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Hidden Utilities and TgX

As: Enables the likes of Table[As[n,6], As[k,0,n], Binomial[n,k]], as in pensieve://2017-01/As.nb.

in[-1:= SetAttributes[As, HoldAll];
As /: (op :Do | Product | Sum | Table) [As[iter __], & 1 := op[&, {iter}]

Have StringJoin handle Integer and Symbol inputs correctly:

in[-1-=  Unprotect [StringJoin];
StringJoin[L___, m_Integer, r___] := Stringloin[l, ToString[m], r];
StringJoin[x_Symbol, r ] := Symbol [SymbolName [x] <> StringJoin[r]];

Protect[StringJoin];
Time every Out line:

in[-]:= CurrentValue [EvaluationNotebook[], EvaluationCompletionAction] = {"ShowTiming"};

SetOptions [EvaluationNotebook[], StyleDefinitions -»
Notebook [ {Cell[StyleData[StyleDefinitions -» "Default.nb"]], Cell[StyleData["Input"],
CellEpilog :» With[ {time = AbsoluteCurrentValue ["WindowStatusArea"]},
If[CurrentValue [NextCell[], CellStyle] === {"Output"}, SetOptions|[
NextCell[], CellLabel - time <> " Out[" <> ToString[$Line - 1] <>"1="1111},
StyleDefinitions -» "PrivateStylesheetFormatting.nb"]]

in[-1:=  PP_=Identity;

tex

\documentclass[12pt,reqno]{amsart}
\usepackage[export]{adjustbox} % This also includes graphicx.
\usepackage{needspace}
\usepackage[textwidth=7.5in,textheight=10in,centering]{geometry}
\pagestyle{empty}

\def\nbpdfinput#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfEcho#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfPrint#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfText#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfMessage#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfOutput#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfSection#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfSubsection#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfSubsubsection#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphinput#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphOutput#1{\vskip 1mm\par\noindent\includegraphics[width=1.5in]{#1}}
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In[«]:=

\begin{document}

nb2tex

MakePDF[] := (
Get["../nb2tex/nb2tex.m"] ;
$NotebookName = FileBaseName@FileNameTake@NotebookFileName [EvaluationNotebook[]];
nb2tex [$NotebookName, PDFWidth -» 7.5, PDFFolder - "Snips/" <> $NotebookName] ;
texfile = OpenAppend [$NotebookName <> ".tex"];
WriteLine[texfile, "\\end{document}"]; Close[texfile];
Rune
("\"C:\\Users\\drorb\\AppData\\Local\\Programs\\MiKTeX\\miktex\\bin\\x64\\pdflatex.

exe\" " <> $NotebookName <> ".tex") ;
)
Headers
pdf
Pensieve header: Quantum $sl_n$ following Rosso and Yamane.
pdf
Notes.
1. Rosso is “An Analogue of P.B.W. Theorem and the Universal SR$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N + 1)).
3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] ©vij.
4. Ross0’s H; is our a; and Rosso’s & is our b;.
pdf
in[-1:= SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”
<< ../Profile/Profile.m
pdf
Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.
pdf
This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.
pdf
This version: April 2020. Original version: July 1994.
in[-1:= MakePDF[]
pdf

In[«]:=

6ij :=KroneckerDelta[ij];
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In[«]:=

In[«]:=

SetAttributes[{SS}, HoldAll];
SS[& , op_] := Collect[Normal@eSeries[&, {e, @, $k}1, €, op];
SS[& ] :=SS[&, Together];

$N =9; (x We hereby commit that we will never go higher than sl (9) x)
xX[1 , 7 ]:=x<>1<>7; a[it_]:=a<>1; A[i_] :=A<>1;

Ell , 7 ]1:=&E<>1<>7; a[t_ ] :=a<>1; A[1 ] :=A<>1;

yli , 7 ]:=y<>1<>7J; b[i ] :=b<>1; B[i_] :=B<>1;

nli_, j_1:=n<>1i<>7j; B[ ] :=B<>1;

t[s_Symbol] := First[Characters[SymbolName[s]]];

t[s_Symbol] := FromDigits /@ Rest[Characters [SymbolName[s]]];

t[s_[_1] :=c[s]; c[s_[_11 :=c[s];

{t[x[3, 4]]1, ¢[x[3, 411} // FullForm

Time: 0.03 seconds Out[=

pdf

In[«]:=

pdf

In[]:=

List["x", List[3, 4]]

The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.

Greek - Latin duality:

Do[As[i, 1, $N-1], As[j, i+1, $N], x[i, j]* = &€[1, 71;

g1, 31" =x[i, 315 y[i, 31" =nIli, j1;

nli, j1* =yli, j11
Do[As[i, 1, $N-1], A[i]" = A[i]; A[i]" =A[i]; a[i]* =a[i]; a[i]" =a[i];
b[i]* = p[i]; B[i]* =b[i]]

(vs_List)* := (v > V") /@vs;

(u_aﬁ__) s (U7) g

LatinVars = Flattene {Table[As[i, 1, $N-1], As[j, i +1, $N], {x[i, jI1, y[i, j1}1,
Table[As[i, 1, $N-1], {a[i], b[i]1}1};

GreekVars = Latinvars®;

LatinvVarPatten = (Alternatives ee LatinVars) ;

GreekVarPatten = (Alternatives ee Greekvars) ;

VarPattern = (Alternatives @e (LatinVars|JGreekVars)) ;
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pdf
- CF[&.] i= PPCF@Module[{sl},
sl = I'F[$k = oo,
Expand[&] /. e~ = eFactorer
& (neym"
Expand[&] /. e’ = 3T /g Z— /. € /3 k>%k=>0
= k!
(xExpand@Collect [s1,Cases[sl,VarPattern,«],CCF]/.CCF—>Factorx)
pdf
Weights:
in[-]:= Do[As[i, 1, $N-1], As[]j, i +1, $N],
Wt[x[i, j1] = {1, i-J}; Wt[y[i, j1]={O, i-3};
Wt[g[i, j11 =10, j-1i}; Wt[n[i, j11 ={1, j-1i};
15
Do[As[i, 1, $N-1],
Wt[a[i]] = {1, @}; Wt[b[i]] = {0, O};
Wt[a[i]] = {0, O}; Wt[B[i]] = {1, @};
15
Wt[u_ ] :=Wt[u];
pdf
nf-]:=  (x gq~el ¥ €; Ai[n]~e? € 3¥; )
pdf

inf-]:= $n=3; $k = 03 $E := {$n, $k}

pdf

in[-]:= $EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[]j, i+1, $n], x[i, j11,
Table[As[i, 1, $n-1], {a[i], A[i] [_1}]
}
$EPBWRule := Module[{k = @}, FlatteneTable[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X 2y :=0OrderedQ[{x, vy} /. $EPBWRule]; x <y :=!O0OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

in[-1-- $PBWGens*

Time: 0.071 seconds Qut[=

{&12, £13, £14, £15, £23, £24, £25, &34, £35, £45, a1, a2, a3, a4}
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pdf
ml-1:= UCF[&_ ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ Ui [L___, _[],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1=
(-2) X BX ek n

Sum[As[k, 0, $ki, -

s
] /. FcF]

U;[L, Sequence @@ Table[a@e . [AB], k], r]]

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j e [€ Ui [x___TU; [1] :=cUe[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi 5 ok [€_ Ui [xx___, x_[n1_11U; [x_[n2_1, yy___1] :=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUe[xx, X, ¥y, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [&] :=ms [UCF[&S]1]5

in[-]1:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, »];

mn[-1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_By_  :=PPyy@Module|{i, is = Supp[x] NSupp[Vy], o, Z, k},
z=x; DO[Z =M, .ei[2], {i, iS}];
z = Expand[y z] ;
I'F[$k<oo, z=2z/.€" /; k>$k:—>0];
DO[Z = Mogs,ii[2], {1, is}1; Z];

UB[x , vy ] := PPg@UCF[x® y-y® x];

pdf
In[«]:= Ai_—»j_,k_[é‘_] HE UCF@Module[{jl, ki}, & /. {
Ui[1 » U;[] U],
Uilf , fs__ 1 » M a,,@my 5155 [85, k[ F] Aingr, i [Ui [fS]11]

31
Ai 55 e, [E]1 2= & 1/ Aisj,r /] Drosk,t

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin10.nb

pdf
1= Si [£.] := UCFeModule[{il}, & /. {

Uilf_, fs___ 1 » miyq i, [Si[f]Si1[Uia[Fs]]]
115

In[-]:= B1,2,3[U1 [X12] ]
Time: 0.02 seconds Out[=

Aq,253[U1[X12] ]

pdf
The A-algebra
pdf
inf-]:=  RRe_[al_, aj_1 /3 tlail = t[aj] = "a" :=U,[aj, ail;

RR, [ai_, Aj_[n_]1 /; tlai] ="a" At[Aj] ="A" := U,[Aj[n], ai]l;
RR, [Aj_[n_], ai_] /; t[ai] =="a" At[A]j] = "A" := Uy[ai, Aj[n]];
RR, [Ai_[m_1, AJ_[n_11 /; tT[Ai] == t[AJ] = "A" := Ug[Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] = "a" AtT[xij] = "x" := Module[{i, j, m},
{i, j} = c@exij; {m} = c@am;

Up[xij, am] +% (Sn,i = Snea,i — Om,j + Onsa,i) U [Xx1J] /2

15
RR,_[Am_[n_1, xij_1 /; t[Am] = "A" A T[xij] = "Xx" := Module[{i, j, m},

{i, j} = c@xij; {m} = c@Am; q " (®mi-0n1,i70m3*0n15) yy [ X1, Am[n] ]

]

in[-]:= RRg[a[1], X[1, 2]]
Time: 0.05 seconds Out[=

v Up [X12] + Ug [x12, al]

We take the reduction rules RR for xij’s from Yamane page

509:

(1) i=m<j<n, (II) i<m<n<j, (III) i<m<j=n,
i J i Jj i J
m n m n m n

aw) i<m<j<n, (V) i<j=m<n, (V) i<j<m<n

i j i iJ
q_zeijemn — €mnfij = 0 ﬂ(i, 7, (m, n))e Ca) U C oy
[eija emn] =0 if (@, j), (m, ”))ec(n) U C(VI)-

Leijs emn) = (@ — G Dewmen;  if (G, )), (m, n))eCqy)
qzeijemn - emneij = qein lf ((ls J)s (m, n))e C(V)'
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pdf
mi-1=  RRe_[xmn_, xij_1 /5 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},

{i, j} = t@xij; {m, n} = c@xmn;

Which|
(A=mAj<n) Vv (d<m<jAn=73), q2U[xij, xmn], (+ IVIII )
(i<m<jAn<j)Vv(j<m), Ug[xij, xmn], (» IIVVI =)
i<m<jAn>g, Uxij, xmn] + (72 - @*) Up[x[i, n], x[m, 11, (+ IV x)
j=m, q> U [xij, xmn] - qU,[X[i, n]] (x V *)

]
]

In[«]:= U1[X34] U2 [X23] U3 [X12] // My,252
Time: 0.06 seconds Qut[=

-qU, [x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

in[-]:= U [X34] Uy [x23] U3 [X12] // My 2,2 // My 3,0

Time: 0.05 seconds Outf[=
g% Ug [x14] - g3 Ug [x12, Xx24] - q° Ug [x13, x34] + q* Ug [x12, X23, X34]

in[-]:= Block[{$k = o}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[X] U [Y] Us[Z];
{X; Y, Z} » (P // mMy,2,0 // My,3,0) == (P // My,3,5 // My 5.0)
11
1]

Time: 1.05 seconds Qut[=

{}

in[-]:- Block[{$k = 0, $n = 3}, Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}]1], {10}]1];

DeleteCases[_ - 0] [Flatten@eTable[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
{X5 Y, Z} >UCF[ (P //my,5,5 // Mz,3,0) = (P // My3,5// My 2.0)]

11
11
{x12, x13, x23, al, a2, A2[0Q], A2[-2], A2[-2], A2[2], A2[2], A1[-1], A2[-2], Al[@], A2[-2], A2[1]}

Out[e]=

{3

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin10.nb 2026-09-25 10:03:18

Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1
(x12, x13, x23, al, a2}

Out[«]=

{1

The Co-Product, Co-Associativity, and the Hopf Axiom

df
p According to DeltaUpT09.nb, the following formulas produce an easy to see pattern.
pdf
in[-]:-- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[i]] Uk[] +U;[]1 Uc[a[il];
Aj e [A[i]1[n_11 =U;[A[i][n]] Uc[A[i][n]];
Aj e [X[i, i+1]] =Us[x[i, i +1]] U [A[i][1]] +U5[A[i][-1]] Uk[x[i, i+1]]
DiEAs[i, 1, $n-2], As[n, i+ 2, $n],
A p [X[i, N]T = M ks [mj,j1—>j [
q Ay, [X[i, N-11] Ay [X[N -1, n]] - g7 Ay [X[N -1, N]] Ajg, ke [X[1, n-1]]
1]
]

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - Aj,j,k[P]]
1

e Osusief;nldzs1oiﬂbj[x1z1 Uc[] -2€hU;[x12] Ug[al] +Uj[] U [x12] +2 € AU;[al] Uy [x12]
Uj [x13] - U;[x13] Ug[] -2 AUy [x13] Ug[al] - 2 € AU;[x13] U [a2] +
Uj[] Uk [x13] +2 € hUs[al] U [x13] + 2 € AU;[a2] U [x13] + 4y e h U5 [x12] Uy [x23]
x23] 5 U [x23] Ug[] -2 € AU;[x23] Uc[a2] +U;5[] U [x23] + 2 € A U;[a2] Uy [x23]
] > Uj[al] Ue[] +U;[] Uc[al]

Ui [
U; [al
Ui [a2] er[aZ} U [ ] +Uj[] U [a2]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin10.nb 2026-09-25 10:03:18

in[-]:= Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X- (P// D151, // Bayz,3) = (P // A151,3 /7 Disa,2)
11

]
{x12, x13, x23, al, a2, A2[1], A1[0], A2[-2], A1[1], A2[-2], A2[1], A2[2], A1[1], Al[-1], A2[@]}

Out[«]=

{}

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{X; Y} UCF[(P//my,2, // BA1s1,2) = (P// Basz,a /7 Dasa,a // Myy35,1 /7 Mp a.3) ]
11
1

{x12, x13, x23, al, a2, A1[-2], A1[2], A2[-1], A2[1], A1[2], A2[-2], A2[1], Al[-2], Al[-1], A2[1]}

Out[~]=
{}
Is A a quantization of the co-bracket?
In[e]:= $k =1
Time: 0.02 seconds Out[=

1

In[]:= Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P = UCF [ (A1,1,2[P] = A142,1[P]) //.
{q”—' »1+nh/2,U; [xs___, A_[n_],as___]1=»U;[xs]+nhU;[xs, aee@ .[A], as] /2}
] /.8 /;n>1-0
]
]

Time: 0.05 seconds Out[=
Up[x12] - -4ehU;[x12] Uy[al] +4 e hUs[al] Uy[x12]
Up[x13] > -4ehUy[x13] Uy[al] -4 e AUy [x13] Up[a2] -4y e AUy [x23] Uy [x12] +
AechUg[al] Uy[x13] +4ehU;[a2] Up[x13] +4y e h Uy [x12] Up [x23]
Up[x23] > -4 e hUy[x23] Up[a2] +4 e hUg[a2] U, [x23]
Up[al] > @
Up[a2] > @
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pdf

The Antipode

pdf
mi1- Do[As[i, 1, $n-1],

S; [a[il]l = -Uj[a[il];
S; [A[i1[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)

]

Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n1] =mys,5.9]
qS;[x[i, n-1]]S51[x[n-1, n]] —q'lsj[x[n—l, n]] S4a[x[i, n-1]]

]

In[-1:= X[1, 2]
Time: 0.00 seconds Out[=
x12

In[-]:= Sq[%x12]
Time: 0.00 seconds Outf=
Uy [x12]
,72
q

in[-]:= Ag,253[U1 [X12]]
Time: 0.00 seconds Out[=
01,253 [Ug [X12] ]

in[-]:= $k = 2
Time: 0.00 seconds Outf=
2

in[-]1:= Module[{Bas = $PBWGens, P},

2026-09-25 10:03:18

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11];

DeleteCases[_ - True] [Flatten@Table[As[X, Bas],

P =Uy[X];
X (P// A142,3/7S2// My 3,1)
11
1
(x12, x13, x23, al, a2, A2[-1], A2[-1], A2[1], A1[2], AL[-2], AL[-1], AL[-2], AL[1], AL[@], AL[-2])}
out[-]=
(x1250, x1350, x23 50, al >0, a2 >0, A2[-1] > U, [],
A2[-1] - Us[], A2[1] > Us[], AL[2] > Uy [], AL[-2] - Us[],
Al[-1] »Us[], AL[-2] - Us[], A1[1] - Us[], A1[O] - Us[], AL[-2] > Us1[]}
in[-]:= $n
Time: 0.02 seconds Out]=

2
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The Generating Functions for the A operations

in[-]:= BeginProfile[]

Time: 0.03 seconds Qut[=

BeginProfile[]
mi-]=  $k=1;
pdf
Ad, TT, Seepage
pdf

in[-]:= PotQ[@] = True;
PotQ[c_.U; [aj_]1 (EUs:U []...)] /5 (t[aj]l ="a") AFreeQ[c, U] = True;
PotQ[x Plus] :=PotQ /@ (And@e x) ;

pdf

il1= Ad[x_1[y_] /; PotQ[x] A (Head[y] =!= Plus) := PPpgpoty[€"*1"*17Y y];
Ad[x_][y_Plus] /; PotQ[x] := PPagpotp1us [Ad[X] /@ V1]

pdf

mf-]:= Ad[x_1[y_]1 /5 -~ TrueQ[PotQ[x]] := PPpgyi1i@Module[{k =1, s=y, t =y},
While[ (t =UB[t, x]) =!=0, s +=t/k!; ++k];

UCF [s]
]
in[-]:= $k
Time: 0.03 seconds Outf=
1
in[-1:= $k = 2
Time: 0.00 seconds Out[=
2

i1~ Ad[€ BU;[x12] U[1] [U;[x23] U, [a4] ]
Time: 0.03 seconds Qut[=

-€hU;j[x13] Ug[ad4] +U;[x23] Ug[a4d]
in[-]:= PotQ[7 A U5 [x12] U [a3]]

Time: 0.02 seconds Out[=

POtQ[7 1 Uj [x12] Uy [a3]]
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i1~ Ad[7 B U;j[x12] Uy [a3]] [U; [x23] U, [a4]]

Time: 0.09 seconds Out[=

7
Uj[x23] Ug[a4] + |-7h-7yen®-— y*e€®n®| Uj[x13] U[a3, ad] +
2
(14 v e n® +14y? €® 1) Uy[x12, x23] Uc[a3, a4] - 98y €? n* Uy [x12, x13] Uy [a3, a3, a4] +

2 2.4 686 2 2.5
98 y" e A" Uy [x12, x12, x23] Uk [a3, a3, a4] - — v €” h” U;[x12, x12, x13] Ug[a3, a3, a3, a4]
3

i1~ Ad[x i U;j[al]] [U5[x23] Uc[a4]]
Time: 0.05 seconds Out[=

iny

e 2 Uj [x23] U [a4]
pdf
inf-1:= TT, [1 =0@; (x Translated Tangent x)

TT, [xs___, x_] :=PPr;@UCF[Ad[x] [TT, [xs]] + 0, x];
TT, [xs_List] :=TT, @@ xs

inf-]:= TTR[A §12Ug [X12] U1 [], A E23Ug[x23] U1[]]
Time: 0.03 seconds Out[=
E12Ug [x12] Uy [] + (A E12E23 + y e A £12 E23 h) Ug [x13] Uy [] +
£23Up[X23] Ui [] -2y e A E12 E23 hUp[x12, x23] Ui []

in[-]:= TTy [ O]
Time: 0.00 seconds Out[=
Ad[e] [e]
inl- 1= $k
Time: 0.00 seconds Out[=
1
pdf

In[-]:= 03 [poly ] :=Total[
CoefficientRules[poly, #; & /@ $PBWGens] /.
(p_~>c_) » cU; ee Flatten@MapThread [ConstantArray, {$PBWGens, p}]
15
0i ,is [poly_ 1 :=0;[0:s[poly]];
P; [£]:=&/.Ui[xs___]»Timesee (#; & /@ {xs});
Pi ,is__ [poly_1 :=P;[Pis[poly]];

il J= 03 [x123 X135 + 7 x2377]
Time: 0.06 seconds Out[=
U; [x12, x12, x13] +
7 U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
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il l= 03,5 [x12] x13; X245 + 7 x23}” x253]
Time: 0.03 seconds Out[=

U; [x12, x12, x13] U5 [x24] +
7 Uj [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
U5 [x25, x25, x25]

In[-]:= P;,j@0j 5 [Xlzi x13; X24j +7 X23i7 x25§]
Time: 0.06 seconds Outf=

x12] x13; x24; + 7 x23} x253

pdf
in[-]:= Seepage; [{}, c_] =¢;
Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens [Lengthe £57 5
CFe@eCollect[P, 1x;, P;[Ad[Last[<£s] U;[1x]] [0, [Seepage; [Most@<s, #1111
&]

15

Seepage; ;. [&5_ List, &ss_ List, P_] := Seepage; [£5, Seepage; . [£5s, P]]

ml-1- $k =1
Time: 0.00 seconds Qut[=
1

in[-1:- $PBWGens*

Time: 0.071 seconds QOut[=

{&12, £13, £14, £15, £23, £24, £25, £34, £35, £45, a1, a2, a3, o4}

in[-]:= Seepage; [$PBWGens*, x35; ]
Time: 0.16 seconds Out[=

(Ei (a2-a3-04) v x35: 4+ 2 e% (a2-304) v
i

¥ € £45 h x35; x45;

inl-]:- Seepage; ;[# & /@ $PBWGens”, # & /@ $PBWGens™, x35; x45;]
Time: 0.25 seconds Outf[=

1 1
2 ¥ (270335708 2045) 35, w45 D e r V(TR 0h20%) o gy 35, ¥A5; X455 £45;

pdf
mi-1-  Invert;s [& ] := Module[{A, B, U1, j}, (x &=A U[]+e B «)
Ul = Times @@ (U, [] & /@ {is})};
A = Coefficient[&, Ul] /. € » 0;
B=UCF[(&-AU1)];
UCF [
N (Ul +sum[As[], 1, $k], (-1) 7 NonCommutativeMultiply @@ ConstantArray[B /A, ] 1]
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in[-]:= $k = 33
Invert; [7U;[]1U5[] +€U;[x12] U5[x23]]

Time: 0.09 seconds Outf=
1 1
— Ui []Uj[] - — e Uj[x12] Uj[x23] +
7 49

el U; [x12, x12, x12] U;[x23, x23, x23]

1
—— €®U; [x12, x12] U5[x23, x23] -
343 2401

{$k =1, $n =3}
Time: 0.071 seconds Out[=

{2, 3}

pdf

in[-1:=  TriangularDSolve[egns_, inits_, fs , A, CF_] :
PPrriangularpsolve @Module [ {ss = {}, reqns = egns, rinits = inits, rfs = fs, s, p},
While[rfs =!= {},
{p} = FirstPosition[Count[#, Alternativeseerfs, «, Heads » True] & /@ reqns, 1];
{{s}} =DSolve[reqns[p] A rinits[p], rfspl, A1;
AppendTo[ss, s =s /. F_Function :» ReplacePart[F, 2> CF[F[2]]111;
reqns = Delete[reqns, p] /. s /. e_==0: CF[e] = 0;
rinits = Delete[rinits, p];
rfs = Delete[rfs, p];
15

SS

“Define” Code

pdf
inf-1:=  SetAttributes [Define, HoldAll];
Define[def , defs ] := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [

sD [opnisp,$E_J PPBoot@Blo‘:k[{iJ 3> k}, opisp e = 65 Opnis,$E] ]5
SD[0Pisps OP(isy,se]5 SP[0Psis__» OPysisy ]
] 7. {SD - SetDelayed,
isp»> {is} /. {i-»i_, j-»Jj_, kok_},
nis -» {is} /. {i-»ii, j - jj, k- kk},
nisp - {is} /. {i»ii_, j=3jj_, k- kk_}

3 ]
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L-}; @(A\gw > \\in ) S@ZW”/ is doed by @ ‘.X:>@(ciqy(c{;},/\) @
T (L) =Lals 5( )= 5&@//( )
R G JCW R TN e R-O(FG) 2 Taf
TR -R.0R,)- OF6] O3F6) - S(6)CF OIF (86 +36)) Sl6I5bie26)
i1~ Define[amt; j i = PPronir gk, gn) @Module [ { (+TTL, «)},

ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 2]]; &) ES[s_1[&.] &=
TTL = ES["TTL"] @PPu17 -@TT, @
Join[11 = Table[If[t[g] === "X", A, 1] (g*); Uc[g], {g, $PBWGens}], 11 /.1i - j];
mons[-1] = {};
mons[p ] :=mons[p - 1] JUnion@Cases [Coefficient[TTL, €, p], Uc[___1, «];
ff = Table|
sum|[eP f, 4 [A], {p, O, $k}],
{u, $PBWGens}
| 7. %5 ,u [A] /5 Tu]l ="a" = If[p =0, (u*);+ (u*)y, O];
fs = Flatten[Table[
fp,]Pk[m]:
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
P fo,peruy [A] Py [ul,
{p, 0, $k}, {u, Complement[mons[p], U, /@ $PBWGens] }
[E
G = Series|[e®t, (¢, 0, $k}];
S[B_] := UCF[SS@Oy[Seepage, [ff, SS@UCF@B]]];
SG = ES["SG"] @PP. ;- @S[G] 3
TTR = ES["TTR"] @PPu11z- @UCF [Invert, [SG] ® S[ (8, (ff. (% & /@ $PBWGens) ) G + 3,G) 11 ;
diff = UCF[TTL - TTR];
eqgns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0O,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] ==9) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i,i)-(k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], (a[m];+a[m];) a[m];], @],
Total[Cases([fs, f, 11 /.F, u »u(f,,u/.sS)[A] /. A|Bh]|¥~ 1]
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pdf
i1~ Define[aAti,j, i = PPrast(gk,¢n) @Module[{ (+TTL, «)},
ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 2]]; &)
TTL = ES["TTL"] @
TTy@Table [UCF [If[z[g] === "Xx", A, 1] (8"); Ai,j,k[Ui[8111, {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=mons[p-1] U
UnioneCases [Coefficient [TTL, €, p], c_. Uj[x___1Uc[y___ 1= U5[x]U[y], =];
ffj = Table |
sum|[eP £, u [A], {p, @O, $k}],
{u, $PBWGens}
Il /s 5 ,u A1 /5 Tlu]l ="a" »If[p=0, (u*);, O];
ffk = ffj /. j->k;
fs = Flatten|[Table|
-FP:]Pj,k[m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e? 'Fp,IPj,k[u] [A] Py, [u],
{p, @, $k}, {u, Complement[mons[p], U;[] (Uc /@ $PBWGens) JUc[] (U; /@ $PBWGens) ]}
[E
G = Series[e®, {e, 0, $k}];
S[B_] := UCF[SS@O0;, [Seepage; , [ff], ffk, SSeUCFeB]]];
SG = ES["SG"] @PP- - @S[G] 3
TTR = ES["TTR" ] @PPw1rg- @UCF [
Invert; «[SG] ® S[ (0, (ffj. (#; & /@ $PBWGens) + ffk. (# & /@ $PBWGens)) G + 8,G) ] 1;
diff = UCF[TTL - TTR] ;
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] ==9) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i}-(j,k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[m]y)], @],
Total[Cases[fs, f, ]1/.f, , »u(fy,u/.sS)[A]/.A|h]|¥- 1]
]
1]
in[-]:- $k =1; $n = 2;
in[-]:= $PBWGens
Time: 0.03 seconds Out[=
{x12, al}
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in[-]:= S3 [U;i [X12] ]
Time: 1.16 seconds Out[=

$Aborted

inf-]:= Table[UCF[If[z[g] ==="x", A, 1] (8")1Si[8]1, {8, $PBWGens}]
Time: 0.03 seconds Out[=
(“A(1-2yeh) €12; U; [x12], (~AE13; +2y e Ah E135) U; [x13] + 4y e A h €135 U; [x12, x23],
A (1-2yeh) £23;U;[x23], —ol; U;[al], -a2; U;[a2])

imi-]= TTL = TT,@Table [UCF[If[t[g] === "Xx", A, 1] (8*); Si[U:i[g11], {g, $PBWGens}]

Time: 0.16 seconds Qut[=
1

1
—e Y 2OMT) g9, g er Y 20N e §121) Ui [x12] +

1 1
_e3 ¥ (0hira2i) £13; +2e2 ¥ (adira2i) oo p £13; +

1 1
ez ¥ (L0 g9, £23; -~ 3ex ¥ (MR Lo p €12 §23i) Us [x13] +

-2y (12024 AL

1
—e2 ) £23; 122 ¥ (Mhm20%) yehé‘z_’;i) Ui [X23] —2e 2 ye Ah&12; €135 Uy [x12, x13] +

1 1
Aex? 0) L op €135 —2e2 Y M%) e h €12 gzai) Us [x12, x23] +

3yoa2i

2 (Nr02) e 22 124 £13; €235 Ui [x13, x13] —2e 2 ye AhE13; €235 U; [x13, x23]
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Define[aSt; = Module|{ («TTL, «)},

TTL = TT,@Table [UCF[If[c[g] === "x", A, 1] (g");Si[Ui[811]1, {g, $PBWGens}]
mons[-1] = {};
mons[p ] :=
mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c_. Uj[x___ ] = U;[x], «];

ff = Table|
sum[eP fp,u, [A1, {P, O, $k}],
{u, $PBWGens}
| 7+ F5 ,u A1 /5 Tu]l ="a" = If[p =0, (u*);, O];
fs = Flatten[Table[
fP:Pi [m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e? fo,piruy [A] Pi[ul,
{p, @, $k}, {u, Complement[mons[p], (U; /@ $PBWGens) ]}
B
G = Series|[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O0; [Seepage; [ff, SS@UCF@B]]];
SG = S[G];
TTR = UCF[Invert; [SG] ® S[ (8, (ff. (#; & /@ $PBWGens) ) G+ 3,G)]11;
diff = UCF[TTL - TTR];
eqns = Flatten[Table[
Coefficient [Coefficient[diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] ==90) & /@ fs;
ss = TriangularDSolve[eqns, inits, fs, A, CF];
E (i}-¢j,k) @@ Table [As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[ml,)], @],
Total[Cases[fs, f, 11 /.f, . »u(fp,u/.sS)[A] /. A|Bh]|¥~ 1]
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pdf
i1~ Define[aAti,j, i = PPrast(gk,¢n) @Module[{ (+TTL, «)},
ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 2]]; &)
TTL = ES["TTL"] @
TTy@Table [UCF [If[z[g] === "Xx", A, 1] (8"); Ai,j,k[Ui[8111, {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=mons[p-1]1U
UnioneCases [Coefficient [TTL, €, p], c_. Uj[x___1Uc[y___ 1= U5[x]U[y], =];
ffj = Table |
sum|[eP £, u [A], {p, @O, $k}],
{u, $PBWGens}
Il /s 5 ,u A1 /5 Tlu]l ="a" »If[p=0, (u*);, O];
ffk = ffj /. j->k;
fs = Flatten|[Table|
-FP:]Pj,k[m] >
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
e? fo,p;tu1 [A] Py, [Ul,
{p, @, $k}, {u, Complement[mons[p], U;[] (Uc /@ $PBWGens) JUc[] (U; /@ $PBWGens) ]}
[E
G = Series[e®, {e, 0, $k}];
S[B_] := UCF[SS@O0;,[Seepage;  [ff], ffk, SS@UCFeB]]];
SG = ES["SG"] @PP- - @S[G] 3
TTR = ES["TTR" ] @PPw1rg- @UCF [
Invert; «[SG] ® S[ (0, (ffj. (#; & /@ $PBWGens) + ffk. (# & /@ $PBWGens)) G + 8,G) ] 1;
diff = UCF[TTL - TTR] ;
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] ==9) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i}-(j,k) @@ Table[As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[m]y)], @],
Total[Cases[fs, f, ]1/.f, , »u(fy,u/.sS)[A]/.A|h]|¥- 1]
]
1]
pdf
The Generating Functions Engine
pdf

Canonical Forms:
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pdf
in[-]:= LogReduce[& ] =
& /.c_xLogla ] =» Log@Factor‘[a‘] //.Log[a_] +Log[b ] :» Log@Factor[ab];
CF[&_E] :=CF /@MapAt [LogReduce, &, 1];
CF[&:E [___1]1:=CF/@&;
pdf
E operations:
pdf
mip- & E[$] 1= Length[s]-1; E [&s___1[$] :=E[&s][$];
& E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}k+11;
E/: & _FE=&2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];
Egi »r1 [E1s___1=Egy 4p2 [E25__ 1 "i= (d1==d2) A (rl1=r2) A (E[&lS] = E[&25]);
E/: & Ex&2 E :=EeeTable[CF[&1[kk] + 52[kk]]1, {kk, @, Min[&1[$], s2[$11}1;
Eg: »r1 [E1S___1Egz or2 [825__ 1 "i= E (q1yd2)-riyrz) @@ (E[&S1s] E[&25]) 5
pdf
in[+]:=  Egg ez [E1S___1// Egz or2 [E25___1 := Module[{is =rid2, 1lvs, 1lvs},
lvs = Cases[{é:ls}, (Alternatives @e LatinVars); /; MemberQ[is, i], oo] U
Cases[{aZs}, (Alternatives @e GreekVars); /; MemberQ[is, i], oo]*;
11lvs =1vs /. U_; = Ugeis;
E (diUComplement [d2,is]) - (r2|JComplement [r1,is]) ee (ZipllvsUllvs* [{ (11V5) o (11V5) ) Times [
E[&1s] /. Thread[lvs » 11lvs],
E[&2s] /. Thread[1lvs* -» 11vs™]
1}1)
pdf
Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then
to the heavy and light variables.
pdf
@f‘/l( ] W00 @F/ZC — (D‘uz 3 o
part-glue
‘ log Zy = Z
3 & 3 & connected
diagrams
Lemma 1 Lemma 2 Lemma 3
pdf

Comment. Zip3 of the outer variables must occur after all other operations are completed, because we
must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the
coefficients of Q.

dvs stands for “Diagonal Variables”. In gl,, they are the x;’s and the y;;’s. They have weights {1,0} and
{0,0}.
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pdf
miel= Zipys [{F., &.}] = Module[{dvs = Select[vs, (Wt[#] == {@, O} VWt[#] == {1, O}) &]},
{f--' 5]’ // Ziplvs (x/ //Zip2Complement[vs,dvs: *) // Zipzdvs //

Zip3Comp1ement[v5,dvs] // Zip3g,.

] // Last
pdf
Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,
<F: Eez Ziws a,jz,z,>B = det(1 - GF)"2(F(1 - GF)™': ),
pdf
il Ziplyy = Identity;
Ziplvs_@{f_, E[Q ,P 1} := Module[{r, F, G, u, V},
7 = IdentityMatrixeLengthevs;
F = Table[If[Wt[u] +Wt[v] == {1, @}, &,,, 7, O], {u, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[v] == {1, @}, 8,,,0, O], {u, vs}, {v, vs}];
{CF[(vs).(F.Inverse[I -G.F]).(vs) /2],
E[CF[Q - PowerExpand@Log[Det[7 - G.F]] /2-vs.G.vs /2], P]}
]
pdf
Getting rid of linear terms.
Lemma 2. <F: 8032"63)"'1’)3 = @2 Zuen Fivs <F: 8|ZB—>ZB+FyB>B'
pdf
il Zip2yy = Identity;
Zip2,. @{7_, E[Q_, P___1} := Module[{F, Y, u, v},
F = Table[If[Wt[u] +Wt[v] = {1, @}, CF[d,,, 7], @], {u, vs}, {v, vs}];
Y = Table[6,0Q, {Vv, vs}] /. Table[v >0, {v, vs}];
CF/e{#, E[Q-Y.vs+Y.F.Y/2, P] /. Thread[vs »vs +F.Y]}
]
pdf

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; := log[AF : e”]p satisfies
and is determined by the following PDE / IVP:

1
Zo=P and 6/12/1 = 5 Z F,‘j (6&.61/.21 + ((9ziZ/1)(asz/1)) .
i,jeB
Note that the power m of Aisat most k-1 +

2"2"2 =2 k. We write Z, =¥ Z[m] A™.
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pdf
wir- Zip3,. @{# , & E} := Module[{F, u, v, Z, kk, jj, $m=@, m, n},
Do[Z[@, kk] = &[kk + 1], {kk, 0, £@$}1;
Flu_, v_] :=F[u, v] = CF@If[Wt[u] +Wt[v] == {1, @}, 8,,,7, O];
Z[m_, RR_, u_] :=2Z[m, RR, u] =06,Z[m, RR] ;
Z[m_, RR_,u ,v_]1:=2Z[m, RR, u, vl =8,Z[m, RR, u];
For‘[m:O, m<2$m, ++m, For‘[kk:@, kk < c@$, ++kk,
Z[m+1, kk] =CF@Sum[
Flu, v]

I-F[F[u, v] === @, @, ———— (Z[m, kk, u, v] +
2 (m+1)

sum[Z[n, jj, u] *Z[m-n, kk -3jj, v], {n, @, m}, {jj, O, kk}])]:

{u, vs}, {v, VS}]S
If[Z[m+1, kk] =1=0, $m=m+1]
CF /@ ({
# -Sum[F[u, v] *xuxv/2, {u, vs}, {v, vs}],
E @@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, 0, c@$}]
} /. Table[v >0, {v, vs}])

]

1= {$k =1, $n=2}; amt; 4.«
Time: 0.19 seconds Out[=

E(i,9)o0k) [alc (015 +ody) +x12 (£12; + ™ £124), @]

In[-]:= (amty o, // amty 3,)
Time: 0.08 seconds Qut[=
True

(amty 3,, // amty 5,4)

i {$k =1, $n =3}; amt; .«
(amty,o.q // amty,3,5) = (amty 3,4 // amty 4.5)

Time: 0.09 seconds Outf[=

1
E{i,j}a{k} {alk (ol + O(lj) + a2k (O(Zi + o¢2j) + X112 (5121 + e (2 0y -02

: glzj) +

1 1
x13, (§13i +ez (M) g3, er PONTOR) £195 623,

1
+ X23k (§23i +e:2 (rodir202y) §23j) B

1 1
~2e2 PO 519, X13) €125 £13; — ez UM x13, €125 £23; +
1 1
2 ez POM2) w12, %23, £125 £23; - 2 @2 N x13, x23, £13; 5231]

Out[e]=
True
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i1 {$k =2, $n =3}; amt; j.x
(amty,z,4 // amty,3,5) = (amty 3,4 // amty 4.5)
Time: 83.27 seconds Out|=

1
Ei,§)5 k) [alk (01 + 01y) + a2y (025 +025) + x12, (6121 + g2 (2ohiok

) §12j) +

1 1
x13; (;‘13i ve2 (MO 13, er 20N g1, £23;

1
+ X23, (§‘23i + ez (T0lir2020) §23j) s

2 (2015-02;

22 (201;-025

1
) X12k X13k §12] 5131 - e ) X13k §12] 5231 +
1 1
2 e PO w19, x23, €125 £23; - 2 e2 M %13, x23, £135 £23;,

1

1 1
- e2 PUMOR) %13, €125 6235 + 2 @2 POM ) 12y x23) €125 £23; + 2 €2 1% X122 x23, €125 £23; +

1 2 3

2.e2 2oHTON) 312, x23] £124 £23F + 2 MM X13] £125 €237 - — e MM xa3] €123 €233 +
9
1

X12 x13y (2 ez 2NN £195 £13; - 2 @27 €123 5231) +

2 2 0d5-02; 2 2 (2al;5-02;) 3
X127 x13) |2 €102 €125 €13; - — e2 POHM) €123 €23, | +

3

1 301
x12, x13, x23 (-4 e2 POMTO) £13.£13; £23; - de 2 £125£134 5231) +

X13y x23y

1 1
22 (M0 £135£23; -2z 2N g1, 523§) +

x12; x132 (2odima2y

1 2 3
2z P00 £125 £132 +; e2 ) €123 §23§] +

x13, X237

1 2 1
22 W) 13, £232 = e2 (200 g1, 523§] .

x132 x23y

2
2 etlirok 513§ £23; + B @210 512§ 523§) }

Out[e]=
True

1= {$k =1, $n=2}; aAti,j«
(aAaty,i,3 // aAty,,5) = (aAty,s,; // aat,,;)s3)

Time: 0.06 seconds Qut[=

E{i}%{j,k} [ (alj +aly) ol; + X123 £12; + x12 £125, -2 aly XlZJ £12; + 2 alj x12, §12;]

Out[«]=
True

mnf-1:= {$k =1, $n = 3}; aAti_,j,k
(aAty,1,3 // aAtiyg,2) = (aAti,,2 /7 AAt,,;)3)
Time: 0.08 seconds Out[=
Eiys(5,k |
(alj +aly) ol; + (a23 +a2) o2 + X12] £12; + x12 £124 + X13J E13; + x13, £13; + X23] £23; + X23 £234,
-2 aly X12j £12; +2 alj x12, £§12; - 2 aly X13j E13; - 2 a2 X13j E13; +2 alj x13, 135 +
2225 X13) £13; + x12, X135 £12; £13; - X125 X13 125 £13; - 2 a2, X235 £23; + 2 a2; X23y £23; -
x12k XZBJ 15121 §231 + X13k X23J §131 §231 - X13J X23k §131 §231 + x123 X23k <4 §131 + §121 §231) ]
Out[~]=
True
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inl-1:= {$k =2, $n = 3}; ant; j «
(aAti1,3 // abty,g,p) = (3Btyy,; /7 aAts,;,3)

1
o2 ¥ (20di-a2y) €12; Uy [x12] Uy [] + <<125> +
e <> 7(2 €? «1> n? £12; §23? <«<1> <«<1>

1y (adi-5 024

2 ez P y?e? 22 n? €13; €232 +
3
(aAty,s,s // @alty,y,, // amty 3,1 /7 amty 4.,2)

1= {$k =1, $n=2}; (amty o, // aAty,;),)

(aAty,3,4 // @Ay, // amty 3, /7 amt; 4,2)

Time: 0.06 seconds Out[=
True
inf-1:= {$k =1, $n=3}; (amty ;.1 // aAty,;),)

Time: 7.16 seconds Qut[=
True
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