Dror Bar-Natan: Academic Pensieve: Projects: Theta: Archive: DenominatorCancellation-4.nb

Pensieve header: Denominator cancelation at the level of residues.

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\Theta"];
Once[<< Theta.m]
SetOptions [PolyPlot, ImageSize - Tiny];
Clear[©]

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

mn[-]:=  RandomVK[n_ 7 := {
Prepend[#, 2 RandomInteger[1] - 1] & /@
Partition[PermutationList [RandomPermutation[2n], 2n], 2],
Table[RandomInteger[{-1, 1}], 2n+1]

}s

in[-]-= RandomVK [5]

Out[e]=
{{{-1, 1e, 6}, {-1, 4, 8}, {1, 2, 3}, {-1,1, 9}, {-1,5,7}},
{-1,-1,1, -1,0,1, 1, -1, 0, 0, 0}}
inf-1= CF[&_ ] := Expand@Collect[&, g | x_, F] /. F > Factor@xPowerExpand;
in[-1:=  Short[Options[®] = {F1-» (F1i=F,[{s@, i@, jO}]),

F2 » (F2i =F,[{s9, i0, jO}, {s1, i1, j1}]), F3 - (F31i =F3[0, k])}]
Out[-]//Short=

s ®
{Fl - — +5S0 T;a 81 82,j0,i0 + <<24>, F2 > «<1>,F3->-—+9¢ gs,k,k}
2 2

mn[-]1:= ©[K_, opts___Rule] := Module[{x, op, n, A, A, G, ev, 6, kk, ko, k1, f1, f2, 3},

fl=F1/. {opts} /. Options[@©];
f2=F2 /. {opts} /. Options[@©];
f3=F3 /. {opts} /. Options[@©];
{X, o} =Rot[K]; n =Length[X]; A =IdentityMatrix[2n+1];
Cases[X, {s_, i, j }= (A[[{i, G}, {i+1, j+1}] += ('; T_'ll))];
A= T(—Total[tpqz]—Total[X|IA11,1]]])/2 Det [A] ;
G = Inverse[A];
ev[& ] :=Factor[& /. {kR "> k+1,$-52n+1} /.
{82 ,s »Gla, Alls 8y ,a,s » (Gla, A1 /. T>T,)}1;
6 =eveSum[fl /. Thread[{s@, i@, jO} » X[kk]], {kk, n}1;
6 += evesSum[f2 /. Thread[ {s@, i9, jO} -» X[keq] //.
Thread[{s1, i1, j1} -» X[k1Q]], {ke, n}, {ki, n}];
6 +=evesum[f3 /. {¢ » po[kkl, k » kk}, {kk, Lengtheyy}];
Factor@{A, (A/.T=T1) (A/.T>Ty) (A/.T>T;3) 6}

|
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im[-]:= K1 =Knot[7, 6];
K1 // Rot
K1//©
K1// e // PolyPlot

KnotTheory: Loading precomputed data in PD4Knots'.
Oout[-]=
{{{-1, 4, 1}, (-1, 8, 3}, {-1, 12, 5}, {1, 14, 9}, {1, 1o, 13}, {-1, 6, 11}, {-1, 2, 7}},
{6, 0,0, -1,0,0,0,0,0,0,1, -1, -1, 1, 0} }

out[e]=

1-5T+7T>-5T+T*
{_ T2 ?
1

e (1-5T1+7T3-5T3+T1-5T,+20T;T,-10T3T,-18T; T, +20T§ T, -5T3 T, + 7 T5 -
172

10T, T5-64T2T5+98T; T2 -64T1T5-10T; T3+ 7T3T5-5T; 10T, T, + 98 T2 T -50 T3 T; -
50T;T;+98T;T5-10T5T; -5T{T5+T3+20T; T3 -64T;T; -50T; T5 + 108 T1 T; - 50 T3 T3 -
64T Ty +20T T3+ T3 T3 -5T;T5-10T2T;+98T3 75 -50T1T; - 50 T3 T; + 98 T3 T; -

10T, T3 -5T3T3+7TiT5 - 10T, T5 - 64T1T5+ 98T, T5 - 64 TS T5-10T{ T3+ 7 T3 15 -5 T3 7] +
ZOTiT;—1OTiT;—10T‘1’T§+2@TZT;—5T§T;+T‘1‘T§—5TiT§+7TfT§—5TIT§+T§T§)}

inl-]- PolyPlot /@ {©[K1], ©[K1, F3 -]}
out[-]=
N B N B

In[-1:= Xtrue = 15 Xralse = 03
Xo <o =15 Xpi /3P >17i= Xpn3 Xa =p /3 OrderedQ[{/5, a}] i= Xsuus

out[e]=

Xa *=p* = Xa=p)

Si ,j = Xi=js
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inf-1:= gRules[{s , 1 _, j }] := {gv_j/j_ 28, s+85s5 By ip DT, 8rirs+ (1 = Tf,) 8,js+6is,
€ ai*®T,8rai+6ais By o g P Braj+ (1 = Tf,) 8rai + 045
Bjs »Bjs+ 6555 Bip P T Birg+ (1-T°) 85 + 61,
8o i+ T goi +84ivs B g P 8uj + (1 = TS) 8ai + 645
}s
bRules[{s , 1_, j_}] := { (» b for "push indices backwards" x)
85,5 P 8j,5=05,5 Bir,s PT Bi,5+ (1-T7) 8j,5-T7681,5- (1-T7°) 65,5,
8o ,i* T Buy,i+ 64,10 B 5 P 8Bayj+ (1-T°) Bayi + 64,505

Xit<p > Xisp = Xi=ps Xjtsp 2 Xj<p — Xj=4

}s

in[-1:= {8i,8> 85,8} /- BRules[{s, i, j}]
Out[e]=
{(Xiep+ T 8i,5+ (1-T%) 84,55 Xjup + 85,5}

in[-]:= Expand[{gi,5> 85,5} /- gRules[{s, i, j}]1 /. bRules[{s, i, j}1]
Out[«]=

{gi,ﬁx gj;B}

in[-]:= R1 = CF[Residue[F;[{sO, i9, jO}1, {T,, 1}] //.
{Ti>T, 82,0,8  Xasps 813,a ,5 > 8Ba,ss Xjesie > 1 - Xie<jo}]

Out[e]=
(1-7%) gio,10 80,10 - 2 (-1 + T%°) * o 50 + -1+ T%°) g30,10 B1o,30

in[-]:= Simplify[R1]
Out[~]=

~((-2+7%°) gjo,16 (8ie,i0+ 2 (-1 +T°°) gyo,i0 - Bjo,j0) )

in[-]:=  R2 = CF[Residue[F,[{s0, i@, jO}, {s1, il, j1}], {T,, 1}] //.
{Ti>T, 82,0,s > Xasps 813,a ,5 > 8a,s}]
Out[«]=
(-1+T%°) (-1+T°Y) Xi1i0 850,11 831,50 = (-1 + T%) (=1 +T°Y) Xi140 8,11 81,0 -
(-1+T%°) (=14 T°) Xj1-i0 Bjo,11 8jr,10 + (-1 + T%%) (=1 +T°Y) Xj1-50 Bje,11 &1, 10

in[-]:= Simplify[R2]
Out[~]=
(—1 + Tsa) (—1 + TSI) (Xilzie — Xilzje — Xji<ie + Xji=je) 8je,i1 8j1,ie

-]~ Table[®[K, F1 > R1, F2 »R2, F3 »0][2], {K, AllKnots[{3, 8}]}]

Out[e]=
{6,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}
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in[ .- Table[@[RandomVK[10], F1 - R1, F2 » R2, F3 » @] [2], 30]

Out[«]=
{6,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0}

In[e]:= D{s_,i_,j_}[g_] HE
CFI((S/.8>1") +(E/.#>7F") - (5 /. #8>1) - (&5 /.%>7)) //.bRules[{s, i, 7}11;
B[& ] :=CF[((&/.8-%)-(&5/.8#->1))];

in[-1:=  bas = List @@ Expand [ (Xu<io + Xu<jo) (8ie,= + 8jor,u) (8, ie + Bu,50) ]

Out[e]=
{Xu1<i0 8r1,10 Bio*,n1s Xni<je 8ui,ie 8ie ,n1s Xnizie 8u1,je 8ier,uls Xuizje 8u1,je 8ie',uls

Xni<ie 81,10 8je ,n1s Xni<je Bri,ie 8jer,n1s Xuil<io 8n1,je 8o ,n1s Xul<je 8n1,je 8jer,n1}

in[-]:= (B /@bas) /. {g(e|je)*,1 2> 0, 8s,i0|je = O}
Out[e]=
{0, 0,0,0,0,0, 0, 0}

In[«]:= D{Sl,il,jl} [bas] // Shor't
Out[-]//Short=
{T751 Xie=il * Xie=j1 + <<34>, 1>, «<d>, T X1 X1 + <355, T 51 Xil-je + <<35>>}

in[-]:= SRules[& ] := FixedPoint [CF[# /. bRules[{s@, i@, jO}] UbRules[{s1, i1, j1}] U {
Xie=j1 = 0, Xii=jeo = 9, Xie-jo = 9,
Xje==j1 = Xie=-il»
Xi1*sie = Xiisie — Xie==ils Xie*=i1* = Xie=-il»
Xio==i1 Xil<ie > Xie=ils Xie=i1 Xji<je > Xie=ils
Xjesie = 1 - Xiesjes Xiisio = 1 - Xie<i1 + Xii=ies
Xj1sie = 1 = Xiesj1 + Xj1=ies Xilsie 2 1 - Xiesi1 + Xi1-ie» Xjisje = 1 - Xje<j1 + Xj1-jes
Xie=i1 »_ /3 ! FreeQ[x, s1| il | j1] = xje-.i1 (¥ /. {s1-s@, il i0, jl - jO}),
Xa =5 85 ,5v P Xa=p 8Ba,ys Xa =5 8y ,5 > Xa=s8y,a
31 &,
&1
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in[-]:= nulls = sRules[Ds1, 11,513 [bas]]
Table[®[K, F1 0, F2 > #, F3 0] [2] & /@ nulls, {K, AllKnots[{3, 8}]1}]
Out[-]=
{Tisa Xie-i1 8io,i0 — T °° Xie-i1 g%e,ie +T%° (‘1 + Tse> Xie-il 8je,i0 —

T°s° (-1+ Tse) Xio-i1 Xiojo 8je,i0 ~ T 0 (-1 + TSQ) Xie=i1 8ie,ie Eje,i0 —
L (—1 + TSl) Xie=i1 Bie,i1 841,10 + T (—1 + TSl) Xie=j1 Bie,i1 841,10 —
T (—1 + TS@) (—1 + TSI) Xie<i1 84e,i1 841,10 + L (-1 + Tsa) (—1 + TSI) Xie<j1 8ie,i1 841,10

T%° (—1 + Tse) Xie=il 8j0,i0 — T (—1 + Tse) Xie—i1 Xie=je 8je,i0 — T Xio-i1 8ie,je0 8j0,i0 —
L (*1 + Tse) Xie-i1 85e,ie 8je,je — T%° (*1 + TSl) 8ie,i1 8j1,ie * L (*1 + TSl) Xiisje 8ie,i1 8j1,ie0 *+
T (=14 T°%) Xjo-j1 8,11 81,00 — T °0 (-1 + T%) (-1 +T°Y) gyo,i1 851,10 +
T (—1+T%°) (-1+T%) Xi1eje 850,41 8i1,a0 + T 0 (-1 +T°°) (=1 + T) Xjo-i1 Bje,i1 851,105

T (-1+T%°) xio-11 810,10 - T °° (-1 + T°°) Xio_i1 Xi0-j0 8io,i0 +
T Xio-i1 Xie<je 8ie,j0 — T°° Xio-i1 Bioe, i0 8ie,jo * T%° (*1 + Tse) 2 Xie=i1 85e,ie —
T (-1+T%°) ? Xio-i1 Xio-jo Bj0,10 = T °° (-1 + T°%) X011 Bie, 0 Eje, 10 -
L ( 1+T°Y) Xie-11 80,11 841,50 + T ° (—1 + TSl) Xie<j1 8ie,i1 891,50 ~

O (=14 T0) (“14 %) xieei1 8o, i1 gjl,ja # T2 (14 T%%) (=14 T°) Xi0-51 850,11 841, o>
-T%° ( 1+T%°) Xie-i Xio<jo Bio,io + T ° ® Xio-i1 Xie<je 8ie,j0 — L (—1 + Tse) ? Xio-i1 Xie=jeo 8je,i0 +
s ( 1+T°) gio,11 81,50 + L (—1 + TSl) Xilsje 8ie,i1 8j1,j0 *
-se ( 1+ T°) Xje<i1 Bie,i1 81,40 — T (—1 + Tse) (—1 + TSl) 84e,11 8j1,j0 +
T ( 1+ Tse) (—1 + TSI) Xil<je 8je,i1 81, + L (—1 + Tse) (—1 + TSI) Xjeo<j1 Bie,i1 81,50

)
)
)
(=14 %) Xio-11 850,50 - T~°° Xi0-i1 Bie, 50 Bjo, 50 — T °0 (-1 + T°°) Xie-i1 80,50 -
)
R

Xie-—i1 8je,ie — Xie—il Xie<je 8je,ie — Xie—il 8ie,io 8je,ie * (1 - TSl) Xie<i1 8je,i1 841,10 *+
(—1 + TSl) Xie=j1 8je,i1 841,i0s Xie-i1 8je,ie — Xie—-il Xie<je 8je,ie — Xie—i1 8je,ie 8je,je +
(1 - ) 850,11 8j1,i0 + (*1 + TSl) Xil<jo 84e,i1 8j1,i0 + (*1 + TSl) Xje=j1 Bie,i1 841,10

(*1 + Tse) Xie=i1 8je,ie *+ (1 - TS@) Xie-i1 Xie=je 8je,ie — Xie-i1 8ie,je 8je,ie +
(1-1)

(1- TSO) Xie--i1 Xie=je 8j0,i0 + Xie-i1 8je,j0 — Xie=il g?g,j@ +(1- Tﬂ) 850,11 81,50 +

(*1 + TSl) Xilsje 8je,i1 8j1,j0 * <*1 + TSl) Xje<q1 8je,i1 gj1,je}

sl
Xie<i1 84e,i1 81,50 *+ (*1 +T ) Xie<j1 8ie,i1 841,50

Oout[-]=
{{e,
{0,
{o,
{o,
{0,
{0,
{e,
{e,
{e,
{e,
{e,
{e,

e}, {e,
0}, {o,
0}, {o,
e}, {o,
e}, {o,
0}, {9,
e}, {o,
0}, {0,
e}, {0,
e}, {0,
e}, {0,
e}, {9,

0},

e}, {e,
e}, {e,
e}, {e,
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e}, {o,
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0}, {0,
0}, {0,
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-
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mn[-]-= SRules [R2]
Out[-]=
2 (—1 + Tse)2 Xio-i1 g%a,ie + (71 + TSO) (*1 + TSl) 850,11 841,10 ~
<‘1 + Tse) (‘1 + Tsl) Xie<i1 8je,i1 851,ie + (_1 + Tsa) (_1 + TSI) Xie<j1 je,i1 81,10 ~
(-1+T%°) (=14 T°Y) Xi1-50 850,11 81,50 — (-1 +T%) (=1 +T°Y) Xjo-j1 Bje,11 841, 10

in[-1-= CF[nulls /. Xjp-i1 = O]
out[e]=
_so 1
i0<i1 8ie,i1 8j1,i0 + T ° (*1 +T° ) Xie<j1 8ie,i1 841,10 —

~1+T%) Xiei1 80,11 8i1,10 + T °0 (14 T%°) (=14 T xip.41 Bje,11 841, 105

T e
759 (

8ie,i1 8j1,i0 + T%° (*1 + TSl) Xilsje 8ie,il gj1 ie +

Xjeo<j1 Bie,i1 831,i0 — LI (*1 + Tsa) ( 1+T ) 85e,i1 8j1,i0 +

(*1 + TSl) Xil<je 84e,i1 8j1,i0 + T (*1 + Tse) (*1 +T° ) Xje<j1 Bie,i1 851,10

Xie<i1 8ie,i1 841,40 *+ T %° (*1 + TSl) Xie<j1 8ie,i1 841,40 —

(*1 + TSl) Xie<i1 8je,i1 841,40 *+ T (*1 + Tse) (*1 + TSl) Xie<q1 8je,i1 841,705

8ie,i1 8j1,j0 * L (—1 + TSl) Xilsje 8ie,il1 8j1,j0 +

Xje<q1 8ie,i1 841,40 — T (—1 + Tsa) (—1 + TSl) 8je,i1 8j1,j0 *

(—1 + TSl) Xil<je 8ye,i1 81,0 + T%° (—1 + Tse) (—1 + TSl) Xjeo<j1 8ie,i1 81,50

(1 ) Xie<i1 Bye,i1 8j1,i0 + <—1 + TSl) Xie<j1 840,11 841,10

(1 T ) 840,11 8j1,i0 + (—1 + TSI) Xilzje 8je,i1 841,10 + <—1 + TSl) Xje=j1 85e,i1 841,105

(1 -T 1) Xie<i1 85e,i1 8j1,50 + (—1 + TSl) Xie<j1 840,11 841,50

(1 T ) 840,11 8j1,50 * (*1 + TSl) Xilzje 8je,i1 841,je + <*1 + TSl) Xje=i1 8ye,i1 €j1,je}

in[-]:= Coefficient [CF[nulls /. Xje.i1 = O], 8jo,i1 &j1,i0]
Out[e]=
) Xie<jls

(-1+
T )anen (14T (14T xyoug1s
(-1+T°) xi190 + (-1 +T°") Xjog1, O, O}

[-T7%0 (-1+T%°%) (-1+T°) x1041 + T°° (-1 4 T%)
ST (-1 T0) (C1 4T T (21T (-1
0, 0, (1-T%) xipear + (-1+T%) xgpe91, 1-TH+

in[-1-= CF[Coefficient[nulls, xip-i1]]

Out[«]=
{T° 810,10 - T° 836,10 + T°° (-1 +T%%) gjo,10 - T°° (-1 + T°°) X0 8j0,i0 - T°° (-1 + T°°) Gio, 10 50,105

T%° ( ) 8je,ie — T%° (*1 TSQ) Xiesje 8je,i0 — T 8ie,jo 8je,i0 — T*° (*1 + T ) 8je,ie 8je,je>
T—se ( ) gie,ie _ T—se (71 + Tse
T (-1+ Tse) gy0,10 - T % (-1

) Xie<je 8ie,i0 + T Xie<jo 8ie,j0 — T°°° g1, 10 8io, jo +
+T%) Xio-50 8j0,10 - T°° (=1 + T%°) Bio,50 830, 16
-T° (-1+ Tse) Xio=jo Bio,i0 + T °° Xie-jo 8io,jo ~ T *° (-1+ Tse) Xie<jo 8o, 16 +
T (-1+T°°) gyo,50 - T*° Bio, 50 Bio,50 - T °° (-1 +T°°) g5 505
850,10 — Xie<je 8jo,i0 — 8io,ie 8je,i0» 8je,ie — Xie<jo 8je,ie — 8je,ie 8j0,je>
( 1+T ) 8jo,i0 + (1 - Tse) Xie<jo 8ie,i0 — 8ie,je 8j0,i0s (1 - TSO) Xie<je 8je,i0 + 8j0,j0 — g%e,je}
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in[-]:= CF[sRules[R2] + Table[aj, {i, 8}].nulls /. Xjp-.i1 - 9]

Out[«]=
_T—SO

T-50
T—s@
T—sa
-I-—SO

) 32 810,11 851,50 - T °° (-1 + T°!) a1 Xie-i1 Bie, i1 81,10 +
) A1 Xie<j1 8ie,i1 841,ie + T (—1 + TS]) Q2 Xil<je 8ie,i1 8j1,i0 +
) 22 Xje<j1 8ie,i1 841,ie + T (-1 + TSI) (-Tse T2 a8, -T%a, - T%° as) 8je,i1 851,10 —
) (—Tse + T2 —a; +T%a; + T 35) Xie<i1 8je,i1 841,10 *+
) (-T°+7%%% —a; + T%a; + T%% as) Xio-j1 Bje,11 841,10 -
) (-T2 +T%%% 12, - T%a, - T%% ag) xi1-je Bje,11 841,10 -
+ TSl) (*Tse +T?% 4 a, - Tsa a,-T° 36) Xje<j1 Bie,i1 851,10 —
) a4 8ie,i1 841,50 — T (*1 + TSl) a3 Xie<i1 8ie,i1 81,50 +
) a3 Xie<j1 8ie,i1 81,50 + T°° (*1 + TS]) Ay Xi1<jo 8ie,i1 851,50 +
)
)
)
)
)

-s0 sl s0 S0
A1 Xje<j1 Bie,i1 81,0 — T (*1 +T ) (*34 + T ag+ T as) 8je,i1 81,50 —

s0 s0
(—33 +T7as+T 37) Xie<q1 8je,i1 841,40 *+
s@ so
(—aa + T ag+T as) Xil<jo 8j0,i1 851,50 +

s s0
—a4+T77 a4+ T°7 Ag) Xje<j1 Bye,i1 8j1,7e

T—s@
T—s@

In[-]:= CF[sRules[RZ] + Table[a;, {i, 8}].nulls /. xig-i1 29 //.
{a1|2|3|4|7|8—)0, as—)Tsa—l, a5 _)1_-'-50}]

Out[e]=

0

;mi-]= tw=Table[a;, {i, 8}].bas //. {a1)2)3j4;7)s 2 @ 386 > T -1, a5 > 1-T*°}
Out[e]=
(1 - Tse) Xni=zie 8u1,ie 8jer,m1 + (—1 + Tse) Xni<je 8n1,10 8je ,n1

in[-1:= Simplify [tw]
Out[e]=
~ (=14 T%°) (Xu1io - Xr1-jo) 8r1,i0 Bjor,r1)

in[-]:= CF@sRules [R2 + Dys3 51,413 [twW] ]

Out[e]=
) 0\ 2 2 )
(—1 +T° ) Xie—i1 8ie,ie Bje,i0 + 2 (—1 +T° ) Xie-i1 8je,i0 * (1 -7 ) Xie-i1 Bje,ie 8je,je
m[-]-= R1
Out[«]=

2
(1- Tse) gio,i0 8jo,i0 — 2 (-1 + Tse) g?e,ie +(-1+ TSQ) je,i0 8je,j0
in[-]:= CF@sRules [xjg-.i1 R1 + R2 + D41, 41,413 [tW]]

Out[e]=

0
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