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Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.
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1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.

2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s E ¢, is our x[i, j] «> xij. Likewise Rosso’s n,

isour y[i, j] < yij.
4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

<< KnotTheory"

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

MakePDF [ ]

6ij :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[NormaleSeries[&, {e€, O, $k}]1, €, op];
SS[& ] :=SS[&, Together];

CF[& ] := If[$k = oo,
Expand[&£],
Expand [Normal@Series[& /. q-»e"°Y, {e, 0, $k}]]

IE

X[l , J ]:=x<>1<>7J; a[i_]:=a<>1; A[1_] :=A<>1;
Ell , 7. ]1:=&E<>1<>7; a[t_]:=a<>1; A[1 ] :=A<>1;

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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pdf
t[s_Symbol] := First[Characters[SymbolName[s]]];

In[]:=
t[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1] :=c[s]; cls_[_1]:=c[s];

(1= {t[X[3, 4]1], L[X[3, 411} // FullForm

Time: 0.03 seconds Out[=

List["x", List[3, 4]]

pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-

graphically, and the classes are ordered xAayBb.

pdf
(» g=e® ¥ €; Ai[n]=e” €3 ; Bi[n]=e? ¥ ®1 )

inf-]:=  $n=3; $k = o; $E := {$n, $k}

pdf
$EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[], i+1, $n],
X[i: J]* = §[1: J]; §[1: j]* =X[i, J]; X[i: J]]:

In[«]:=

Table[As[i, 1, $n-1],
A[i]* = A[i]; A[1]" = A[i]; A[i][_11,

Table[As[i, 1, $n-1],
a[i]* =a[i]; a[i]* =a[i]; a[i]]

}

(#y = Up@#) & /@ $EPBWGeNs;
$EPBWRule := Module[{k = @}, FlatteneTable[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
! OrderedQ[{y, x} /. $EPBWRule];

X <2y :=OrderedQ[{x, v} /. $EPBWRule]; x <y _

$PBWGens : = DeleteCases [$EPBWGens, [ 1]

in[-]:= #* & /@ $EPBWGens

Time: 0.01 seconds Out[=
(€12, €13, €23, A1[_]", A2[_]", al, a2}
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pdf
mnf-1:= UCF[&_1] :=Modu1e[{F, k}, Expand@Collect[

&/7. (Ui [L__, _[0],r___1-Us[L, r1} //. If[$k=w, {}, {

Ui [L___,AB [n_], r ] >

kek

Sum[As [k, @, $k1,

)]
o]

U;[L, Sequence @@ Table[a@@ L [AB], k], r]]

k1

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j -k [€_-Ui [x___1U; [1]1 :=cU.[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi ,5 -k [€ Ui [xx___, x [n1_11VU; [x_[n2_1,yy___11:=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUp[xx, X, ¥, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [& 1 :=mgs [UCF[&S]1;

inf-1=  Aj 55 ,r [6£.1 1= UCF@Module[{j1, k1}, & /. {
Ui[1 - U;[1Uell,
Ui s FS___1 # Meiask@ My 50,5 (85,6 [F] Ataga,ia [Ui [£S]]]
s
Ai sk, 8] 1= 8 1/ D /] Brok,t

n - Si [£.] i= UCFeModule[{il}, & /. {
Uilf 5 fs___1 = myq ;i [Si[f] Sia[Via [fs]]]
31
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pdf

The A-algebra

pdf

inl-]:= RRg_[ai_, aj_1 /; t[ai] = t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_1] /5 tlai] ="a" At[AJ] ="A" := U,[Aj[n], ai];
RR, [Ai_[m_1, AJ_[n_11 /; tT[Ai] == t[AJ] = "A" := U,[Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] = "a" AtT[xij] = "x" := Module[{i, j, m},
{i, j} = t@exij; {m} = c@am;

Up[xij, am] +% (n,i = Snea,i — Om,j + Onsa,j) Up[Xx1J] /2

15
RR,_[Am_[n_1, xij_1 /; t[Am] = "A" A T[xij] = "Xx" := Module[{i, j, m},

{i, j} = L@xij; {m} = c@Am; q " (®mi=Omt,i=0n3*0n15) y, [xij, Am[n]]

]

in[-]:= RRg[a[1], x[1, 2]]
Time: 0.00 seconds Outf[=

v Up [X12] + Ug [x12, al]

pdf
We take the reduction rules RR for xij’s from Yamane page
5009:
(1) i=m<j<n () i<m<n<j, (II) i<m<j=n,
i i J i J
m n m__n m n
V) i<m<j<n, (V) i<j=m<n, VD) i<j<m<n
i J i J i
m n m n m_n
q_zeijemn — €mn€ij = 0 if ((i, j), (m, n))e Ca) U Cany-
[eija €mn] =0 if (@, j), (m, "))ec(n) U C(VI)-
[eij’ emn] = (qz — q_z)einemj if ((l, ])5 (mv n))EC(IV)'
qzeijemn — €mnfij = 4€;y if (@3, j), (m, n))eCy,.
pdf

in[-]:== RRe_[xmn_, xij_]1 /; t[xij] = t[xmn] = "x" :=Modu1e[{i, j, my, n},
{i, j} = t@xij; {m, n} = c@xmn;
which[
(i=mAj<n)V(i<m<jAn=7), q2U.[xij, xmn], (+ IVIII )
(i<m<jAn<j)V(j<m), Uxij, xmn], (x IIVVI «)
i<m<jAn>g, Ulxij, xmn] + (472 - ¢°) Ue[x[i, n], x[m, j11, (+ IV x)
j=m, q?Ue[xij, xmn] - qUg[X[i, n]] (* V *)

]
]
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In[«]:= U1 [X34] Uz [X23] U3 [X12] // m]_’z_,z

Time: 0.00 seconds Out[=

~q Uy [x24] U3 [x12] + g% Uy [x23, x34] U3 [x12]

in[-]:= Ug [X34] Up[x23] U3 [x12] // My,2,5 // Ma,3,0
Time: 0.02 seconds Outf=

q% Ug [x14] - g3 Ug [Xx12, x24] - g3 Ug [X13, x34] + q* Up [Xx12, X23, X34]

in[-]:= Module[{Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Uy [X] Uz [Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
11
]

Time: 0.77 seconds Out[=

{1

in[-]:= Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P=U;[X] Uz[Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
1]

1
(x12, x13, x23, al, a2, AL[@], A2[-2], Al[2], A2[@], AL[-1], A1[@], A2[2], AL[1], A1[1], Al[-2]}
Out[-]=
{1
Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U; [W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//mM3,a53// My,355// My,251) = (P// Mya51 /7 M3,053 /7 My 3,) =
(P//my,o51 // My351 // Mya51) = (P// Ma350 /7 Mya51 /7 My g51)
11
1
(x12, x13, x23, al, a2}
Out[-]=

{}
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The Co-Product, Co-Associativity, and the Hopf Axiom

pdf
in[-1:- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[i]] Uc[] +U;[]1 Uc[a[il];
Aj ,p [A[il1[n_11 =VU;[A[i] [n]] U[A[i][n]];
Aj [x[i, i+1]] = Uj [x[i, 1 +1]] U [A[i][2]] +Uj [A[i][-1]] Ug[x[i, i+1]]
15
Do[As[i, 1, $n-2], As[n, i+2, $n],
A5 ke [X[1, N1 = M iani [M5, 5205
QA4 [X[1, =111 Aja,a [X[N -1, n1] - g7 Ay, [X[N -1, n]] Ajy,ia [X[1, n-1]]
1]
]

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table [As[P, U; /@Bas], P - Ai—)j,k [P11]
]

Time: 0.05 seconds Qut[=
Ui [x12] > U3 [AL[-1]] U [x12] + Uj [x12] Uy [A1[1]]
Us [X13] - U5 [A1[-1], A2[-1]] U [x13] +
(7$ +q2) Uj[x12, A2[-1]] U [x23, A1[1]] +U;[x13] U, [A1[1], A2[1]]
Us [x23] - U5 [A2[-1]] Uy [x23] + U [x23] Uy [A2[1] ]
Ui[al] %Uj [al} Uk[] +Uj[] Uk[al}
Ui[BZ] %Uj [32} Uk[] +Uj[] Uk[BZ}

in[-]:= Short[{Aq,s[a2], A7,9[A2[77]], A1,2[X12], Aq,>[x15]}, 8]
Time: 0.07 seconds Out[=
{Us[@2] Us[] +Ua[] Us[a2], U7 [A2[77]] Ug[A2[77]],
Ui [AL1[-1]] Uy [x12] +Uq[x12] Uy [AL[1]], Aq,2[x15]}

In[«]:= A1->1,2[U1 [X13, a2] Ue [X34]]

Time: 0.01 seconds Out[=

Ug [X34] Uy [A1[-1], A2[-1], a2] Uy [x13] + Ug[x34] Uy [A1[-1], A2[-1]] U, [x13, a2] +

1
(2 +q2J Up [x34] Uy [x12, A2[-1], a2] U, [x23, A1[1]] +Ug[x34] U;[x13, a2] U,[A1[1], A2[1]] +
q

2

1
( +qu Ug [X34] Uy [x12, A2[-1]] U,[x23, A1[1], a2] + Ug[x34] Uy [x13] U, [A1[1], A2[1], a2]
q
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in[-]:= Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];

X- (P// D151, // Bayz,3) = (P // A151,3 /7 Disa,2)

11
]
{x12, x13, x23, al, a2, A2[-1], A1[@], Al1[-2], A1[1], A2[-2], Al1[2], A2[2], Al[-1], A1[2], A2[1]}

Out[«]=

{}

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flattene@Table[As[X, Bas], As[Y, Bas],
P =Ui[X] U2[Y];
{X; Y} (P// My, // Basa,2) == (P // Bau3,a /) Dasa,a // Myyan // My a)
11
1
{x12, x13, x23, al, a2, A2[2], A2[1], Al[@], A2[1], A2[1], A2[-1], AL[-1], A2[-1], A2[2], A2[-2]}

Out[e]=

{3

Is A a quantization of the co-bracket?

in[-1~ Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P > UCF [ (A151,2[P] - A142,1[P1) //.
{@ =1+nn/2,U; [xs___, A [n_1,as___1=»U;[xs]+nhU;[xs, aee.[A], as]/2}
] /.82~ /3;n>1>0
]
]

Time: 0.08 seconds Outf=

Up [x12] > AUs[x12] Uy [al] - AU [al] Uy [x12]

Up [x13] - AU; [x13] Uy[al] - 2AU; [x23] Uy [x12] - A U; [al] Up[x13] + 2 A Uq [x12] U, [x23]
Up [x23] - A Ug [x23] Uy [a2] - AUg[a2] Uy [x23]

Up[al] > @

Up[a2] > @

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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The Antipode

pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[il[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
]
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n1] =mys,5.9]
qS;[x[i, n-1]]S51[x[n-1, n]] —q'lsj[x[n—l, n]] S4a[x[i, n-1]]
]
]

in[-]:- Module[ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =U[X];
X= (P// D1y2,3//S2//my3,1)
11

1
» {x12, x13, x23, al, a2, A2[1], A2[-2], A1[-1], ALl[2], A1[-2], Al[-1], Al[1], ALl[2], Al[-1], A1[-1]}
Out[e]=
{x12 >0, x13-50, x23 >0, al >0, a2 >0, A2[1] - U, [],
A2[-2] > Uy [], AL[-1] 5> Uy [], AL[2] 5 Us[], Al[-2] > Us[],
Al[-1] > Uy[], AL[1] - Uy [], AL[2] 5 Uy [], A1[-1] > Us[], A1[-1] > Uy (]}
pdf

The Generating Functions for the A operations

1= $k =13
pdf
NonCommutativeMultiply, B, adPower, Ad, TT, Seepage
pdf
in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, =];

in[-]- Supp[2 A Uy [X45] Uy [x34] ]

Time: 0.07 seconds Out[=

{1, 2}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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in[-]:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X _®y := Module[{i, is = Supp[x] NSupp[y], o, Z},
z=x; Do[z =mj .eilZ], {i) iS}];
z = Expand[y z]; Do[z =Myei,i,i[2], {1, is}]; z]1;
UB[x , vy ] :=UCF[x®y-y®&x];

in[-]:= (2HA1 Uy [X45] Up[x34]) ® (2 A U [x45] U, [x34])
Time: 0.03 seconds Out[=

4 1y B, Ug [x45, x45] U, [x34, x34]

pdf

in[-]:=  (xadPower [X_,k_,Env_] [c_xy_QU] :=UCF[c adPower[X,k,Env][y]];
adPower [x_,k_,Env_] [y _Plus] := adPower [X,k,Env]/@ y;«)
adPower[_, @, Env_1[y_] :=y;
(xadPower[x_,k ,Env_][0]=0;*)
adPower[x_, kR, Env_][y_1] :=
(xadPower [x,k,Env] [y]=+)UCF@UB[adPower[x, k-1, Env] [y], X];
adPower[x , kR ][y _1 := adPower[x, k, $E] [V];

in[-]-- Table[As[k, @, 5], adPower [Ug[x12], k] [Ug[x23]1]

Time: 0.06 seconds Out[=

{Ug[x23], (-1-veh) Ug[x13] + 2y e hlUy[x12, x23], @, 8, 0, 0}

in[-]:= Column@Module[ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - AjLg,k [P1]
1

e Ogus:[cimldzs]ogﬂbj[xlz} Uc[] +€hUs[x12] Ug[al] +U;[] U [x12] + € AU;[al] Uy [x12]
Us [x13] - U3 [x13] U[] + € AU [x13] Ug[al] + e h U5 [x13] Uy [a2] +
Uj[] Uk [x13] + € AU;[al] U [x13] + € A Uj[a2] Uc[x13] + 4y € A Uj[x12] Uy [x23]
Us [x23] > U;[x23] U [] + € hU;j[x23] U [a2] +Uj[] U [x23] + € A Uj[a2] Ug[x23]
Uj[al] > Uj[al] Ug[] +U;[] U [al]
Us[a2] - U5[a2] Uc[] +Uj[] Uy [a2]

pdf
in[-1:= Ad[@] = Identity;
pdf
inf-1:= Ad[c_.U; [xjk_1 (EUs :U []1...)]1[y_1 /5 tlxjk] ="x" := Module[{k=0, s=0, t},
While[ (t = adPower [U; [xjR], k] [y]) =!=0,
s+=t/k!;
++k
15

UCF[s ® EUs]
]
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In[«]:= Ad[e.ﬁUj [x12] U [11[U5[x23] Uc[a4d]]
Time: 0.07 seconds Outf[=
(-1-yeh) Uj[x13] Uc[ad] +Uj[x23] Ug[ad] + 2y e AU;[x12, x23] Uy [a4]
pdf

il l= Wtgy [X_] :=Wtg;[x] = UB[Ug[aj], Ue[x]] /Ue[x]

in[-]:= Table [Wta4; [X23], {j, 1, $n}]

Time: 0.00 seconds Out[=

Y Y
{*7.! Y *7}
2 2

pdf

inf-]1:= Ad[c_.U; [aj_] (EUs :U []...)]1[y_1/; t[aj] ="a" :=
(y /. Ui [gs___] a5y Ui [gs] ecTotal[wtaj/@{gs)])

i1~ Ad[x i U;[al]] [Uj[x23] Uc[a4]]
Time: 0.02 seconds Out[=

1,
e 2" Uj[x23] Ug[a4]

pdf
in[-1:= TT, [] =03 (x Translated Tangent «)
TT, [xs___, x_] :=UCF[Ad[x] [TT, [xs]] + 0., x];
TT, [xs_List] :=TT, @@ xs

in[-]:= TTH[A 12U [X12] U3 [], A E23Up[x23] U1[]]

Time: 0.03 seconds Outf[=

£12Ug[x12] U [] + (12 +y e E12A) Up[X13] Uy [] + €23 Up[x23] Uy [] -2 v € £12 A Ug [x12, x23] U; []

in[-]:- $PBWGens

Time: 0.00 seconds Out[=

{x12, x13, x23, al, a2}

ml-1- Join|

Cases [$PBWGens, g_ > Which[
t[g] ==="x", A (g"); UI[9g],
t[g] ==="a", (9"); UkI[g]

11,

Cases [$PBWGens, g_ > Which|
t[g] ==="x", A (") ; UkI[9g1,
t[g] ==="a", (g");Uk[g]

1]
]

Time: 0.06 seconds Outf[=
(X E12; U [Xx12], A E135 U [x13], A 235 U [x23], al; Uc[al], a2; Uc[a2],
A E125 Uy [x12], A €135 Uy [x13], A €235 U [x23], ol Ug[al], o2;Ug[a2]}
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in[-]= $n =3
Time: 0.00 seconds Out[=
3

mi-1= TTL = TT,@Take[Join|

Cases [$PBWGens, g_

> Which[

t[g] ==="x", A (9") ;1 Uk[9],

t[g] ===
11,

a’, (g) Uk[g]

Cases [$PBWGens, g_ > Which|

t[g] === "
t[g] === "

1]
], AL1]

Time: 4.72 seconds Outf=

X") A (g*) j Uk [g] b

a", (9");Uklg]

2026-09-18 09:44:19

1 1, 1o v o2y 1 vozy
(e”l*”f : 2 £125+ e £125] U [x12] +
eLGli*% ¥ (-odialy02i002)) 1o, oV (GLiv02s )+3 v (~odgrady-a2s+a2y) £12; + @1 ¥ (20lisolyo2) s ‘fj yenE12 .
1
1 ¥ 024 1 1 voaly yoa2
ez (alg+aly+o2g) +— yenEL2; + ez v (0l3+024) +5 v (-olj+alj-a2;+a2;) 512 +e = 2] Y€Eh §12j +
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- U, /@ $PBWGens

Time: 0.00 seconds Out[=

{Uc[x12], U [x13], U [x23], Uc[al], Uc[a2]}
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- ff = Table|
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fo,x23[A] + € f1 x03[A], alj +aly+efq a1 [A], 02 +a25+€fy a2[A]}

in[-1:= fs = Flatten[Table[
'Fk,Times@@m:
{k, @, $k}, {m, mons[k]}
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Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens[[Lengthe £57 ;
CFeCollect[P, 1x, (Ad[Last[<5] U;[1x]] [0 [Seepage;[Most@<s, #]]1] /. U; » Times) &]
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