[First@Timing[n - utm,[1, 2> 3]], {n, 6}]
Table[First@Timing[n - utm,[1, 2> 3]], {n, 7}]
Out[-]=
(0., 0., 0.03125, 0.078125, ©.796875, 7.6875}

Out[«]=
{0., 0.015625, 0.03125, 0.109375, 0.859375, 6.92188, 95.4688}

in[-]:= Short[lhs = utmg[1, 25 2] // utms[2, 3> 1]]
rhs = utms[2, 35 2] // utms[1, 25 1];
lhs = rhs
Out[-]//Short=

Ey1,2,335013 [X1,1[1] €1,1[1] + <<108>> + X5 5[1] &5 5[3] ]

Out[e]=
True

in[-]:= TriangularSolve[egns_, vars_] := Module[{sol = {}},
MapThread [
{e, v} — sol =sol|JFirste@eSolve[e /. sol, v],
{eqns, vars}
15
sol

]
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inf-]:= utm, [1_, j_->R_] :=Module[{A, a, B, lhs, rhs, eqns, vars, sol, £},
E(i,51-0k [
A = IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} » £.,5, {N, N}11, {B, 1, n}, {a, 1, B}];
(» This specifies the PBW ordering =«)
lhs = (A /. §a/:’__ x4 §a/3’[i]) (A /. §nﬁ__ » Eop [J1);
rhs =A/. &5 »8ap /-8 ,a Ea,alll +€a,2[71;
sol = TriangularSolve [
FlatteneTable[lhs[a, a + éa] == rhs[a, a+ éal]l, {éa, 1, n -1}, {a, 1, n-6a}],
vars = Flatten@Table[Z,, ,ss5q5 {0, 1, n -1}, {a, 1, n-6a}]
15
CFL(vars /. 8as - Xqg[R]) . (vars /. sol) +Sum[X,,q[R] (&4,a[1] + &4,a[J]1) 5 {a, N}]1]
1
15

In[-]:= utmg[1, 2 » 3]

Out[e]=
E(1,2)5(3) [X1,1[3] €1,1[1] +X1,1[3] &1,2[2] +
e 1) %y 53] £1,201] v e 22 xg 5[3] €152 + e 1P %y 53] &4,5[1] +
e 2 g 3[3] £1,3[2] +X%2,2[3] £2,2[1] +X2,2[3] &2,2[2] + @ 212 x5 5[3] £5,5[1] -
X1,3[3] €1,2[2] &2,3[1] + @ =2 %5 3[3] £5,302] +X3,3[3] €3,3[1] +X3,3[3] &3,3[2] |

in[-]:= Table[First@Timing[n -» utm,[1, 2> 3]], {n, 9}]

Out[«]=
{0., 0., 0.015625, 0.015625, 0.0625, 0.0625, 0.34375, 1.625, 8.875}
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in[-]:= n=5;
lhs = utm,[1, 2> 2] // utm,[2, 3 > 1]
rhs = utm,[2, 3> 2] // utm,[1, 2>1];

1lhs = rhs
Out[«]=

E(1,2,3)5013 [Xl 1017 €1,1[1] +X1,1[1] E1,1[2] +Xq,1[1] &1,1[3] + e 812100 Bl iy, (1] &5 ,(1] +
e B2ty H11] &y ,[2] + e 22822y 5 11] £ 53] + e TP Blyy 511) &4 5(1) +
e niBlrssltl sm 1,3(2) +@ @3Sy 117 £ 53] v e TP anBl g G 11] £y 4 (1] +
et mtanlll g 1[1] &1,402] + @t B0l 1117 £ 4[3] +e sl 117 £y 5 (1] +
e furl3l-cssl] X1,5[1] €1,5[2] + e tosltlcss(2] X1,5[1] €1,5[3] +X2,2[1] €2,2[1] +Xp,2[1] &2,2[2] +
X2,2[1 ] €2,2[3] + e 222176223 X2,3[1] &2,3[1] - e 3 X1,3[1] €1,212] &2,3[1] -
e 2220 %y 3[1] £1,203] &5,3[1]) + @ 2B 550 5, 5117 &5 572] - e 2 xg 5[1] £1,,[3] &,302] +
e Sl x, 3117 &533] + e 221523 5, 117 65 4[1] - @ S8 x4 [1] £1,2[2] &2,4[1] -
e 220 g 4[1] £1,2(3] E2,4[1] + @ 2218l 4117 &5 412] - e * 1 xq 4 [1] £1,2(3] £2,4(2] +
e tae [t sl y, 1] £5,4(3] + @ 22152030 5, 0117 &5 5 [1] - @ 1B xg 5 [1] £1,5[2] &,5[1] -
e 220 xy o [1] £1,2[3] &2,5(1] + @ 2P Sy, (117 &, 512] —e ™™ xq 5 [1] £1,2(3] &2,5(2] +
e fos I Ens 2]y, S11] €5,5 (3] +X3,3[1] £3,3[1] +X3,3[1] £3,3[2] +X3,3[1] &£3,3[3] +
e 212175 By 1 11] £3,401] - 5003 xq 4 [1] €1,302] £3,401] - e =212 xq 4 [1] £1,3(3] &£3,4(1] -
e 2203 X2,4[1] €2,3[2] £3,4[1] +X1,4[1] £1,2(3] €2,3[2] &3,4[1] - e 12 X2,4[1] €2,3[3] &3,4[1] +
e t»3[31-taall] X3,4[1] &£3,4[2] — e ceelt] X1,4[1] €1,3[3] &£3,4([2] — e teell] X2,4[1] €2,3[3] &£3,4[2] +
e tne [t sl 1117 &5 4[3] + @ B2 21503 5 o117 &5 5[1] - e S0P xg 5 [1] £1,3[2] &,5[1] -
e &2 xy 5[1] £1,303] &3,5[1] — e 2280 x5 5[1] £3,302] &3,5[1] + Xq,5[1] £1,2[3] &2,3[2] £3,5[1] -
e 2 x5 5 [1] £2,3[3] £3,5[1] +@ @3PSy (117 &5 512] —e ™ xq 5 [1] &1,3(3] £3,5(2] -
e M Xy 5 [1] £2,3[3] &3,5(2] +@ 55520 %y (117 €3 53] +Xa,4[1] Ea,a[1] + Xa,a[1] Ea,4[2] +
Xa,a[1] Ea,a[3] + @ 0012175003 5, (117 £, 5[1] - e 23 xy 5[1] €1,4[2] Ea,5[1] -
e 012 %y 5[1] £1,413] Ea,5[1] - e 22830 x5 5[1] £2,412] Ea,5[1] +X1,5[1] £1,203] E2,4[2] Ea,5[1] -
e toel?] X2,5[1] £2,4[3] €a,5[1] e 303 X3,5[1] €3,4[2] €a,5[1] +Xq,5[1] £1,3[3] €3,4[2] Ea,5[1] +
X2,5[1] €2,3[3] £3,4[2] €4,5[1] - e tuel2] X3,5[1] €3,4[3] &a,5[1] + + @ teel3Ess (1] Xa,5[1] €a,5[2] -
e “ 1 Xy 5[1] £1,403] €a,502] - @ 5 x5 5[1] £2,403] €a,5[2] —@ = x5 5[1] £3,4(3] Ea,5[2] +
e sl 0117 &4, 53] + Xs5,5[1] &s,5[1] + Xs,5[1] &s,5[2] +Xs,5[1] &s,5[3] |

out[«]=
True
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