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Pensieve header: Quantum $sl_n$ following Rosso and Yamane. Continuing Doubling.nb from Pensieve
17087

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $RS-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ug(slgn), not Un(sl(N + 1)).

3. We dot not have a name for Rosso’s X; and Y;. Rosso’s E ., is our x[i, j] > xij. Likewise Rosso’s 1,

€js1 —€j+1

is our y[i, j] & vij.
4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

MakePDF [ ]

8ij :=KroneckerDelta[ij];

CF = Expand;

X[1_, J_]:=x<>1<>7J; a[i_] :=a<>1; A[1_] :=A<>1;
yli , J ]:=y<>i<>7J; b[1i_ ] :=b<>1; B[1_] :=B<>1;

t[s_Symbol] := First[Characters[SymbolName[s]]1];
L[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1]1:=zt[s]; c[s_[_11 :=¢[s];

{t[x[3, 4]], ¢[x[3, 411} // FullForm

Time: 0.03 seconds Qut[=

List["x", List[3, 4]]
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pdf
iml-1:=  UCF[& ] :=
Module[{F}, Expande@Collect[s //.U; [L___, _[@],r __1=U;[L,r], U [___1,F]/.F-CF]
pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
pdf
inl-=  (xq=e” Y 5 x)
pdf

nf-1:=  $n = 4;
$PBWGens = Flattene {
Table[As[i, 1, $n-1], As[]j, i+1, $n], x[i, jI11,
Table[As[i, 1, $n-1], A[il[_]1, (* Ai[n]-e "% L)
Table[As[i, 1, $n-1], a[i]],
Table[As[i, 1, $n-1]1, As[]j, i+1, $n], y[i, jI11,
Table[As[i, 1, $n-1], B[il[_ 11, (* Bi[n]-e "3 )
Table[As[i, 1, $n-1], b[i]]
}
(#y = Up@#) & /@ $PBWGens;
$PBWRule = Module[ {k = @}, Flatten@Table[{g > ++k, g; - {i, k}}, {g, $PBWGens}]1];
X 2y :=0rderedQ[{x, vy} /. $PBWRule]; x <y :=!O0rderedQ[{y, x} /. $PBWRule];

Time: 0.06 seconds Qut[=

pdf
{x12, x13, x14, x23, x24, x34, A1[_], A2[_], A3[_], al, a2,
a3, y12, y13, y14, y23, y24, y34, B1[_], B2[_], B3[_], bl, b2, b3}
pdf
In[-]:= ms_[@] =05

ms [x_Plus] := UCF[m; /@ x];
m ,; [&]1 := & /. Ui->Uj;
mi ,5 o [€_ Ui [x __1U; [1] :=cUe[x];
mi ,j e [€ Ui [TU; [y __11:=cU[y];
mi ,j ok [€_- Ui [xx___, x_[n1_]1U; [x_ [n2_],yy___1]:=
UCF[cU;[xx, x[n1+n2]]U;[yy1] // mi i3
mi 5 e [C_ VUi [xx___, x JU; [y_,yy___11:=If[x=sy,
cUelxx, X, ¥, y¥1,
((cU;[xx] RRj[x, y] // UCF // m; j,:) Uj[yy]l // UCF // m; j,.) // UCF
15
ms [& ] :=ms [UCF[&]];
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pdf
ni 1= Ai i ok [£.1 i= UCFeModule[{j1, ki}, & /. {
Ui[]l » U;[]U[],
Uilf 5 fs__ 1 o M a,@my 51,5 [A5 k[ F] Aisia,a [Ui [FS]]1]
11
Ai 57 k0 [81 1= & 1/ Ak 1/ Drsk,t

in[-]:=  S; [& ] := UCF@Module[{il}, & /. {
Uil[f_, fs___1 = My i, [Si[f] Si1[Via[fs]1]]
115

The A-algebra

pdf
inf-]:= RRe_[a@i_, aj_] /; t[ai] =t[aj] = "a" :=U,[aj, ai];
RR, [ai_, Aj_[n_]1] /5 t[ai] ="a" At[A]J] ="A" := U,[Aj[n], ai];
RR. [Ai_[m_1, Aj_[n_11 /5 t[Ai] = t[Aj] == "A" := Up[Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] ="a" At[xij] = "x" := Module[{i, j, m},
{i, j} = c@xij; {m} = c@am;

U [xij, am] +% (Sn,i - Snea,i — Om,j + Onsa,i) U [X1J] /2

15
RR. [Am_[n_1, xij_] /5 t[Am] = "A" A T[xij] = "X" := Module[{i, j, m},

{i, j} = cexij; {m} = c@Am; q " (®mi=%m1i=0n3*0n13) Y, [xij, Am[n]]

]

n[-]:= RRe[a[1], x[1, 2]]
Time: 0.02 seconds Out[=
¥ Up [X12] +Up[x12, al]
pdf

We take the reduction rules RR for xij’s from Yamane page

5009:

(I) i=m<j<n (II) i<m<n<j, (II) i<m<j=n,
i J i J i Jj
m n m__n m n

av) i<m<j<n, (V) i<j=m<n, (V) i<j<m<n

q_zeijemn — €mn€ij = 0 if (GG, j), (m, n))e Ca) U Cmy
[eij, emn] =0 if ((l> ])s (ma n))e C(“) U C(VI)'
Leij emn] = (@* — q—z)einemj if ((i, j), (m, n))e Cqy,.
qzeijemn — Cmn€ij = g€in if ((l’ ])3 (m, n))e C(V)'

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsinDoublingYamane.nb 2026-09-17 09:56:38

pdf
mi-1=  RRe_[xmn_, xij_1 /5 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},

{i, j} = t@xij; {m, n} = c@xmn;

Which|
(A=mAj<n) Vv (d<m<jAn=73), q2U[xij, xmn], (+ IVIII )
(i<m<jAn<j)Vv(j<m), Ug[xij, xmn], (» IIVVI =)

i<m<jAn>g, Uxij, xmn] + (72 - @*) Up[x[i, n], x[m, 11, (+ IV x)
j=m, q> U [xij, xmn] - qU,[X[i, n]] (x V *)

]
]

In[«]:= U1[X34] U2 [X23] U3 [X12] // My,252
Time: 0.05 seconds Qut[=

-qU, [x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

in[-]:= Uy [X34] Uy [x23] U3 [x12] // My 5,5 // My, 3,0
Time: 0.06 seconds Outf=
g% Ug [x14] - g3 Ug [x12, Xx24] - q° Ug [x13, x34] + q* Ug [x12, X23, X34]

in[-]:- Module[{Bas = Echo@Select [$PBWGens, (t[#] = "x"V t[#] ="a") &], P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P=Uy[X] U2[Y] U3[Z];
{X, Yy, Z}y > (P // My 5,5 // My 3,0) == (P // My,3,5// Mg 2,0)
11
1
{x12, al}

Out[«]=

{}

in[-]:- Module[{Bas = Select[$PBWGens, (t[#] ="x"V [#] =="a") &], P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Us[X] U2[Y] Us[Z];
{X, Y, Z}y » (P // my,2,5 // My,350) == (P // M3, // My 50)
11
1
{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4,
A4[-1], A4[1], Ad[O], A3[2], A2[-2], A4[1], A2[2], A4[-2], A4[O], A4[-2]}

Out[e]=

{}
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in[-]:- Module[{Bas = Echo@Select [$PBWGens, (t[#] = "x"V t[#] ="a") &], P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P = Uy [W] U2[X] Us[Y] Ug[Z];
{W, Xy Y, Z}y» (P //my3,5// My 4,0 // My 2,1) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1
{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4}

Out[«]=

{1

pdf

The Co-Product and Co-Associativity

pdf
in[-]:- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[il] Uk[] +U;[]1 Uc[a[il];
Aj ,p [A[i]1[n_11 =VU;[A[i] [n]] Uc[A[i][n]];
Aj ko [x[i, i+1]] = Uj[x[i, i+1]] U [A[i][2]] +Uj [A[i][-1]] Ug[x[i, i+1]]
Dc]JEAs[i, 1, $n-2], As[n, i+2, $n],
Aj e [X[1, N1 = M s [M5, 5105

q25,[X[1, =111 Ajyka[X[N -1, n]] -q7" Ay, [X[n -1, n]] Ajyka [X[1, n-1]]

1]

in[-]:= Short[{As,5[a2], Ay,0[A2[77]], A1,2[X12], Ay,5[Xx15]}, 8]

Time: 0.02 seconds Outf=

{A4)5[a2], N7 [A2(77]1, Ul{Al{—iH U, [x12] + Uy [x12] UZ[Al{i]], Al,z[xls]}

in[-]:= Bgs1,2 [U1[X13, a2] Ug [X34] ]

Time: 0.05 seconds Ourﬂ—

Ug [Xx34] U; [Al A2[-1], a2] Up[x13] + Ug[Xx34] Uy [AL1[-1], A2[-1]] U, [x13, a2] +
( ] [X34] Uy [x12, A2[-1], a2] U, [x23, A1[1]] + Up[x34] Uy [x13, a2] U, [A1[1], A2[1]] +
( ] [X34] Uy [x12, A2[-1]] U, [x23, AL1[1], a2] + Up[x34] U; [x13] U, [A1[1], A2[1], a2]
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in[-]:= Module[{Bas = Select[$PBWGens, (t[#] == "x"V t[#] ="a") &], P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Ui[X];
X=> (P// D151, // Dyi2,3) == (P // D1s1,3 /7 A1,1,2)
11

]
{x12, al, A1[-1], A1[1], Al[-1], Al[@], A1[@], A1[2], Al[-1], A1[2], Al[2], Al[-1]}

Out[«]=

{}

in[-]:= Module[ {Bas = Select[$PBWGens, (t[#] == "x"V t[#] ="a") &], P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flattene@Table[As[X, Bas], As[Y, Bas],
P =Ui[X] U2[Y];
{X; Y} (P// My, // Basa,2) == (P // Bau3,a /) Dasa,a // Myyan // My a)
11
1
{x12, x13, x14, x23, x24, x34, al, a2, a3, A1[Q],
Al[-1], Al1[-1], A2[0], A3[1], A2[2], A1[1], A2[@], Al[-2], A2[1]}
Out[e]=

{}

in[-]:= UCF@Module[ {P = U; [x13] U, [x12]},
(P/7/ My, /7 BDisa,2) = (P /7 Axuz,a // Dasaya // My3La /7 My as0)]

Time: 0.03 seconds Out[=

%]

pdf

The antipode

w1~ Do[As[i, 1, $n-1],
S; [a[i]]l = -Uj[a[i]l];
S; [A[i][n_1]1 =VU;[A[i][-n]];
S; [X[i, 1+1]] = -q 2 Uy[x[i, 1 +1]] (+?%)
B
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [x[i, n]] =mj1,j-»j[
qS;[x[i, n-1]] Sja[x[n-1, n]] ‘q_lsj[x[n‘l: n]] Sji[x[i, n-1]]

]

inf-]:= Ug[X12] // A1s2,3 7/ Sz // My 351
Time: 0.03 seconds Qut[=

0
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in[-]:= Module[ {Bas = Select[$PBWGens, (t[#] == "x"V t[#] = "a") &], P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],

P =U;[X];
X- (P//BD153,3//S2//My,3,)
11

]
{x12, x13, x14, x23, x24, x34, al, a2, a3, A1[-1], A1[-1],
A2[-1], A1[-2], A1[-2], A2[2], A3[2], A3[2], A3[-2], A2[-2]}
Out[-]=
{x12 -0, x13 >0, x14 >0, x23 >0, x24 >0, x34->0, al >0, a2 >0, a3 >0,

Al[-1] »Us[], A1[-1] 5 Uy [], A2[-1] »Us[], AL[-2] »Us[], Al[-2] » Us[],
A2(2] »Us[], A3[2] - Us[], A3[2] > Us[], A3[-2] - Us[], A2[-2] > Us[]}

The B-algebra

pdf
inf-]:=  RRe [b1_, bj_] /; t[bi] = t[bj] = "b" :=U,[b], bi];

RR, [bi_, Bj_[n_11 /; t[bil ="b" AT[Bj] = "B" := Uy[Bj[n], bil;

RRe [Bi_[m_1,Bj_[n_11 /; c[Bi] =t[Bj] = "B" := U,[Bj[n], Bi[m]];

RR, [bm_, yij_1/; t[bm] ="b" AT[yij] =="y" :=Module[{i, j, m},

{i, j} = c@yij; {m} = c@bm;
U.[yiJj, bm] + € (6n,i = Onea,i = Sn,j + Sns1,) Ue[V1iJ] /2
15

RRe [Bm_[n_1, yij_1 /5 t[Bm] = "B" AT[yij] ="y" := Module[{i, j, m},

"3 Uy [yij, Bm[n]]

=N (8p,i=0Omns1,i=6n,j+6

{i, J} = ceyij; {m} = c@Bm; q

]

in[-]:= RRe[b[1], Y[1, 2]1]
Time: 0.05 seconds Out[=
€ Ug[y12] +Ug[yl12, bl]
pdf
We take the reduction rules RR for xij’s from Yamane page

5009:

(I) i=m<j<n (II) i<m<n<j, (II) i<m<j=n,
i J i Jj i Jj
m n m__n m n

aw) i<m<j<n (V) i<j=m<n, (V) i<j<m<n
i i i J iJ

m n m n m n
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q_zeijemn — €mn€ij = 0 if (GG, j), (m, n))e Ca) U C oy
[eij’ €mn] =0 if (@, j), (m, ”))ec(n) U Cvyy-
[eijs emn] = (‘12 - q_z)einemj if ((G, j), (m, n))EC(IV)-
qzeijemn - emneij = g¢é;, lf ((la ])s (m, n))e C(V)'
pdf
ml-1= RRe_[ymn_, yij_1 /3 t[yij] = c[ymn] ="y" := Module[{i, j, m, n},
{i, j} = c@yij; {m, n} = c@ymn;
Which [

(i=mAj<n)V(@d<m<jAan=7), q2U.[yij, ymn], (+ IVIII )
(i<m<jAn<j)V (j<m), Ulyij, ymn], (+« IIVVI «)
i<m<jAn>g, Ulyij, ymn] + (972 - q*) Ue[y[i, nl, y[m, 311, (+ IV «)
j=m, g Ue[yij, ymn] - qUeLy[i, n]] (+ V x)

]

]

in[-]:= Up[y34] U [y23] U3 [y12] // my 2,
Time: 0.02 seconds Outf=

~q Uy [y24] Us[y12] + q° Uy [y23, y34] Us[y12]

in[-]:= Up[y34] U [y23] U3 [y12] // My 5,5 // My 3,0
Time: 0.02 seconds Out[=

q*Ug[y14] - q° U [y12, y24] - q° Up[y13, y34] + q* Ug[y12, y23, y34]

in[-]:= Module[{Bas = Echo@Select [$PBWGens, (t[#] =="y"V t[#] =="b") &], P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Uy [X] U2 [Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 2,0)
11

]
{y12, y13, y14, y23, y24, y34, b1, b2, b3}
out[-]=
{}
in[-]:= Module [ {Bas = Select [$PBWGens, (t[#] =="y" Vv t[#] ="b") &], P},
Bas = Echo@Join[Bas, Table[B[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P=Ui[X] Uz [Y] U3[Z];
{X, Y, Z}y > (P // My 2,0 // Mz,3,) == (P // M2,3,5// My, 2.0)
1]
]
{y12, y13, y14, y23, y24, y34, b1, b2, b3, B2[1],
B3[@], B2[@], B2[-2], B1[1], B2[2], B1[1], B1[1], B3[-2], B1[1]}
out[-]=

{1
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in[-]:- Module[{Bas = Echo@Select [$PBWGens, (t[#] ="y" Vv t[#] ="b") &], P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3,a53// Ma,355 // My,251) = (P// Myo51 /7 M3,a53 77/ My 3,) =
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1
{yl12, y13, yi14, y23, y24, y34, bl, b2, b3}

Out[«]=

{1

pdf

The Co-Product and Co-Associativity

pdf
in[-]:- Do[As[i, 1, $n-1],
Aj ,p [b[i]] =Uj[b[i]] Uc[] +U;[]1 Uc[b[i]];
Aj ,p [B[i]1[n_11 =U;[B[i] [n]]1 Uc[B[i][n]];
Aj e [y[i, i+1]]1 =Uj[y[i, i+1]] Ue[B[i][1]] +U5[B[i]1[-1]] Uk[y[i, i+1]]
Dc]JEAs[i, 1, $n-2], As[n, i+2, $n],
A5 ke [YIi, N11 = M [M5, 5105

q25, [y, N=1]1 Ajpualy[n-1, n1]1 -q 7 Aj,k[y[n-1, n1] Aja [y[i, n-1]]

1]
]

J:= Short[{A4,5[b2], Ay,9[B2[77]1], A1,2[y12], Aq1,2[y15]}, 8]
Time: 0.01 seconds Outf=

{Ug[b2] Us[] +Us[] Us[b2], U;[B2[77]] Uy [B2[77]],

U [B1[-1]] Uz[y12] +Uy[y12] Up[B1[1]], Aq,2[y15]}

In

Inf-]= Bis1,2 [U1[y13, b2] Ug[y34]]

Time: 0.05 seconds Outf

Ue[y34 [ 2[-1], b2] Uy [y13] +Ug[y34] U1 [B1[-1], B2[-1]] Uy [y13, b2] +
( J [y34] Uy [y12, B2[-1], b2] U, [y23, B1[1]] + Up[y34] U;[y13, b2] U, [B1[1], B2[1]] +
( J (y34] U [y12, B2[-1]] Up[y23, B1[1], b2] + Ug[y34] Uy [y13] U [B1[1], B2[1], b2]
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in[-]:- Module[{Bas = Select[$PBWGens, (t[#] ="y" Vv [#] == "b") &], P},
Bas = Echo@Join[Bas, Table[B[RandomInteger[{1, $n -1}1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Ui[X];
X=> (P// D151, // Dyi2,3) == (P // D1s1,3 /7 A1,1,2)
11
]
{y12, y13, y14, y23, y24, y34, bl, b2, b3, B3[2], B2[1],
Bi[e], B3[-1], B1[-2], B2[-1], B3[1], B2[@®], B3[2], B3[-2]}

Out[-]=
{}
in[-]:- Module[{Bas = Select[$PBWGens, (t[#] ="y" Vv [#] =="b") &], P},
Bas = Echo@Join[Bas, Table[B[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{Xs Y} > (P// My o, // Dysa,2) == (P // Bau3,a /) Dasa,a // Myy30 // My a)
11
1
{y12, y13, y14, y23, y24, y34, bl, b2, b3, B3[1],
B2[-1], B2[-2], B3[-2], B2[@], B3[@], B1[1], B2[@], B3[1], B3[1]}
Out[-]=
{}
pdf

The antipode

mi-1- Do[As[i, 1, $n-1],

S; [b[i]] = -U;[b[i]];
S; [B[il[n_11 =Uj[B[i][-n]];
S; [y[i, 1+111 = -q 2 U5[y[i, 1 +1]] (+2+)

[E

Do[As[i, 1, $n-2], As[n, i+2, $n],

S; [y[i, 11 =mjy 4.5

qS;j[yli, n-111S5[y[n-1, n]]1-q*S;[y[n-1, n]]Ss[y[i, n-1]]

]

]

in[-]:= Ug [y12] // A1,2,3 /7 S22 // My, 3,1
Time: 0.00 seconds Out[=

0
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in[-]:- Module[{Bas = Select[$PBWGens, (t[#] ="y" Vv [#] == "b") &], P},
Bas = Echo@Join[Bas, Table[B[RandomInteger[{1, $n -1}1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Ui[X];
X- (P//BD1y2,3//Sy// My 3,1)
11
]
{y12, y13, y14, y23, y24, y34, bl, b2, b3, B2[2],
B2[2], B3[-1], B2[1], B2[1], B1[@], B3[-1], B1[2], B3[@], B1[-1]}

Out[e]=
(yl2 50, y13 50, y14 50, y23 50, y24 -0, y34 50, bl 50, b2 > 0,

b3 -0, B2[2] > U [], B2[2] > Uy[], B3[-1] > Us[], B2[1] > Us[], B2[1] > Us[],
B1[@] »Us[], B3[-1] »Us[], B1[2] - Us[], B3[@] »Us[], BI[-1] > Us[]}

The pairing

In[]:= 81,2
Time: 0.06 seconds Out[=
0
in[-]-  Do[As[i, $n-1], P[U[], U[A[i][_]1] = P[U[B[i]l[_11, U[]1] = 1]1;

P[U[], U[__1]1 = P[U[__], U[]] = @;
Do[As[i, $n-1], As[j, $n-1], P[U[b[i]], U[a[j]]] = 61,507"];
Do[As[i, $n-1], As[]j, $n-1], P[U[B[i][n_]], U[a[j]1]1] =-n¥];
Do[As[i, $n-1], As[j, i+1, $n], As[k, $n-1], P[U[y[i, j11, U[a[k]l]] =@];
Do[As[i, $n-1], As[j, $n-1], P[U[b[i]], U[A[J]1[n_11]1 =-ne &;,];
Do[As[i, $n-1], As[j, $n-1], P[U[B[i][n_]11, U[A[§1[m_11] = &5,5e"""¢¥];
Do[As[i, $n-1], As[j, i+1, $n], As[k, $n-1], P[U[y[i, j]11, U[A[KI[_]11] =@];
Do[As[i, $n-1], As[j, i+1, $n], As[k, $n-1], P[U[b[k]], U[x[i, j11] =0];
Do[As[i, $n-1], As[j, i+1, $n], As[k, $n-1], P[U[B[k][_]1, U[x[i, j11] =@];
Do[As[i, $n-1], As[j, i+1, $n], As[k, $n-1],

As[l, k+1, $n], P[U[y[i, 11, U[X[k, 111] = 61,k 65,1 87"];

ml-1:= P[U[T1, U[]] = 1;

P; ,; [&.] := UCF[& /. Ui[ys 1Uj[xs___1 - P[U[ys], U[xs]]];

The pairing sequence: (one,one) (above), (many,one), (many,many).

1= PIULy_, ys__1, U[x_1]1 := P[U[y, ys], U[x]] =
Module[{i, j, k, 1}, UCF[U; [y] Uj[¥S] Ao, 1 [Uk[X]1] /7 Piyc /7 Pyal;
P[U[ys 1, U[x_, xs__1] := P[U[ys], U[x, xs]] =
Module[{i, j, k, 1}, UCF[Ai,;,5[Ui [ys]11 Uc[x]1 Ui[xs1] // Pi // Pyal;
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im[-]:= P[U[b[1]], U[a[1], a[1]]]
Time: 0.02 seconds Out[=

0

mi-= P[U[b[1], b[1], b[1], b[1]], U[a[1], a[1], a[1], a[1]]]

Time: 0.03 seconds Out[=

24

ﬁ4

inf-]:= 1hs =
Factor‘@Table[ﬁ" P[Uee Table[yl2, {n}], UeeTable[x12, {n}]], {n, 7}] // Simplify // Expand

Time: 0.05 seconds Out[=

1 1 2 1 3 5

- 2 - “ 2. 6 e 4 8, 12
{1, 2+q, 6+ 2+2q +q, 6+ 12+ 8+ 4+5q +3q +9°,
q q q q q q
1 4 9 15 20 1 5 14
22+§+?+?+78+74+20q4+15q8+9q12+4q16+q29,;+?+E+
q q q q q q q q
29 49 71 90 1le1l
— v+ — +— +—+—+101g*+90q° +719*° +49q"* + 299 + 14 g% + 5q*° + ¢°°,
g8 g% ql° gf 92

1 6 20 49 98 169 259 359 455 531 573 , ]
72+§+ 3+ 30+ 2+?+78+j+70+76+72+573q +531q+
a? 9® ¢* 9¥ ¢*° ¢ a® q a*° q q

455q™ + 359 ™ + 259 ™8 + 169 q22 + 98 ¢%° + 49 ¢*° + 20 ¢** + 6 0% + q“}

il 1= rhs = Simplify@FunctionExpand@Table[QFactorial[n, q*] q" "V, {n, 7}] // Expand

Time: 0.01 seconds Outf=
1 1 2 1 3 5
{1,—+q2,—+—+2q2+q6,6+*+—+—+5q4+3q8+q12,
q P®© g 2 ¢ q
1 4 9 15 20 1 5 14
22+ — + — + — + — + +20q4+15q8+9q12+4q16+q26, — 4+ — + — +
20 g6 g2 g8 g ® g q®
29 49 71 90 1le1
+ + — +— +101¢%+909°+71 9 +49q* +29q*® + 14 g*2 + 5 g% + ¢*°,
18 14 10 6 2
q q q q q
1 6 20 49 98 169 259 359 455 531 573 ) 6
+ +—— +5739q°+531q +

+
q42 q38 q34 q30 q26 q22 q18 q14 q10 q6 qZ

- - - - - - - —_ 4

4559 + 359 g + 259 q'® +1699** +98q*® +499*° + 209> + 6 ¢°% + qAZ}

in[-1:= MapThread [Equal, {lhs, rhs}]

Time: 0.00 seconds Qut[=
{True, True, True, True, True, True, True}

Pairing axioms:
in[-]:= (Up [x12] S_3[U_1[y12]] // Expand // P_y,1) - (S1[U1[x12]] U_1[y12] // Expand // P_y,1)
(U1[al] S_1[U_1[b1]] // Expand // P_3,1) - (S1[U1[al]] U_4[b1l] // Expand // P_y,1)

Time: 0.00 seconds Out[=

0

Out[e]=
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inf-]:= (U [x12, x12, al] S_;[U_,[y12, y12, b1]] // Expand // P_y ;) -
(S1[U;[x12, x12, al1]] U_;[y12, y12, b1] // Expand // P_1,;)

Time: 0.00 seconds Out[=

0

in[-]:= ((Up[x12, x12, al1] U,[A1[1], al, x12] U_,[yl2, y12, y12, bl, b1, bl] // my 5, // Expand) //
P_.1,1) -
((Up[x12, x12, al] U,[A1[1], al, x12] U_,[y12, y12, y12, b1, b1, b1] // A1, 4, , // Expand) //
P_1,1// P_3,2)

Time: 0.30 seconds Qutf[=

0

inf-]:= {((Ug[x12] U_p[y12] U_4[b1] // m_y, _>,.1 // Expand) //PP_y4),
((U1[x12] U_p[y12] U4 [b1l] // A1,1,2 // Expand) //P_y,1//P_3,3)}

Time: 0.02 seconds Out[=

{Pp,l,l[e U.1[y12] Up[x12] +U 4 [y12, bl] U;[x12]], E}
n

il 1= P_y,1[€U_q[y12] Uy [x12] + 2z U_4 [y12, bl] U;[x12]]

Time: 0.00 seconds Outf=
€ Z2Z €

h h

in[-]:= € P_q,1[U_1[y12] U [X12]]

Time: 0.00 seconds Out[=
€

h

il Py, [U-1[y12, b1] U [x12] ]

Time: 0.00 seconds Out[=
€

7?1
inf-]:= U_p[yl2] U1 [b1] // m_q, 5,1

Time: 0.00 seconds Qutf=

eU_1[yl12] +U_;[yl2, bl]

inf-]:= ((U1[x12] U_5[y12] U_;3[b1] // m_y,_»,1 // Expand) //P_y1) -
((Up[x12] U_[y12] U_1[b1] // Ayyq,2 // Expand) // P_y,1// P_3,3)

Time: 0.05 seconds Out[=
€

h
In[-]:= Ag,1,2 [U1 [X12]]

Time: 0.02 seconds Outf=

Up [A1[-1]] Up[x12] +Ug[x12] U, [A1[1]]
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in[-]:= ((Up[x12, x12] U_,[y12] U_;[yl12, bl] // m_3,_», 1 // Expand) // P_.1,1) -
((U1[x12, x12] U_,[y12] U_;[y12, b1l] // Ay,1,2 // Expand) // P_3,1// P_3,3)

Time: 0.02 seconds Out[=
€ g’e

q2 hZ hZ

inf-1:= ((Ug[x12, x12, x12, x12, al] U_,[y12, B1[1], b1] U_,[y12, y12, y12, b1, b1, b1] // m_y, 5,41 //
Expand) //P_y,1) -
((U;[x12, x12, x12, x12, al] U_,[y12, B1[1], b1] U_,[y12, y12, y12, b1, b1, bl] // Ays1,2 //
Expand) //P_y,1//P_3,3)

Time: 0.05 seconds Outf[=
474 YN 3 79e*YEN 3 237V E3 395e*VEN 3 395 etvenighel

hS q12 .[;’15 q8 hS q4 I;’ls ES

237e*7 i qB e 79etve M qtte? 2280Vl yet 380eVCMyet 1140ty et

75 75 4 q'? n* Q& n*
1900 ¥ Py et 1900 e*YEl gty et 1140 e*VEl @By et 380 e*vElgl?y et

q4 h4 h4 h4 _ﬁ4
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