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A VERY FAST, VERY STRONG, TOPOLOGICALLY MEANINGFUL
AND FUN KNOT INVARIANT

DROR BAR-NATAN AND ROLAND VAN DER VEEN

ABSTRACT. In this paper we introduce © = (A, ), a pair of polynomial knot invariants

which is:

e Theoretically and practically fast: © can be computed in polynomial time and we com-
puted it in full on random knots with over 300 crossings, and its evaluation on on simple
rational numbers on random knots with over 700 crossings.

e Strong: Its separation power is much greater than, say, the HOMFLY-PT polynomial and
Khovanov homology (taken together) on knots with up to 15 crossings (while computing

much faster).

e Topologically meaningful: It gives a genus bound, and there are reasons to hope that it

would do more.

e Fun: Scroll to Figures 1.1, 1.2, and 3.1.

A is merely the Alexander polynomial. 6 is almost certainly equal to an invariant that
was studied extensively by Ohtsuki [Oh], continuing Rozansky, Garoufalidis, and Kricker
[GR, Rol, Ro2, Ro3, Kr]. Yet our formulas, proofs, and programs are much simpler and

enable its computation even on very large knots.
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1. FuN

The word “fun” rarely appears in the title of a math paper, so let us start with a brief
justification.

O is a pair of polynomials. The first, A, is old news, the Alexander polynomial [Al]. Tt is
a one-variable Laurent polynomial in a variable 7. For example, A(&) =T =1+ T. We
turn such a polynomial to a list of coefficients (for &, it is (1 — 1 1)), and then to a chain
of bars of varying colours: white for the zero coefficients, and red and blue for the positive
and negative coefficients (with intensity proportional to the magnitude of the coefficients).
The result is a “bar code”, and for the trefoil & is it M.

Similiarly, 6 is a 2-variable Laurent polynomial, in variables 7} and T5.

We can turn such a polynomial into a 2D array of coefficients and then P =1 1

using the same rules, into a 2D array of colours, namely into a picture! 1

To highlight a certain conjectured hexagonal symmetry of the resulting T K

pictures, we apply a certain shear transformation to the plane before L
Ti T, T2

printing. So the colour of a monomial ¢T7"75? gets printed at position
(é \/%ﬁ) (Z;) instead of the more traditional (Z;) On the right is the 2D picture
corresponding to the polynomial 2 + Ty — T/, + Ty — T, + Ty My 1 — Tyt

Thus © becomes a pair of pictures: a bar code, and a 2D picture that we call a “hexagonal
QR code”. For the knots in the Rolfsen table (with the unknot prepended at the start), they
are in Figure 1.1. In addition, the hexagonal QR codes of some 15 knots with > 300 crossings
are in Figure 1.2, and © of a 132-crossing torus knot is in Figure 3.1.

Clearly there are patterns in these figures. There is a hexagonal symmetry and the QR
codes are nearly always hexagons (these are independent properties). Much more can be seen
in Figure 1.1. In Figure 1.2 there seem to be large-scale “sand table patterns” or “diffraction
patterns”. We can’t prove any of these things, and the last one, we can’t even formulate
properly. Yet they are clearly there, too clear to be the result of chance alone.

We plan to have fun over the next few years observing and proving these patterns. We
hope that others will join us too.
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0-26 027 028 0-29 030 03 0.3: 033 0.3 1035
B D@ & BB BE
1036 | 1037 | 1038 | 1039 | 1040 | 1041 | 1042 | 1043 | 1044 | 1045 e
1046 | 1047 | 1048 | 1049 | 10,50 | 10.51 | 1052 | 1053 | 1054 | 1055

1056 | 1057 | 1058 | 1059 | 1060 | 10.61 | 1062 | 10.63 | 1064 | 1065

1066 | 1067 | 1068 | 1069 | 10.70 | 10.71 | 10.72 | 10.73 | 10.74 | 10.75

1 1 1 1 1 1081 | 1082 | 10.8: 1084

PR OBLVS 9P

1086 | 1087 | 1088 | 1089 | 1090 | 1091 | 1092 | 1093 | 1094 | 10.95
DBV LGV
1096 | 1097 | 1098 | 1099 | 10.100 | 10.101 | 10102 | 10.103 | 10104 | 10105
R ANSICHSIS D)
10106 | 10107 | 10108 | 10109 | 10110 | 10111 | 10112 | 10_113 | 10.114 | 10_115
8@ © P QBB Qs S
10_116 | 10_117 | 10118 | 10119 | 10-120 | 10121 | 10_122 | 10_123 | 10.124 | 10_125
£ 3B D Y B D
10_126 | 10_127 | 10128 | 10129 | 10_1 10131 | 10_132 | 10_133 | 10.134

0-126 | 10_127 | 10128 | 10129 | 10130 | 10-13 013 0133 | 10134 | 10_135
21A\i4

10_136 | 10_137 | 10138 | 10139 | 10140 | 10141 | 10_142 | 10_143 | 10_144 | 10_145
10146 | 10147 | 10148 | 10149 | 10150 | 10151 | 10152 | 10_153 | 10.154 | 10_155
10156 | 10157 | 10158 | 10159 | 10160 | 10161 | 10-162 | 10_163 | 10.164 | 10165

FIGURE 1.1. © as a bar code and a QR code, for all the knots in the Rolfsen table.
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FIGURE 1.2. 6 (hexagonal QR code only) of the 15 largest knots that we have com-
puted by September 16, 2024. They are all “generic” in as much as we know, and
they all have > 300 crossings. The knots come from [DHOEBL]. Warning: Some
screens/printers may display spurious Moiré interference patterns.
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2. FORMULAS

2.1. Old Formulas'. The setup leading to the definition of © is the same as the setup
leading to the definition of the invariant p; of [BV1], and hence we copy a few relevant
paragraphs from [BV1] nearly varbatim, with only a few modifications.

Given an oriented n-crossing knot K, we draw it in the plane as a long D
knot diagram D in such a way that the two strands intersecting at each
crossing are pointing up (that’s always possible because we can always rotate 7 m

crossings as needed), and so that at its beginning and at its end the knot

is oriented upward. We call such a diagram an upright knot diagram. An

example of an upright knot diagram is shown on the right. sl 6
We then label each edge of the diagram with two labels: a running index k

k which runs from 1 to 2n + 1, and a “rotation number” ¢y, the geometric

rotation number of that edge (the signed number of times the tangent to the

\ 4
) 2
edge is horizontal and heading right, with cups counted with +1 signs and k
caps with —1; this number is well defined because at their ends, all edges \
1A

pg=—1

are headed up). On the right the running index runs from 1 to 7, and the
rotation numbers for all edges are 0 (and hence are omitted) except for ¢y,
which is —1.

Technicality 1. Some Reidemeister moves create or lose an edge and to avoid the need for
renumbering it is beneficial to also allow labelling the edges with non-consecutive labels.
Hence we allow that, and write i* for the successor of the label i along the knot, and i** for
the successor of it (these are i + 1 and ¢ + 2 if the labelling is by consecutive integers). Also,
by convention “1” will always refer to the label of the first edge, and “2n + 1”7 will always
refer to the label of the last.

Let X be the set of all crossings in the diagram D, where we encode each crossing as
a triple (sign, incoming over edge, incoming under edge). In our example we have X =
{(1,1,4),(1,5,2),(1,3,6)}.

We let A be the (2n + 1) x (2n + 1) matrix of Laurent polynomials in a formal variable
T, defined by

A=1— Z (T°Eiw + (1 =T")Eij+ + Ejj+)

where [ is the identity matrix and E,g denotes the elementary matrix with 1 in row a and
column [ and zeros elsewhere. The summation is over the crossings ¢ = (s,i,7) of the
diagram D, and once c is chosen, s denotes its sign and ¢ and j denote the labels below the
crossing where the label ¢ belongs to the over-strand and j to the under-strand.
Alternatively, A = I+ A., where A, is a matrix of zeros except for the blocks as follows:

j+/KZ'+

h

s=+1

A, ‘ column ™ column j*
— TOW -7 T° -1 (1)
row j 0 —1

{

140ld” means that these formulas appeared already in [BV1].
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We note (as we did in [BV1]) that the determinant of A is equal up to a unit to the
normalized Alexander polynomial A of K. In fact, we have that

A = T(#(D)~w(D))/2 det(A), (2)

where p(D) = >, ¢ is the total rotation number of D and where w(D) = } s, is the
writhe of D, namely the sum of the signs s. of all the crossings ¢ in D.

We let G = (go5) = A™! and, thinking of it as a function g,z of a pair of edges o and
B, we call it the Green function of the diagram D. When inspired by physics (e.g. [BN2])
we sometimes call it “the 2-point function”, and when thinking of car traffic (e.g. [BN3]) we
sometimes call it “the traffic function”.

We note that the computation of GG is the bottleneck in the computation of ©. It requires
inverting a (2n + 1) x (2n + 1) matrix whose entries are (degree 1) Laurent polynomials in
T. It’s a daunting task yet it takes polynomial time, it can be performed in practice even if
n is in the hundreds, and everything which then follows is easier.

2.2. New Formulas. Let T} and T5 be indeteminates and let T3 := T1T,. Let A, == Ar_1,
and G, = (guap) = Gror1, be A and G subject to the substitution 7" — T,,, where v = 1,2,3
(these are easy to compute once A and G have been computed).

Given crossings ¢ = (s,1,7), co = (S0, %0, Jo), and ¢; = (81,11, 1) in X, let

Fi(c) = s[1/2 = gsii + T5 guiigeji — T5 9359251 —
+(T5 — 1)g2ji93ji — 91119255 +{ 20139255 (* Giigsij — 92igasi] Il SUJT

S
+

[(TY — 1)T5 (9355915i — G23i9rji + 15 915i92:)

I/ 2 A
Plsl + (15 = 1) (9350 — T5 griagsji + 92ij 9351 + (15 — 2)9255935i)

-1
3;&‘1

— v

— (17 = D15 + 1)(T5 — 1)g1i935:]
SI(TISO - 1)(T381 - 1)glj1iog3j0i1
5t —1

Fy(on, k) = on(game — 1/2) (5)

Theorem 2 (Proof in Section 4). The following is a knot invariant:

F2 (007 Cl) = (T;Og%lio + 925150 — T28092j1i0 - gQiljo) (4>

Q(D) = AlAgAg <Z Fl(C) + Z FQ(CO,C]_) + ZFy,(gpk, k’)) . (6)
cel co,C1 e)( kel=
We note without detail that there is an alternative formula for ¢ in terms of perturbed
Gaussian integration [BN2]. In that language, and using also the traffic motifs of [BV1, BN3],
the three summands in (6) become Feynman diagrams for processes in which cars governed
by parameter T' = Ty, T, or T3 interact:

o

» /N,

=S
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In particular, the middle diagram which resembles the greek letter © gave the invariant
its name.

We note also that computationaly, the worst term in (6) is the middle one, and even it
takes merely ~ n? operations in the ring Q(7}, Ty) to complete.

The polynomials Fi(c), Fa(co,c1) and F3(p, k) are not unique, and we are not certain
that we have the cleanest possible formulas for them. They are human-ugly, yet from a
computational perspective, having 18 terms (as is the case for Fj(c)) isn’t really a problem;
computers don'’t care.






A VERY FAST, VERY STRONG, TOPOLOGICALLY MEANINGFUL AND FUN KNOT INVARIANT 11
3. IMPLEMENTATION AND EXAMPLES

A concise yet reasonably efficient implementation is worth a thousand formulas. It com-
pletely removes ambiguities, it tests the theories, and it allows for experimentation. Hence
our next task is to implement. The section that follows was generated from a Mathe-
matica [Wo| notebook which is available at [BV2, Theta.nb]. A second implemntation
of ©, using Python and SageMath (https://www.sagemath.org/) is available at https:
//www.rolandvdv.nl/Theta/.

We start by loading the package KnotTheory‘ — it is only needed because it has many
specific knots pre-defined:

@ << KnotTheory" Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
— Read more at http://katlas.org/wiki/KnotTheory.

Next we quietly define the commands Rot, used to compute rotation numbers, and PolyPlot,
used to plot polynomials as bar codes and as hexagonal QR codes. Neither is a part of the
core of the computation of O, so neither is shown; yet we do show one usage example for
each.

@ (x Rot suppressed x)
(29) Rot [Mirroreknot[3, 1]] ({{1,1, 4}, {1, 3, 6}, {1, 5, 2}}, {0, 0, 0, -1, @, 0, 0}}

We urge the reader to compare the above output with the knot diagram in Section 2.1.

(= PolyPlot suppressed x)
POlyPlot[{2T-1+T7, -1+T;-2T,+4T" 7'}, =

ImageSize - 100, Labeled - True]

- 1l

1
== T
-1 T4

The definition of CF below is a technicality telling the computer how to best store poly-
nomials in the g,qg such as F} and F,. The programs would run just the same without it,
albeit a bit more slowly:

@ CF[& ] := ExpandeCollect[&, g , F] /. F » Factor;

Next, we decree that T3 = 11T, and define the three “Feynman Diagram” polynomials F7,
Fg, and Fg:

@ T3 =Ty T3

Fal{s_, i_, _}1 :=CF[
n s (1 /2-83ii +T5 8141 8251 — B1ii 8255 - (T§ = 1) 82ji 83ii *+ 2 8255 83ii - (1 = T;) 825i 83ji —
821 8357 - T 8251 8355 + 8111 8355 +
((T1-1) g (Tis 8251 - T3 8255 + T3 8355) +
(75-2) e (2= T3 (1i-2) (13 03) g+ (15-2) gy +8a0)) / (75-1))]


https://www.sagemath.org/
https://www.rolandvdv.nl/Theta/
https://www.rolandvdv.nl/Theta/
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Fo[{so_, i6_, jO_}, {s1_, i1_, j1_}] :=
n CF [51 (Ti'a = 1) (Tgl - 1) - (T_§,1 = 1) 81,51,1i0 83, jo,i1
( (Tie 82,i1,i0 — gz,i1,je) - (Tie 82,51,i0 — gz,j1,je) ) ]

F3[o s, R_1 =08k -0/2;

Next comes the main program computing ©. Fortunately, it matches perfectly with the
mathematical description in Section 2. In line 01 we let X be the list of crossings in an input
knot K, and ¢ the list of its rotation numbers, using the external program Rot which we
have already mentioned. We also let n be the length of X, namely, the number of crossings
in K. In line 02 we let the starting value of A be the identity matrix, and then in line 03, for
each crossing in X we add to A a 2 x 2 block, in rows ¢ and 7 and columns 7 + 1 and j + 1,
as explain in Equation (1). In line 04 we compute the normalized Alexander polynomial A
as in (2). In line 05 we let G' be the inverse of A. In line 06 we declare what it means to
evaluate, ev, a formula £ that may contain symbols of the form g¢,,5: each such symbol is
to be replaced by the entry in position «, 8 of G, but with T replaced with 7,. In line 07 we
start computing € by computing the first summand in (6), which in itself, is a sum over the
crossings of the knot. In line 08 we add to 6 the double sum corresponding to the second
term in (6), and in line 09, we add the third summand of (6). Finally, line 10 outputs a pair:
A, and the re-normalized version of 6.

O[K ] := O[K] =Modu1e[{x, @, n, A, A, G, ev, 0},
n (+ 01 ) {X, ¢} =Rot[K]; n =Length[X];
(# 92 %) A = IdentityMatrix[2n +1];

S 5
(» 03 ) Cases[X, {s ,1 ,7J }» (A[[{i, JY, {1+1, 7+1}] += ( ; T_ll))];
(+ 04 %) A=T(—Total[q)]—Tot:=11[X|[A11,1]]])/2 Det [A];

(x 85 ») G =Inverse[A];
(# 06 =) ev[& ] :=Factor[& /.8, o ,5 » (Gla, A1 /. T->T,)1;

(«+ 07 *) e=ev[2=1F1[XlIk]]]]3

(+ 08 «) @+=ev[>T ST  Fp[XIk1l, X[k211];

(+ @9 ) @ += ev[Z::ng,UpIIk]], k1];

(» 10 «) Factor@{a, (A/.T->Ty) (A/.T>Ty) (A/.T>T3) 6}

On to examples! Starting with the trefoil knot.

@ Expand [© [Knot[3, 1]]]

1 1 11 1 1 0T, T
{_1+?+T,___T§ . N 22T, T T -1 TE

- = + +
T? T2 OTATZ OTyT2 OTAT, T, Ty
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@ PolyPlot[@[Knot[3, 1]], ImageSize - Tiny] B

Next are the Conway knot 11,34 and the Kinoshita-Terasaka
knot 11,,49. The two are mutants and famously hard to separate: Q f/(;\
they both have A = 1 (as evidenced by their one-bar bar codes ( / D
below), and they have the same HOMFLY-PT polynomial and 6\ Q
Khovanov homology. Yet their # invariants are different. Note b

that the genus of the Conway knot is 3, while the genus of the Kinoshita-Terasaka knot is 2.
This agrees with the apparent higher complexity of the QR code of the Conway polynomial,

and with the observations in Section 5.

Torus knots have particularly nice-looking © invariants. Here are the torus knots 7’3/,
T17/3, T13/57 and T7/63

GraphicsRow[ImageCompose [

PolyPlot[©[Torusknot @@ #], ImageSize - 480],
TubePlot [TorusKnot @ee #, ImageSize - 24907,
{Right, Bottom}, {Right, Bottom}

1&/e {{13, 2}, {17, 3}, {13, 5}, {7, 6}}]

=
: -
- 3o
.

T Hete O

PolyPlot[@[Knot[#]], ImageSize -» 120] & /@
{"K11n34", "K11n42"} _

T 2RNOWBD %
‘d’(.’?dib‘ib‘!)

o
ooy

The next line shows the computation time in seconds for the 132-crossing torus knot 7527
on a 2024 laptop, without actually showing the output. The output plot is in Figure 3.1.

AbsoluteTiming[®[TorusKnot[22, 7]11;] (1020.73, Null)
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ImageCompose [PolyPlot [ [TorusKnot[22, 7]], ImageSize » 7207,

TubePlot [TorusKnot[22, 7], ImageSize » 360], {Right, Bottom}, {Right, Bottom}]
(]

QO O & % & 404034030400 W ¥ W O O O

A I RIRIRT T RTELE (O O - -
OO0 MBI H B e O O D
TR ABENNNIAAIERTER DR R Y

TIPSO DB BB ST S
TS ERQRBRVHTOVOTOWODHDDHE T Y R

S e R RGOS S RTOEDDDDDH BB % b %
SIS IR DD E G STATITDDDD BE D D % Ty e s "
TR F 2 7 For oo %% %% %%,

auetae&? q%‘zsﬁﬂ.u&
EREEXX X X A AR R AT
R XXX X X oA AR AR
RIRXAXXXLX 5 8880000
o O o O
oo eee 000G

L]
L]
5
a*

R
23
o
#
&
:
&
g

a
=®

% %% % 900 SRNane
PR R R R R R AR -
T % NN 00N MMM
% % 8 9 W W W W WNTITITaY
ER U N R R R CR RIS R
I :
GO0 D WM IR B -
GO0 0 HoH It B B M O O

FIGURE 3.1. The 132-crossing torus knot T5y/; and a plot of its © invariant

Add Gemu mw(j.(ﬂv
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4. PROOF OF INVARIANCE

Our proof of the invariance of § (Theorem 2) is very similar, and uses many of the same
pieces, as the proof of the invariance of p; in [BV1]. Thus instead of repeating everything
we just summarize those steps that are identical and then provide the needed details for the
steps that differ.

Like in [BV1, Lemma 3|, the equalities AG = I and GA = I imply that for any crossing
¢ = (s,i,7) in a knot diagram D, the Green function G = (gn) of D satisfies the following
“g-rules”, with ¢ denoting the Kronecker delta:

Gig = 0ig + T°gi+ g+ (1 =T%)gj+ 3, gis = 0j8 + gj+ 3, Gon+1.8 = Oant18,  (7)

Go,it = ngozi + 50(,2'*7 Jo,jt = Gaj + (]- - Ts)goci + 5a,j+a Ja,1 = 504,1- (8)

Furthermore, the systems of equations (7) is equivalent to AG = I and so it fully determines
gap, and likewise for the system (8), which is equivalent to AG = 1.

Of course, the same g-rules also hold for G, = (g,ap) for v = 1,2, 3, except with T replaced
with T,.

We also need a variant g, of gop, defined whenever a and b are two distinct points on the
edges of a knot diagram D, away from the crossings. If « is the edge on which a lies and
is the edge on which b lies, g, is defined as follows:

Jap if o # 57
Gab = 3 Jap if « = 3 and a < b relative to the orientation of the edge o = 5,  (9)
gap — 1 if o= 8 and a > b relative to the orientation of the edge a = 3.

Of course, we can define g,q, from g¢,s in an identical way.

It is clear that g and g contain the same information and are easily computable from each
other. The variant g is, strictly speaking, not a matrix and so g is a bit more suitable for
computations. Yet g is a bit better behaved when we try to track, as below, the behaviour
of g / g under Reidemeister moves. Reidemeister moves sometimes merge two edges into
one or break an edge into two. In such cases the points a and b can be “pulled” along with
the move so as to retain their ordering along the overall parametrization of the knot, yet
mere edge labels lose this information. The following discussion and lemma exemplify the
advantage of g of ¢:

Discussion 3. We introduce “null vertices” as on the right into knot dia- J
grams, whose only function (as we shall see) is to cut edges into parts that

may carry different labels. The matrix A becomes a bit larger (by as many null vertices
as were added to a knot diagram). The rule (1) for the creation of the matrix A gets an
amendment for null vertices,

J k Ay ‘ column k&
rowj| -1 7

and the summation for A, A = I+ A.+ >, An, is extended to include summands for the
null vertices. The matrix G = A~ ! and the function g,z are defined as before. The g-rules
of (7) and (8) get additions,
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R1
X R3 \ /3

FIGURE 4.1. The modified Green function g, is invariant under Reidemeister moves
performed away from where it is measured.

gjﬁ = 5]'5 + gk’ﬁ7 (10) and Jak = 5ak + gozj» (11)

and it remains true that the system of equations (7)u(10) (as well as (8)u(11)) fully deter-
mines ¢,3. The variant g, is also defined as before, except now a and b also need to also be
away from the null vertices.

Lemma 4. Inserting a null vertex does not change Gup, provided it is inserted away from a
and b. (This statement does not make sense for gns, as inserting a null vertex changes the
dimensions of the matriz G = (gas))-

Proof.  Let D be an upright knot diagram having an edge labeled 7 and let D’ be obtained
from it by adding a null vertex within edge 7, naming the two resulting half-edges j and &
(in order). Let gas be the Green function for D, and similarly, g, 5 for D’. We claim that

B=j B=k B¢k}
g’ _ a=j Gii Gii gip
o a=k |gi—1 g 9ip
o ¢ {]7 k} Gai Gai Gap

Indeed, all we have to do is to verify that the above-defined g, satisfies all the g-rules
(7)u(10), and that is easy. The lemma now follows easily from the definition of ¢’ in Equa-
tion (9). O

/)\ v The following theorem, was not named in [BV1], yet it was stated there as the first part
of the first proof of [BV1, Theorem 1].

Theorem 5. The variant Green function gu 1S a “relative invariant”, meaning that once
points a and b are fived within a knot diagram D, the value of gu does not change if Rei-
demeister moves are performed away from the points a and b. An illustration appears in
Figure 4.1. It follows that the same is also true for G,q for v =1,2,3.

We note that g, is nearly the same as gqg, if a is on o and b is on 3. So Theorem 5

also says that g,s is invariant under Reidemeister moves away from « and 3, except for
edge-renumbering issues and +1 contributions that arise if & and § correspond to edge that
get merged or broken by the Reidemeister moves.
The proof of Theorem 5 is perhaps best understood in terms of the traffic function of [BVT,

BN1, BN3]: One simply needs to verify that for each of the Reidemeister moves, traffic
entering the tangle diagram for the left hand side of the move exits it in the same manner
as traffic entering the tangle diagram for the right hand side of the move, and each of
these verifications, as explained in [BV1, BN1, BN3], is very easy. Yet that proof is a bit
informal, so we opt here to give a fully formal proof along the lines of the first halves of [BV1,

2 JPropositionS 7-9].
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Proof of Theorem 5. We need to know how the Green function g¢,s changes under Reide-
meister moves, and we start with R3. Below are the two sides of the move, along with the
g-rules of type (7) corresponding to the crossings within, written with the assumption that
B isn’t in {i*, 57, kT}, so several of the Kronecker deltas can be ignored. We use g for the
Green function at the left-hand side of R3, and ¢’ for the right-hand side, and recall that
along with the further g/¢’-rules corresponding to all the non-moving knot crossings, these
rules fully determinme g,p and g;,5 for 8 ¢ {i*, j©, k*}:

t G = Thes s+ (1=Tgls 5
g;€+,@ = 92#75

+
g =T (=T

gi+ g = TgiH’g‘i‘(l—T)ng’g

o+t KH i+

+ Gip = 0ig+Tgi+ g+(1=T)gr+r g

Y+ Gk+.8 = g+ 8 0 g = kBt )+
95,8 = 0j+Tgj+ s+ (1=T)gr+ 9ip = 9is T T g5 g+ (1=T)gj4 5
9k,8 = Okp+k+s SV 55 = ip+je
further further further further
crossings g-rules crossings g'-rules

A routine computation (eliminating g;+ 5, g;+ g, and g+ 3) shows that the first system of
6 equations is equivalent to the following system of 6 equations:

gig = (Sig + T29i++,,3 + T(1 — T)gjﬂﬁ + (1 — T)gkﬂﬁ,

(12)
956 = 0ip + Tgj+ g+ (L =T)gerr s, Grp = ks + G+,
Gi+ g = Tgi-H—”g + (1 — T)gj++’5, gi+.p = gj+ 5, Jk+.8 = Jk++ 8- (13)
In this system the indices i*, j© and £T do not appear in (12) or in the further g-rules
corresponding to the further crossings. Hence for the purpose of determining g,z with

a,f ¢ {it,j7, kt}, Equations (13) can be ignored.
Similarly eliminating g, 4, g;.+ 5> and g;, ; from the second set of equations, we find that

it is equivalent to

Gig = 0ig + T2Giws g+ T(1 = T) s 5 + (1 = T)gpos

!/ / ! / / (14)
958 = 0js + ngH,ﬁ +(1- T)ng,ﬁv kg = Orp + Ji++ 8

9§+,5 = T9§++,5+(1—T)92H”37 9}+,5 = Tg}H,/3+(1—T)91,<;4+,[3> 91’#,,3 = 912++,,3- (15)

Using the same logic as before, for the purpose of determining g/, ; with o, 8 ¢ {i*,j*, k*},
Equations (15) can be ignored.

But now we compare the unignored equations, (12) and (14) and find that they are exactly
the same, except with g <> ¢/, and the same is true for the further g/¢’-rules coming from
the further crossings. Hence so long as o, 8 ¢ {i7,j*, K™}, we have that g.s = g5. In the
case of the R3 move no edges merge or break up, and hence this implies that g.,, = g, so
long as a and b are away from the move.

Next we deal with the case of cyclic R2 moves — R2 moves in which the two strands
involved have opposing orientations. We use the privileges afforded to us by Lemma 4 to
insert 4 null vertices into the right-hand-side of the R2c moves, and like in the case of R3,
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FIGURE 4.2. The upright Reidemeister moves: Reidemeister 1 left and right, Reide-
meister 2 braid-like and cyclic, Reidemeister 3, and (the +) Swirl.

we start with pictures annotated with the relevant type (7) and (10) g-rules, written with
the assumption that ¢ {i*,j7}:

iH Z'++ , _ 5 ,
o g =Ty g+ (1 =T)gjr 9 =0ip T Y p
Vi gip =058+ gi+ s I G p =G
j+ Z.+ -+ Z.+ j+ >+ ! !
M gig=0ig+T g g+ (1 =T Mg p Vo Giv g = Jivr
i gj+,8 = gj++ .8 i G5 =058+ G 5
further further further further
crossings g-rules crossings g'-rules

As in the case of R3, we eliminate g;+ 3 and g;+ g from the equations for the left hand side,
and find that for the purpose of determining g,p with 8 ¢ {i*, "}, they are equivalent to
the equations

gip = (Si,ﬁ + gi+ and g9ip = 5]'75 + g+ 5.
Likewise, the right hand side is clearly equivalent to

9ip=0ip+ gireg and g5 =0;5+ i g
and as in the case of R3, this establishes the invariance of g,;, under R2c moves.
MORE.
We can now move on to the main part of the proof of Theorem 2. As follows from [BV1,

Theorem 2], we need to prove the invariance of # under the “upright Reidemeister” moves
of Figure 4.2. We start with the hardest, R3:

Proposition 6. The quantity 0 is invariant under R3.

Proof. Let D; and D, be two knot diagrams that differ only by an R3 move, and label their
relevant edges and crossings as in Figure 4.3. Let gf,aﬂ and g7 5 be their corresponding Green
functions. Let F{(c), Fj(co, 1) and Fi(g, k) be defined from g}, as in (3)~(5), and similarly
make FY, I} and F3 using g,.4-

By the invariance of the Alexander polynomial, the pre-factor A;AsAjz is the same for
6(D') and for §(D") (see Equation (6)). By Theorem 5, g5 = g,q5 so long as a,f ¢
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Dl k-l—f— j++ ZH DT

=~

FIGURE 4.3. The two sides D' and D" of the R3 move. The left side D' consists of 3
distinuighed crossings ¢! = (1,4, k), ¢, = (1,4,k"), ¢4 = (1,7", ") and a collection of
further crossings ¢, = (s,m,n) € Y, where Y is the set of crossings not participating
in the R3 move. The right side D" consists of ¢} = (1,4,7), ¢4 = (1,i", k), ¢§ =
(1,5%,k%) and the same set Y of further crossings c,.

{i*,77,kT}. And so the only terms that may differ in §(D") between h = [ and h = r are
the terms

AP = YT FMe)+ Y] Fl(co,c1), B"= ) F(co,c,), and C" = > Fl(c,,c1). (16)

06{032,3} 00,016{0?7273} coe{c?,w},cyey cle{c?,273},cyey

We claim that A' = A", B! = B", and C' = C".

To show that A' = A", we need to compare polynomials in gf,aﬂ with polynomials in g;,,5 in
which o and 3 may belong to the set {i*, 7", k*} on which it may be that ¢! # ¢”. Fortunately
the g-rules of Equations (7) and (8) allow us to rewrite the offending ¢’s, namely the ones with
subscripts in {i*, 57, k*}, in terms of other ¢g’s whose subscripts are in {7, j, k,i™", ;75 k™},
where ¢' = ¢g". So it is enough to show that

Al /. (the g-rules for ¢, ¢}, c}) = A" /. (the g-rules for ¢}, 5, ) under ¢' = ¢", (17)

where the symbol /. means “apply the rules”. This is a finite computation that can in-
principle be carried out by hand. But each A" is a sum of 3 +9 = 12 polynomials in the ¢"’s,
these polynomials are rather unpleasant (see (3) and (4)), and applying the relevant g-rules
adds a bit further to the complexity. Luckily, we can delegate this pages-long calculation to
an entity that doesn’t complain.

First, we implement the Kronecker d-function, the g-rules for a crossing (s,1,j), and the
g-rules for a list of crossings X:

(2°) &i_,j_ :=If[i===3J, 1, 0];
n gRules[{s , i_, j_}] :={
€ j5 P 8rits+ 8555 By in P, Brits+ (1 = Tf,) 8vjts +6ip,
gv_af‘i."' g Ti Brai + 5ai+) gvfaﬁj"’ g gvaj + (1 - Ti) Brai * 5aj+
}s
gRules[X _ List] :=Union@e Table[gRules[c], {c, {X}}]
We then let X1 be the three crossings in the left-hand-side of the R3 move, as in Figure 4.3,
we let A1l be the A’ term of (16), and we let 1hs be the result of applying the g-rules for the

crossings in X1 to A1. We print only a “Short” version of 1hs because the full thing would
cover about 2.5 pages:
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Al = Sum[F;[c], {c, X1}] + Sum[F,[cO, c1], {cO, X1}, {cl, X1}];
lhs = Simplify[Al //. gRules @@ X1] ;
Short[lhs, 5]

1
- (373T2+ <<129>> +
2 (1-T,)
2 (1_T2) <1+T2 (TZ g2,<<1>>+,i_ <_1+T2) g2,<<1>>,i> - <_1+T2) g2,(k*)+,i>

(1+ (1-T1T2) 83, (k*)*,5 * 83, (k) *,k) )

Xl: {{1, 3, k}, {1, i, K™}, {1, i%, 3%}};

We do the same for A", except this time, without printing at all:

Xr= ({1, i, 33, {1, i*, k}, {1, 3%, k*}};

Ar =Sum[F;[c], {c, Xr}] + Sum[F,[cO, c1], {cO, Xr}, {cl, Xr}];
rhs = Simplify[Ar //. gRules @@ Xr];

We then compare 1hs with rhs. The output, True, tells us that we have proven (17):

Simplify[lhs == rhs] True

We show that B! = B" by following exactly the same procedure. Note that we ignore the
summation over ¢, and instead treat it as a fixed crossing ¢, = (s,m,n). If an equality is
proven for every fixed c,, it is of course also proven for the sum over ¢, € Y.

@ lhs = Sum[F,[cO, {s, m, n}], {cO, X1}] //. gRules @@ X1; True
n rhs = Sum[F,[c@, {s, m, n}], {cO, Xr}] //. gRules @@ Xr; T
Simplify[lhs == rhs]
Similarly we prove that C* = C”, and this concludes the proof of Proposition 6.
@ lhs = Sum[F,[{s, m, n}, c1], {c1, X1}] //. gRules @@ X1; True
n rhs = Sum[F,[{s, m, n}, c1], {c1, Xr}] //. gRules @@ Xr; o
Simplify[lhs == rhs] [

Remark 7. The computations above were carried out for generic g,,s and for a generic
¢, = (s,m,n); namely, without specifying the knot diagrams in full, and hence without
assigning specific values to g,qg, and without specifying m and n. Under these conditions
the three parts of (16) cannot mix (namely, terms from, say, A" cannot cancel terms in B"
or C"), and so it would have been enough to show that E' = E”, where E" combines A" and
B" and C" (and a few harmless further terms) by adding ¢, to the summation corresponding
to A
E'= Y Flo+ ), Fla.a).
Ce{c?,z,:s,y} 007015{0?,2,3@}

But that’s a simpler computation:
ESum[X ] := (Sum[Fi[c], {C, X}] + Sum[F,[c®, c1], {c®, X}, {cl, X}]) //. gRules @@ X

(o)X= {{1, 3, k}, {1, i, k'}, {1, i%, §°}}; True
n Xr={{1, i, 3}, {1, i*, k}, {1, 3%, k"}};
Simplify[ESum[Append[X1, {s, m, n}]] == ESum[Append[Xr, {s, m, n}]1]1]
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Proposition 8. The quantity 6 is invariant under R2c™.

Proof. We follow the same logic as in the proof of Proposition 6, as simplified by Remark 7.
We start with the figure that replaces Figure 4.3: (ntl fle ndll Veties 1, D~ vw @‘mﬁé,{

( Dl\ ( Dr\ ﬁ(ﬁé‘( 7L [L(’M/, %/L’

. .
7 )
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J c ) c
Y Z0N 20N
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To compute “E” sums as in Remark 7 we first have to extend the ESum routine to accept
also a list R of pairs (¢, k) of the form (rotation number, edge label):

ESum[X_, R_] :=
n (Sum[F;[c], {c, X}] +Sum[F,[cO, c1], {cO, X}, {cl, X}] +Sum[F;e@r, {r, R}]) //.
gRules @e X;

We then compute E' by calling ESum with crossings (—1,4, %), (1,i%, ) as in the left hand
side of the R2c* moves, a generic extra crossing (s,m,n), and a rotation number of 1 on
edge j*:

El = Simplify [ESum[{{-1, i, j"}, {1, i*, j}, {s, m, n}}, {{1, 37}}11;
Short[lhs, 5]

7; <1+S+2$ (T1T2)5g3,m+’m+ <«<11>> +2g;3 (5*)*.3 ~
2 (-1+T3) ’ ’
T3 (1 +S-2581 nt,m8B2,n*,m+25S82,nt,n+t <<28>> +258p ut,m (1+83,n",n) +283, (j*)*,j) )

The computation of E” is simpler, as it only involves the generic (s, m,n) and the rotation
(1,57). We apply the g-rules of Equation (10) “by hand” on g,.s (only if a € {i,i*,j,5%})
and then compare E' with E" to conclude the proof:

Er = Simplify [ESum[{{s, m, n}}, {{1, §}}1 //- True

gv_,a_,ﬂ_ /; MemberQ[{iJ i+, j: j+}) a] > 6:1,/1’ + gv,a+,/>’].;
Simplify[El == Er] O
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