Dror Bar-Natan: Academic Pensieve: Projects: glneps: glneps.nb 2026-05-11 10:47:03

Pensieve header: A full implementation of Sgl_n*\epsilons.

in[-1:= SetDirectory["C:/drorbn/AcademicPensieve/Projects/glneps"];
Once [
<< "KnotTheory™ ";
<< "Rot.m";
<< "PolyPlot.m";
1

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m to compute rotation numbers.

Loading PolyPlot.m to plot 2-variable polynomials.

In[-]:= (xFormat[&, 5 ]:=&up5%)
€1,2

Out[e]=

€1,2

utm for “upper triangular multiply”
lcm for “last column multiply”.

inf-]= utmg[1_, J_ 5 » R.] :=E[1, J, » RI[(&1,2[1] + &1,1[T]) X1,1[R]11];
lcmn_[i_: j_: > k_] i=
n-1
E[i, 35 5 k][ (En,n (1] + €00 [31) Xa,n[R] + 3" (80,0 15172 &0, 18] + 61,0 [31) X0,0 LK1 ] 5
v=1
mf-1:= lemg[i, j, , k]
Out[e]=

E[i, j, Null, k] [
&1,3[1]

X3,3[K] (€3,3[1] +&3,3[F]) +X1,3[K] [§1,3[j] + :
=3,3(]]
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in[-]:= n=5;
ZM = Table[O, n, n];
E. ,s :=ReplacePart[ZM, {a, B} > 1];
B = IdentityMatrix[n];
Do[B = B.MatrixEXp [€a,a+6a Ea,arsal » {6, @, N-1}, {a, 1, n-6a}];
Bi=B/. &, =&.,[1];
Bj=B/. & &[]l
Bk=B /. &, =&.,0K];
MatrixForm[Bk]
MatrixForm[Simplify[Bi.Bj]]

Out[«]//MatrixForm=
efalll efnnlld gy (k] et gy 5[k + el &y 5 (k] &a,3[k] e &y (k] + el &y 5 [k] £a,4 [k

0 eS2.21k] ek g, Sk ef2lkl g, 4 (k] + ezl
0 ) e (K] e5s 1K g,
0 0 0 efoelk
0 0 0 0

Out[-]//MatrixForm=
efulil+€1,1[3]  gé1,a(1] (eéz,z[J] §1,2[i] + @é11ld] §1,2[j]) ebuali] (e&,s[J] §1,3[iJ + esuld] 51)3[3'] + @533

e 111462, (3] ef2li] (g
0
0
0

®© ®© © o
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in[-]:- eqns = And @@ Thread [Flatten [Simplify[ (Inverse[BK] /. &, ., [K] > &, ,[1] + €4,,[J]) -Bi.Bj]] ==
Flatten[IdentityMatrix[n]]]
Out[-]=
e trrlilreaal] 512[ 1+ &1,203] - &1,2[k] = 08&&
e 16l §13[ ]+ €1,3[3] - E1,30k] + e lEs 0l gy 17 &, 504 -
e 223160 glz[ ] E2,3[1] + e flIlre22ll gy 14 ]§23[ ] +€1,2[3) €2,303] - €1,2[K] €3,3[F] =
e&&efﬂm*f‘” V€1,a11] + €1,4[3] - E1,alk 1+e§“[ Hrenell] gy 5[1] €,a[1] -
e 2231 basli) o) (k] &5,4[1] + e Srr 1 ve22 03] §12[ 1 &2,4[3] +
&1, 2[J]§24[ ] - &1,2[K] &2,403] - e 231 +8aald &, 3[ ] &3,4[1] +
e 3 tasld) o) o111 &5,3[1] &3,a[1] — e =220 53] g k] §2 3[1] &3,4[1] +
e fuil316s ) 6y 514] &5,4(3) - £,3(K }53,4[‘] e el gy 4] &,3[4] &,405] -
e 2201083 0) gy 5 [K] €3,3[4] E3,4[F] + e 20152200 61 5 14] & 515 &3,4[F] +
&1,2[3] §2 3[ 1 €3,4[3] — &1,2[K] &€2,3[F] &£3,4(3] +§1 3[ ] €3,4[k] = 08&&
e 1 llrssld §15[']+§1,5[j1—§1,5[ ] +efn sl 4] &5,514] -
e 223163l gy 5 1k] €g,5[1] + @ Fr2lI1re220] 512[ ] €2,5[3) +
€1,213 ]525[ ] - E1,20K] Ea,5[F] + e B30l gy 4] €5 (4] -
e ©2231EsslI) o) S k] &3,5[1] + e v 13less Ul gy 514 ] &2,3[1] &3,5[1] -
e 22 01vesslI) o) oK) &a,301] &3,5 (1] + e 215 0) gy 51d) &5 515] +
£1,3[3] &3, 5[ ] - &1,3[K] &3,5(3] + '5“[3 e300 512[ ] &€2,3[1] &3,5[3] -
e f2211+55 000 o) ) [k] &5,3[4] 53,5[j}+ il 0l gy o4 ]52 3[J] &3,5(3] +

€1,213] «523[ ] &3,503] ~ €1,20K] €2,3[3] &3,5[F] —e >+ 31755030 £y (k] &4,5[1] -
e*&ﬂ”*‘fﬂ V€1,31K] E3,a01] Eays[i] + e 02 1v8ss0) o) o 14] &5 3[4] £3,4[1] Ea,5[1] -

e 22030555000 o) 5 (K] &5,3[1] €3,4[1] Eays (3] + @ #3755 030 6y 51K &34 (K] a,5([1] +

e f12lilrEaald] E1,4[1] Ea,5[3] - E1,aK] Ea,5(7] +e'§“[']+§4“ 3] E1,2[1] &2,4[1] Ea,5(3]

e f2231rEaad] E1,2[K] £2,4[1] Ea,5(3] - e 231 +aal] V&1,3[K] €3,a[1] Ea,503] +

e f1alil asldl E1,2[1] &2,3[1] &3,a[1] §4,5[j} - e f22lilrtasldl E1,2[k] &2,3[1] &£3,4[1] &a,5(3] +
e 1l 0) ey G147 €3,403] €a,5 131 - €1,31K] E3,413] &, 5[ i1+

e 1317500 o) 5 14] &5 317 €3,4(3) Sa,5[F] — e 2375300 &) (K] &5,301] €3,4[3] Says(3] +
e t11l3]+e22(3] E1,2011 &2,303]1 £3,403] Ea,5[3] +E1,213] €2,303] E3,a(7] Ea,5(3] -

1,2 [K] §2 3['] €3,4[3] €a,5[3] + &1,3[K] &E3,4[K] €a,5[F] + €1,4[K] 4,5 [K] =0 &K
e 2213076200 o) S 4] + &5 5[] - &2,3[k] = 0&&
o-E22(3]+Eaal] 524[ ] +E2,a[3] - Ea,alk] + e 2231 Caali) g, S1d7 g5 411 -

e 33 [i1vEaald 523[ ] E3,4[1] + e 221016300 ) 14 ]'534[.]+§23[j}§3,4[j1*§2,3[k] £3,4[7] =
08&& e »21 50l &) (1i] 4 &5 5[] - &5 [k 1 e 2l Il gy 5[4 £3,5[4] -

e &2 01vesslI) o) S 1k] &3,5[1] + e 22315 §2 3[1] &€3,5[3] +
§23m £, 5[ 1 - €2,3[K] £3,5[F] — e FeelIessld 524[ ] Easli] +
22001765500 ) 111] €3 4[1] Eq,5[1] - e 22 3155s13) &) S 1k] ~§3 ali] Cas[1] +

e 2 010e 0l ¢; 4117 €4,5[3] - Ea,a (K] 545['] e 201l o, 5117 €3,4[1] 4,5 03] -

e 3331 +€aal] 523[ ] &3,4(d ]§4,5[j]+e§“[ﬂ+§“ E2,3[1] &3,4[3]1 Ea,5[31 +

&2,3[7] §3 4[ 1 €a,5[3] — €2,3[K] €3,4[F] €a,5[3] + £2,4[K] Ea,5[k] == 0 &&
e 3331 +€aal] ,534[ ]+§34[ ]—§3’4[k] == 0 &&
e £33 +Es,s03 53 s[i] + Es,5[3] - E3,5[K] + e 533 [31+6s,5 03] E3,ali] &a,5(1] -

e S4alilressll g0 (K] E4,5[1] + @ 213178al0l 3 1137 &, 5[F] + E3,4[F] Ea,5[F] - E3,4 (K] Ea,5[F] =
08& e o355Il o) 1] + &4 5[] ~ a5 (k] = O
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in[-]:= vars = Union@Cases[eqns, § [k], =]

Out[«]=

{(E1,2[K], E1,3[k], E1,a[K], &1,5[K], £2,3[K), &a,alk], Ea,5(K], E3,a[K], &3,5(K], £a,5[k]}

in[-1:= {sol} = Solve[eqns, vars]

Out[e]=

{{€1,21k] » et Bre2200 g, o 14) 4 &4 5 (5],
E1,3[k] » e 11314613 V&1,301] + &1,307] - e 223180 1'&1,,03]1 &2,3111,
&1,4 k] > e furllbasl] V&1,411] + E1,403] — e t22ldlrEas] 1'€1,203] &2,411] - e f22ldlrEasl] L &1,503]
£3,3[1] &3,4[1] + e 2130500 ¢ i &5 4 13] —e 220103 ) 5 15) &5,511) £3,4130,
E1,50k] » e l3essl gy o1y 4 gy o [§] — e 2Bl Es Il g 5] &5 (4] -
et sl gy 515 }535[ ] - e el gy 5 15] 6504 }534[']§4,5[i]+

e 11316 3]-Canlil s (3 513['153,4[31&,5['] + @ fnellress 3 513['1534['] Ea,5[1] -
e*fz:z”*ﬁn”f“[ 18531 1 5131 &5,304] 534[‘1545[‘] e o 3reaal3) o) 1 1i) &4503) -
e c2201%0aald) o) ) 15] £5,4[1] Sa,5(3] - e o2 5aell g 197 &, 504 1534[ ]5 s[J] +
e f11lilrEald IRLE! ]§34[']§45[.]* ~€22(31+6,2 0 §12[']§2,3[ 1 &3,403) &a,51037,
Ea,3[k] » e 2050l o) S i) 4 &, 5151,
52,4“(]%@75“[ I+€a4l] §24[ 1 +&2,4[]] -e e 513)Eaald §23[J]§3 a[i],
§z,s[k]+e’€“[ IrEss 3] gy s [4] + &5,5[F] — e 27555000 &) 5157 &5,5[1] -
e 23555000 £y 313] €3,a (1] a5 (1] + @ 220175600 g5 4 14] &4 515] -

e 33131 casl] §23['1§34[ ] €a,5[315 E3,a1k] » e &3 asll gy 4] 4 &5 451,
&3,5[k] = e 22 (31+8ss 13 Vg s[1] +&3,5[] —e “Eaaldl+bssld 1 &3,413] &a,511],
Ea,5k] » e e leess Ol g (i 4 gy s[31}}

in[-]:= Simplify[ (vars /. £ » x) . (vars /. sol) ]

out[-]-
X1,2 [K] (@_5“[ I+62.203 '51 2[1] + &1, Z[JH +
x1,3 (k] (e 015500 gy i) 4 gy 513] - e 22050 g 5 15] &,504)) +
x2,3 (k] (e 2015500 & i)+ &5 5037) +
Xp,4 k] (e 22030 eeeldl gy 1] 4 &5 4 5] —e el ) (5] €3,4[1]) +
X3,4[k] (@203 50l g5 f1d] 4 &34 (3]) +
x1,a [K] (e @1 01v5eel0l g 13] 4 gy 4[F) - e @201 5e 0] g 5 [5] &5 4 [1] - e 2 (31+5s 1] ¢y 5 1)
&2,3[1] &3,4[1] + e falilrbasll] E1,3[1] &3,403] - e f22lil+ess 03] €1,2031 &2,3[1) 53,4[]]) +
X35 (k] (@ @205 00 gy (i) 4 g5 513] - e el gy 4 15] &4 5[4]) +
xa,5 (K] <e—«£4,4[j]+§5,5[j] Ea,5[1] + &a, S[J]) +
Xz,5[K] <eﬂ§2’2[ Ivessl3) ) s[1] + &, s[j] - e c»2131rEss 1 &5,303] §3 5[']*"37‘53’3[.@55[J &2,307]
£3,411] &, 5['] e 2201l o) (1] &4 53] - e @25 0) &, 5 15] &5 4(4] €a,5(31) +

x1,5[k] (e 2B 5ss 0l ey o14) 4 gy 5(F] - e 22030755500 ¢y 5 (3] &5,5 (1] -

621014855 0) gy S0 1535[ ] - e fe2lilsessll g o5 1523['1534['154,5[i]+
-€1,1[31+E3,303]1-Ca,a[F]+E5,5 [ §13['] 53)4[ ]‘54,5['] e*&,a[ 1+&s,5(3 §13['] 534[.] 4,5
~€2,2[31+€3,3[31 82,4131 +Es5,5(] él 53] §213[i] §34['] 545['] ~'§11[J]+§44 J[1] € a5
223V faald) o) 5 19] &5,a[1] Ea,5[F) - e w22l es 3l g 15] &5 511 §3,4[ ] s3]
Bl 0le) S 14 £5,4(3] a,5 3] - e 220075300 6y 5151 €5,5(1] €3,413) Ea,5(3])

o 6 6 06 0
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in[-]:= n=5;

ZM = Table[O, n, n];
E. ,s :=ReplacePart[ZM, {a, B} > 1];
B = IdentityMatrix[n];
Do[B = B.MatrixEXp[Eqa,s Ea,p15 {B> 1, N}, {a, 1, B}];
Bi=B/. &, =&.,[1];
Bj=B/. & &[]l
Bk=B /. &, =&.,0K];
MatrixForm[Bk]
MatrixForm[Simplify[Bi.Bj]]

Out[+]//MatrixForm=

eftalkl el el o) (k] eSslk (efalk) gy k] +@&,mkmz,z[m E1,5[K] E2,3[K]) efelk) (efualkl

) ef2.21k] ez kI8l o) L]
0 0 et k]

0 0 0

0 0 0

Out[-]//MatrixForm=
e§1,1[i]+§1,1[j] e§1,1[i]+§z,z[j] ( 522 51 2[] §11 §1 5[] J) e§1,1[1]+§3,3[j] < §33 51 3[ }+e§1,1[j] &

e2.2[11+&,2 7]
0
0
0

®© ®© OO0 o

in[-]:= eqns = And @@ Thread [Flatten [Simplify[ (Inverse[BK] /. &, o [K] = &, ,[1i] + €4,,[F]) -Bi.Bj]] ==
Flatten[IdentityMatrix[n]]]

Out[e]=
i Cl 512[ ] +&1,2(3 1 e &, [k]) =08&

e (Sl §1 s[i] + et gy 5] - et sl gy sk + ef22 8l gy h 1] &5 5[4 -
efl’l['hg“[l“g“ L &1,5[K] &,3[1] +@§Z’Z[’]+§“ Le1,0[1] &,303] +
et e 61 53] £,3(3) - e DBl gy 5 (K] &,5 (31 ) - 088
eteeld] <§14[ ] e+ gy 41k - S b &1,31K] &3,4 1] -
efz2lilraslil o)) 2[ ] (&2,411] re i gy 3[ ] €3,4[1]) +@7§1’1[j]+§4’4[i]
(514['} e 615 (4] &5,4 1] + €20 &1 (1] (E,a[1] + 21 & 5[1] &3,4[4])) +
e ) g1 53] £3,4[F] + e e lroanliletns )
(&1, 3[ ] - el gy 5 k] + e (§1 2[1] - et 0l g 5[k 1) €2,3[11) &3,403] +
e223) €1 53] (524['} el §23[ ] €3,403]) +
e furldleeaalilfazld (512[ ] e 0l g Hk]) (€2,4[F] + ™20 &5 313] £3,4(3])) =0 8&
efesl) (515[ } efsslt l&1,51k ] + el 513[ ]53,5[3'}*@&4’4[.@55[1 514[ ] &a,5[1] -
et Mt g (k) (&3,5[1] +e®lH &5 4['} E4,5[1]) — et gy kg
(§25['1+e5“ a4 ]545[ ] +e®2 g, 51i] (535[‘]+e§“ €3,4[1] Ea,5[1])) +
e falilnEssii (5 s[i] +eflt L E,301] &3,501] + etoslt V&1,a11] 4,501 +
efaaltlrcanll V€131 €3,a[1] a,501] + etzz] &1,2[1]
(E2,501] + @1 &5 4[1] Ea,5 (1] + ™2 1H &5 3[1] (&5 (1] + e+ H &5 4 (1] &4,5[4]))) +

https://drorbn.net/AcademicPensieve/Projects/glneps/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: glneps: glneps.nb 2026-05-11 10:47:03

efeeld §14[']§45[ I+ e§11[]+§44[]+§44]] (€1,a00] -0 & 41k ] e2213 €1 5 [1] &5,4[1] -
efvrlilrbazlll o) (K] &5,4[1] + €211 £ 3[1] &3,4[1] - 0231750 M g 51k &5,411] +
&,

522[ J+&3,3[1 §12[ ] [ ]534[ l-e §11[ J+&2,2[1]+&3,3[1 512[ ]52,3[ ]§34[ ]) 545[ ]+

§3,3[J +§4A gl 3[ } } §4 5[ '] §1,1[j]+§3,3[i]+§3,3[ ]

f22(1]+€2203 (512 i] - et €1, 2[ }>
(€2,5[3] + e &5 413] &a,5 (3] + e &5,503] (€3,5[F] + e &5 4(3] €a,5(F1))) = 08&
e533 03] <e"§2'2[ I8l gy 3[4] + &5,3(F] - e &5 5k ]) =
0 &&
R Gt §24[ ] vl gy 4 [3] - eIl gy 4 [k + @Bl hesli g, 5 14] &5 4 [4] -
eéz’Z[-]@”[l]@“ 1 &5,3k] &3,4[1] + et»211)rEasl] V65,311 €3,a03] +
2010200 6, 5 [3] €3,4(3) - e2 012l a0l 6, 5 1k) £5,4(3]) = 0 &&
g5l (€2,513 } —efs gy o[k - et sl gy 1K) &5 (1] -
e [ilvess i 523[ ] (53,5[1] etslt) gy 4[ ] &a,5(1 }> +@7§2’2[j]+§5’5[i]
(gzsm ettt gy 4 [1] Eas[i] + @2 &5 3[1] (&5,5[1] + ™4 1H &5 4[] &4,5[])) +
§44 524['] §4 5[] *522[j]+§44[ ]+&a,a(7]
(€2,4[1] -~ €200 & 4 (k] + e (& 511] -2 &5 5(k]) &5,4(1]) &ay5(F] +
el &, 519) (535['} et &3 413] a5 (31) +
e 223146114603 (52 3[1] - e®213) §2,3[k}> <§3,5[j] e+ &3 413] '54,5[j])> = 08&&
etaald] <eﬂ§3’3[ el gy 0 [3] + £3,4(F) - "0 €3,40k]) =
0 &&
e @2 lIlEs O] (gfeslt 535[ ] et gy g [§) - efa sl gy k] v efesll sl gy 4] £4,5[1] -
@S2 [l 6aalilvtss (i 1 &3,41K] Ea,5(1] + efuelilbasl] D &3,401) Ea,503] +
22131 aald] E3,4[3] Ea,5(3) - efalilrcaaliltanl] &3,4 k] 54,5[j1> = 08&&
efss 0] <eig4'4[j]+§5’5[i] Eays[1] + Ea,5[F) - e &4 51k 1) =
0

3,407
(£1,3[1] - e 01 &1 31k + e®22 [ (é‘lz[ ]— e 10l g1 5(k]) &,301])
(€3,503] + e &54[3] €a,5(3]) + 2090 &15(3]
(E2,5[3] + >l 524[31545[‘] e &, 53] (&5,503) + ™) &5413] &ay5031) ) +
*§11[]+ [
]

In[~]:= Vars = Union@Cases[eqns, §__[k], ©]
Out[«]=

{(E1,2[KT 5 E1,3[K], &1,a[K], &1,5[K], £2,3[K), &a,alk], Ea,5(K], E3,a[K], &3,5[K], £a,5[K]}
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in[-]:- {sol} = Solve[eqns, vars]

Out[«]=

{{&1,21k] - ‘5“[]522”( F2lt g H i) + el 512[ 1),
€1,30k] » —e i Ilmealll (Lefalll gy 5 4] — et gy 53] v &2 B0l gy 5 (5] &,5(1]),
£1,8K] - —e Erald) fuald
(-e®e 1) g 4[i] - et gy 4[] + efra(Ilrtasld 512['1524['] et easlll gy S 15) &5,4110),
E1,5[k] » -e 131655 1] (7e§5,5[1 S1,5[1] —e™1 00 gy 53] + efrililEssli L &1,,03] &,5011 +
et Ess il gy S 15) &5 5 (1] + e 1ol §14[ ] €a,5011),
£2,3[k] > e 22 5l ( Sl gy 5 [4] + ef22 §2 3[31),

e
=€2,2[31-€4,411] ( e§44[1 [11 \522 § 4[] §zz[J]+§44 §23['] §3,4[i]),
-&2,2[31-&5,5[1]

&2,4[k] - -e
&a,50k] - -e

(-es ) g5 1i] ~e20) gy 5[] + e lTIrenell gy =
&3,4 (k] > e Sl Casll] <@§4’4[1 £3,a[1] + ™20 53 4l )
&3,5[k] » —e #3031 ¢ss ) (7e§5,5[i] &3,5[1] - e &5 5[]
Eas k] > e el sl (sl gy [4] 4 efeall] g, ([5])

] &35 (1] + @205l g 4 15) &4 5140,

]+ el gy (9] &454])
}

in[-]:= Simplify[ (vars /. £ » x) . (vars /. sol) ]

out[«]=

xa,2 (k] (e gy 5 1i] v e 2 g 5 [57) + e 10 xq 4 [K] €x,a 1] + @ % xq 4 [K] €1,4[F] +

e 100l xg o [k] &q,5[1] + e s X1 s[k] &1,503] +e 2200 x5 5[k] &5,3[d] +

x1,3 (k] (@10 gy 1)+ e ™2 gy 5(3] - 61,203 €2,308]) + e xp 5[] &2,5(F] +

e 22030 %, 4 (K] €2,a[1] ~ X1,a (K] €1,2[3] £2,a[1] + @4 x5 4 (k] £5,4[F] + @ 2213) x5 5 [K] 5,5 (1] -
x1,5[K] €1,203] S2,5[1] + @5 x5 s [K] £3,5[F] + @23 x3,4 (K] €3,4[1] ~ X1,2 (K] £1,3[F] &3,a[1] -
X2,a[K] €2,3[3] &3,a[1] + @ *** 1) x5 4 (K] &€3,4[F] + @23 x3,5 (K] &3,5[1] ~ xq,5 (K] &£1,3[F] &3,5[1] -
Xa,5[K] €2,3(3] &3,5[1] + @5 x5 5 (K] &3,5[F] + @ ) x4 5 [K] £q,5[1] -

x1,5 (K] €1,4(3] €a,5[1] ~ Xo,5 (K] €2,4[F] €a,5[1] - x3,5[K] &3,4[F] €a,5 (1] + e = %y 5 (K] Ea,5(3]

https://drorbn.net/AcademicPensieve/Projects/glneps/#MathematicaNotebooks



