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In[-]:= n=4
in[-]:= mat =Table[ai,j: {i, n}, {3, n}]

inf-1:= {lu, p, €} = SimplifyeLUDecomposition[mat]

in[-]:= MatrixForm[lu]
in[-]:= MatrixForm[1l = LowerTriangularize[lu, -1] + IdentityMatrix[3]]
in[-]:= MatrixForm[u = UpperTriangularize[lu]]

in[-]:= Simplify[1l.u]

The Swap
In[-]:= N =23

in[-1:= A =B = IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} - £4,55 {N, N}11, {B, 1, n}, {a, 1, B}];
(» This specifies the PBW ordering =)
Do [B = MatrixExp [SparseArray[{a, B} - Nz, {N, N}11.B, {a, 2, n}, {B, 1, a-1}];
MatrixForm /@ {A, B}

in[-]:= mat = CF[
(A /- §a/s’__ Ead §1a/3) . (B /' na'/f’__ > nla/y’)
1

in[-]1:= mat // MatrixForm

in[-]-= Options [LUDecomposition]

in[-]-= LUDecomposition[mat, Pivoting - False]

mnf-1:= {lu, p, ¢} = Simplify@LUDecomposition[mat, Pivoting - False]
in[-1:= 1u // MatrixForm

in[-]:= MatrixForm[l = LowerTriangularize[lu, -1] + IdentityMatrix[n]]
in[-]-= MatrixForm[u = UpperTriangularize[lu]]

inf-1-= Simplify[1l.u]

in[-1-= Simplify[l.u - mat]

The Swap with €

In[-]:= N =2;
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in[-]:= A =B =IdentityMatrix[n];
Do[A = A.MatrixExp [SparseArray[{a, B} » Ea,3s {N, N}11, {Bs 1, n}, {a, 1, B}];
(» This specifies the PBW ordering =«)
Do [B = MatrixExp [SparseArray[{a, B} » € Ng,a> {N, N}11.B, {a, 2, n}, {B, 1, a-1}];
MatrixForm /@ {A, B}

Out[~]=
e§1,1 e§1,1+§2,2 E1o 1 0
{ 0 ef2? ] €M, 1 ) }
in[-]:= mat = CF[
(A /. §af/)’__ > §1a/)’) . (B /. naﬁ__ > Ula/)’)
1
Out[-]=

{{e511,1 4 e«§11,1+§12,2 c 7711,2 §11,2: e§11,1+£12,z 511,2} s {e«flz,z e 7711,21 e«flz,z}}

in[-1:= mat // MatrixForm

Out[-]//MatrixForm=
&1 1 1 1 1 1
es Ll 4 (E§ 1,1+612, € 7]11)2 511,2 ef 1,1+612,2 § 1,2 ]

e§1z,z e )711)2 (e§1z,z

mnf-1:= {LU, p, ¢} = Simplify@LUDecomposition[mat, Pivoting - False]
out[e]=
{{{@&1’1 (1 +erent , 511,2) , eftuarilae §11,2})

{ 6*511,1 e 7711,2 (eflz,z

; 12y, 0}
etrienly €1, l+et2enl;, &1,

in[-]:= LU // MatrixForm
Out[-]//MatrixForm=
e§11,1 (1 4 e§12,2 e ,711)2 §11)2> e§11,1+§12,2 511)2
_efenl, etz

e la2e 7'711,2 511'2 1+efl2z e r]lljz §11,2

in[-]:= MatrixForm[L = LowerTriangularize[LU, -1] + IdentityMatrix[n]]

Out[+]//MatrixForm=

1 0

_£1
efturend, ,

e te2ienly ) €11

in[-]:= MatrixForm[U = UpperTriangularize[LU]]

Out[-]//MatrixForm=
e§11,1 (1 + e§12,2 c f711,2 §11,2> e§11,1+§12,2 511)2
122
° 1ret22 e nly , €155
in[-]:= Simplify[L.U]
Out[e]=
{{e§11,1 <1 + e§12,2 e 7711,2 511)2> s e§11’1+§12’2 511)2}, {@§12’2 e 7711,2) e§12’2}}
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in[-]:= Simplify[L.U - mat]
Out[«]=
{{0, 0}, {0, 0}}

in[-]-- Series[L, {e, @, 3}] // MatrixForm

Out[+]//MatrixForm=
1 0
e*§11,1+§12,2 7711}2 e - (e*§11,1+2 €1, 771%)2 §11)2 62 + e*§11,1+3 €1y, nli)z §1%,2 63 +0 [6]4 1

in[-]:- Series[U, {e€, @, 3}] // MatrixForm

Out[+]//MatrixForm=
1 1;,,+61 n 4 1;,,+61
e§ 1,1 e§ 1,1+€12,2 1 ) 1 € O[E] e§ 1,1+€15,, &1 ,

e etz - @21y 5 £y p e+ @52l , €17, € - et nl] , €13

in[-]:= 1 = Simplify [MatrixLog[L]]

oo |

in[-1-= MatrixLog[U]

out[e]=

Out[«]=
ethienly ,

)
etzienl , &L,

&ly,2

€11,1+E15 [e—] €1y,
e=t 2 Lo 1 l+re~22enl 1
g 1+eflaz g nly, €11, £ 1,2 ( 21,2 ¢ 1’2>

{{Log[e™ (1+e e n1y, €11,0) ], - N
,eﬁlz,z + e§11,1 (1 4 e§12,2 e 7711,2 '511,2>2

b

etttz Log et (1+e 22 enly ; E1y,) | €11, (1+e 22 enly, £1h)5)

—eth 4 efln (1 + etz e nly,, 511,2) 2

efla,2

{@, Log [ 14 et e nl1,, &4, }

in[-]:= LogReduce[& ] :=& /. c_=xLogl[a_] = Log@Factor‘[aC] //.Log[a ] +Log[b ] :» Log@Factor[ab];
mli1- u=Simplify|

MatrixLog[U] //. {Log[a_b_] > Log[a] +Log[b], Log[e™ ] =»a, Log[l/a_] = -Log[a]l}]
Out[e]=
HLOg {1 rettre nly,, §11,2} +&11,1,

efliattlaz 1 5 (1 e22enly ; €1y,) (2Log[l+e 2 enly ; E1y5] + €1y 1 - €1 )

b
e‘fll:l B e(glz‘z +2 @§11'1+§12’2 c 7711,2 §11,2 + e§11,1+2 &l e2 )71%)2 51%,2
[0, ~Log[1+e 2 e 1y, 610, + €150} }
in[-]:= Tr[1l.Table[y,,z, {a, N}, {B, n}1]

Out[e]=
&1
ethiey N1y,

etz 4 e nly,, 11,
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in[-]:= Tr[u.Table[Xs,5, {a, N}, {B, n}1]

out[-]=
- x1,1 (Log[1+e ™2 enly , 1y 5] + €1y ) +
etttz y, 461, <1 +eflaze nly,, 511,2> (2 Log [1 +eflaze nly,, §11,2} +&1y0 -~ 512,2>
eflir - etlez 4 2 etttz el , €1, + @128t 2 771%,2 §1%,2 :
Xz, (-Log[1+e ™2 enly ; &1y 5] + £15,5)
in[-]:= $k = O
Out[-]=

0

In[-]:= A2Eg ,r [4_] :=Module[{k}, E,,.@eTable[SeriesCoefficient[4, {e, 0, k}], {k, @, $k}]11;

nf-1:= SW[i_, J_1 =
A2E (i, jyoqi,5y [Tr[1.Table[y,,q[1], {a, n}, {B, n}] /e +u.Table[xs «[j], {@, N}, {B, n}1] /.
{€1.5 = €a5111, Nl »nas151}]
In[-]:= sSW[3, 4]
Out[-]=
E(3,4)5(3,4 [@751’1[3}@2’2[3] V1,231 11,2 [4] +X1,1[4] &1,2[3] +

ef11l3 2230y, 147 £ 5(3] (£1,113] - &2,2(3])

e§1,1 [3] _ (e‘fz,z [3]

+X2,2[4] &2,2[3]

in[-]:= utmy[1, 2 » 3]
Out[e]=
E(1,215(3) [X1,1[3] €1,1[1] +X1,1[3] &1,2[2] +
e 1 xg 53] €1,5 1] + @ 2 xq 53] €1,5[2] +%2,2[3] £2,2[1] +X2,2[3] &2,2[2] ]

in[-]-= utmy[1, 2 53] // sw[3, 4]
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» Input {X1,1[$[3H E1,1[P[31] +%1,2[$[3]] £1,2[913]] +%2,2[$[3]1] £2,21(91311,

E[e BB 02831y, (3] 1, 5[4] + 0,1 [$131] E2,0 (1] + X0, [$13]] €1,2(2] +
X1,1[4] €1,1[$[3]] +e 22 %y 5 [$[3]] £1,2[1] + e 22 xg 5 [$[3]] &£1,2[2] +
et 3311822 (8310 5y 5147 €11 ($[3]] €1,2[$(3]]

1130311 _ g&2,2($13])

eta 331162281310 x) 5 (4] &1, ($(3]] £2,2($(3]]

ef11[813]] _ g&2,2($(3]] ”

+X2,2[$[31] €2,2[1] +X%2,2[$[3]] &2,202] +

X2,2[4] £,2($[3]] -

» After Zip1 {xl,lms]] E1,1 (803171 +%1,2[$[31] £1,2[$(31] +%2,2[$[3]] &2,2($13]1 1,
B[ BR800y, 53] 15 14) +x0,1 (81317 1,1 (1] + X1 [$131] €1,0[2] +
X1,1[4] €1, [$[3]] +e 112 x; 5 [$[3]] &1,2[1] +e 22 xq 5 [$(3]] &1,202] +
et P31 E22 30300 5, (4] &1 [$(3]] £1,2($(3])
e§1,1[$[3]] _ e§2,2[$[3]]
et B3 82 8 30) 5y 5 14] &1 ,[$(3]] &2,2($(3]] ]
e§1,1[$[3]] _e§2,2[$[3]] }
» Vs {Xq,1[$[3]], X2,2[$[311, €1,1[$[311, £2,20[$1311}
» F ({0, 0,1,0}, {0,0,0,1}, {1,0, 0,0}, {0, 1,0, 0}}
1

Power: Infinite expression — encountered.
0

1
Power: Infinite expression — encountered.
02

+X2,2[$[31] £2,2[1] +X%2,2[$[3]] &2,202] +

X2,2[4] £2,2[$(3]1] -

Infinity: Indeterminate expression 0 ComplexInfinity x; 5[4] 51,2[$[3]] encountered.

1
Power: Infinite expression — encountered.
0

General: Further output of Power:infy will be suppressed during this calculation.
Infinity: Indeterminate expression 0 Complexinfinity x4 ,[4] 1,2[$[3]] encountered.
Infinity: Indeterminate expression 0 Complexinfinity x4 ,[4] §1,2[$[3]] encountered.
General: Further output of Infinity::indet will be suppressed during this calculation.
Y {1,111 +E1,112], £2,2[1] +&,,212], Indeterminate, Indeterminate}
» After ZIp2 {x1,1 [$[31] €1,2[$[3]1] +X1,2[$13]] £1,2[$[3]] +%2,2[$[3]] £,2[$[3]], E[Indeterminate]}

Out[e]=
$Aborted
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