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Quantum gl Cheat Sheet

For the Drinfeld-Jimbo quantum group Uy (gly), let Uy(ny) and Uy(n_) denote the positive and negative
nilpotent parts.

Simple generators.

1<a<N-1).
Ta,a+1 = Eq, Ya,a+1 = B, (1sas )

Root vectors.
For a < b, define recursively

—1
Lab = Lactch — 4 TcebLac

where a < ¢ < b. The resulting element is independent of the choice of c. Similarly,

Yab = YacYeb — q_lycbyac-
Examples.

-1
13 = T12723 —q T23T12,
-1 -1
T14 = 212724 — q X24T12 = T13T34 — (G ~T34T13.

Convex ordering of positive roots.
A total ordering < on the positive roots @, is called convez if whenever

a,B,a+ e dy and o< B,
then
a<a+p<p.

For gl identifying positive roots with pairs (a,b), a < b, a standard convex ordering is

(1,2) < (1,3) <--- < (I,N)< (2,3) <--- < (N—1,N).

PBW basis.
Fix a convex ordering of the positive roots. Then the ordered monomials

N
H alyet (mgp > 0)

a<b

form a basis of Uy(ny.). Likewise,
—
[T
a<b

form a basis of Uy(n_).

Vector-space identification.
Hence, as vector spaces,

Uqg(ns) = Q(q)[zap 1 a < ],
UQ(n—) = Q(q)[yab ra< b]?

via ordered PBW monomials.
This is not an algebra isomorphism: the multiplication is ¢-deformed and noncommutative.


https://www.math.toronto.edu/drorbn
https://drorbn.net/AcademicPensieve/
https://drorbn.net/AcademicPensieve/Projects/
https://drorbn.net/AcademicPensieve/Projects/glneps/
https://drorbn.net/AcademicPensieve/Projects/glneps/ChatGPT/
https://drorbn.net/AcademicPensieve/Projects/glneps/ChatGPT/qgln-260521-06.pdf

Universal R-matrix.
With the same convex ordering,

.
R = =" T exp, (0 — ¢ ")ab ® Yab) -
a<b

The product is taken in the chosen convex order.



