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Hidden Utilities and TgX

Headers
pdf
Pensieve header: Quantum $sl_n$ following Rosso and Yamane.
pdf
Notes.
1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).
3. We dot not have a name for Rosso’s X; and Y;. Rosso’s E . is our x[i, j] «> xij. Likewise R0oss0’s ,_¢,
i~ Cj+1 i~ Cj+1
is our y[i, j] ©vij.
4. Rosso’s H; is our a; and Rosso’s & is our b;.
(Alt) Inf]:=
pdf
SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"
<< ../Profile/Profile.m
BeginProfile[]
pdf
Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.
pdf
This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.
pdf
This version: April 2020. Original version: July 1994.
(Alt) Outf]=
pdf
(Alt) In[]:=
MakePDF [ ]
(Alt) Inf]:=
pdf
6ij :=KroneckerDelta[ij];
(Alt) Inf]:=
pdf

SetAttributes[{SS}, HoldAll];
SS[& , op_] := PPss@Collect [PPyorma1 @NOrmal@PPseries@Series[&, {e, 0, $k}1, €, op];
SS[& ] :=SS[&, Identity];
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(Alt) Inf ]:=

pdf

$N =9; (x We hereby commit that we will never go higher than sl (9) x)
X[1 , 7 ] :=x<>1<>7; a[i_]:=a<>1; A[1_] :=A<>1;

Ell , 7 ]1:=&E<>1<>7; a[i ] :=a<>1; A[1 ] :=A<>1;

yli , J ] :=y<>i<>7J; b[1i_ ] :=b<>1; B[1_] :=B<>1;

nli_, j_1:=n<>1<>7j; B[i_] :=B<>1;

t[s_Symbol] := First[Characters[SymbolName[s]]];

Lt[s_Symbol] := FromDigits /@ Rest[Characters [SymbolName[s]]];

tls_[_1]1 :=<t[s]; cls_[_]] :=c[s];

(1= {Tt[X[3, 4]1], L[X[3, 411} // FullForm

Time: 0.03 seconds Out[=

pdf

List["x", List[3, 4]]

The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.

Greek - Latin duality:

(Alt) Inf]:=

pdf

Do[As[i, 1, $N-1], As[]j, i +1, $N], x[i, j1* = &[1, j1;

€[1, J1* =x[1i, 315 y[i, 31" =nli, 31;

nli, 31" = y[i, 3]

]

Do[As[i, 1, $N-1], A[i]* =A[i]; A[i]" = A[i]; a[i]" = a[i]; a[i]" =a[i];
b[i]® =B[i]l; B[i]" =b[i]]

(vs_List)* := (v > V') /@vs;

(U_g )" 1= (U") aps

Flu_:i ] := Flui] = ToExpression["F" <> ToString[u]];

(Alt) Inf]:=

pdf

LatinVars = Flattene {Table[As[i, 1, $N-1], As[]j, i +1, $N], {x[i, jI1, y[i, j1}1,
Table[As[i, 1, $N-1], {a[i], b[1i]1}1};

GreekVars = LatinVars*;

LatinVarPatten = (Alternatives ee LatinVars) ;

GreekVarPatten = (Alternatives @@ GreekVars) ;

VarPattern = (Alternatives @@ (LatinVars | GreekVars) ) 5

Upper and lower case variables:

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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(Alt) Inf]:=
pdf

Module[{i, s, p, ¢, d, x, f, v},
U21Rule = Union @@ Table[As[i, 1, $N-1], {A[i]?- »e’*l:, B[i]% 5 ePPPl:]];
12URule = Append[Unionee Table[As[i, 1, $N-1],
{ed_.+c_. bril. —)B[i];cm ed, ed -+ - alils S ALi]e ed}]’ et = eExpand[lZU[X]]];
U21[& ] := & /. U21Rule;
12U[& ] := & //. 12URule;
Do[As[i, 1, $N-1], With[{ai =a[i], #i =A[i], bi=b[i], Bi=B[i]},
Doi, [f_] :=04i f+Als Bai 1
Dypi, [f_1 t=0bi, f-hBi; i f;
115
D, [f_ 1:=08vf;

E

in[-]:= {U21Rule, 12URule}
Time: 0.00 seconds Out[=
{{Blﬁi:' e PRIbLs Pt o PENb2y p3Phc L, o PENDs  paPl-c |, o PRNDAs ggPlc , o PENDSs

BGEi:' S @ PERbEs B72§:' S e PERbTs B82§:' S @ PEnbEsy 54122:' S ePPols 9{2@:' = ePPoZs
HBEi:' S ePP s &’(42?:' o @PP s &—’!522:' o PP ﬂGEi:' - @P¥oss 5’(72?:' S ePP o7 ?!822:' S eP? “8“},

c$ c$ s

{ed$7.+c$7. blsg ed$ Bl;g s ed$,.+c$,. b2y ed$ Bz;f , ed$,.+c$,. b3ss ed$ BB;; ,

c$ c$ c$
ed$_.+c$_. b4y 5 (Ed$ B4S$h s ed$_.+c$_. b5 N <ed$ B5S$n s ed$_.+c$_. b6y 5 (Ed$ BGS; s
il o
ed$7.+c$7. b7 5 ed$ B7s$h s ed$7.+c$7. b8y 5 ed$ BSS$h s (Ed$"+c$" olgg N ed$ ﬂlgi,
(Ed$"+c$" 02sg N (Ed$ 5‘[23, ed$7.+c$,. 03sg N ed$ :7{3(522, ed$,.+c$,. odss ed$ ﬂ4§§, ed$,.+c$,. absy (ed$ \9,{52%)

ed$_.+c$_. abss ed$ ?{63, ed$_.+c$_. aZss ed$ ﬂ7§§1 ed$_.+c$_. oBss ed$ ﬂ8§§, PRSI eExpand[lZU[X]]}}

inf-1= {Dp3; /@ {b3}, B3]}, Do, /@ {a3, #3]}}
Time: 0.01 seconds Out[=

{{5b3}, -7nB3]}, {503}, 773]}}

Canonical Form:
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(Alt) Inf ]:=
pdf
CF[& ] := PPCF@Module[{sl},
51=I'F|:$k == ®,
Expand[&] /. eP- = e"actorer
$k (heyn)k
Expand[&] /. e/~ = e 3Ctore /g :»Z"; /. € /3 k>%k0
ko K!
(xExpand@Collect [s1,Cases[s1,VarPattern,~],CCF]/.CCF->Factorx)
pdf
Weights: (Need confirmation!!!)
(Alt) Inf ]:=
pdf
(xDo[As[i,1,$N-1],As[j,i+1,$N],
Wt[x[i,j]]={1,i-3}; Wt[y[i,3]]={0,1i-3};
WE[E[1,j11={0,j-1}; Wt[n[i,3]]={1,j-1};
13
Do[As[i,1,$N-1],
Wtla[i]]={1,0}; Wt[b[i]]={0,0};
Wt[o[1]]={0,0}; WE[B[1]]={1,0};
15
WE[u_ J:=Wt[u];x*)
Do[As[i, 1, $N-1], As[j, i+1, $N],
WE[x[i, j11 = {1, i-3}; Wt[y[i, j11={0, -(i-J)};
Wt[E[i, J]1]1 =10, -(i-J)}; Wt[n[i, j1]1={1, (i-3)};
15
Do[As[i, 1, $N-1],
Wt[a[i]] = {1, @}; Wt[b[i]] = {0, @};
Wt[a[i]] = {0, @}; Wt[B[i]] = {1, @};
15
Wt[u_ | :=Wt[u];
(Alt) Inf ]:=
pdf
(x g~ ¥ <5 Ai[n]~e" © 25 «)
(Alt) Inf]:=
pdf

$n=5; $k=oo; $E = {$I’I, $k}
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(Alt) Inf]:=
pdf

$EPBWGens := Flattene {
Table[AS[i: 1, $n - 1], As [J: i+1, $n] i) X[i, J] 1,
Table[As[i, 1, $n-1], {a[i], A[i][_]}]
}
$EPBWRule := Module[{k = @}, FlatteneTable[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];

x_ =<y :=0rderedQ[{x, vy} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ 1]

in[-]:- $PBWGens*
Time: 0.01 seconds Outf=

(€12, €13, £14, £15, £23, £24, £25, £34, £35, £45, al, a2, a3, a4}

(Alt) Inf]:=

pdf

UCF[& ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ QUi [L___, _[8],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1»
(-2) % B¢ ek nk
Sum[As[k, 0, $k], ————— U; [L, Sequence @@ Table[a@e@ L [AB], k], r‘]]
k1
Ho
UIl___1,F
] /. F —>CF]

(Alt) Inf]:=
pdf

m; [0] =0;

ms [x_Plus] := UCF[m; /@ x];

mi__,j_[é'_] = & /. Ug —)Uj;

m; ,j 5k [€_-Ui [x___1U; [1] :=cUg[x];

mi ,j e [€ Ui [TU; [y___11:=cU.[y];

m; ,5 or [C_o Ui [xx___, x_[n1_11U; [x_[n2_],yy___11:=

UCF[cU; [xx, x[n1+n2]]U;[yy]l] // mi j.k;
Mmi 5 e [€_o Ui [xx___, x 1U; [y _,yy_ __1]:=If[x=y,
CUk[XXJ X5 Y, y,V]:
((cUi[xx] RRj[x, y] // UCF // m; ;,i) Uj[yy]l // UCF // my, ;) // UCF
15

ms [& ] :=ms [UCF[&]];
(Alt) Inf]:=
pdf

Supp[&_] := UnioneCases[{&}, U; [___]1» 1, «];

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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(Alt) Inf ]:=
pdf

Unprotect [NonCommutativeMultiply] ;
NonCommutativeMultiply[x ] := x;
X ®y :=PPyne@ Module[{i, is = Supp[x] NSupp[V], o, Z, k},
z=x; Do[z =mi,ei[2], {1, is}];
z = Expand[y z];
I-F[$k<oo, z=2/.€" /; k>$k:—>0];
DO[Z = Mogs,ini [2], {1, is}1; Z];
UB[x , y ] := PPg@UCF[x® y-y® x];

(Alt) Inf]:=
pdf

Ai o5k [£.1 := UCFeModule[{j1, ki}, & /. {
Ui[]l » U;[1U[],
Uilf_ 5 fS___1 = Mpkise@ My 51,5 [A5,r[F] Aisga,ia [Ui [£S]1]
s

Ai s ,e,t [E] 2= & /] Disjr !/ Bk,

(Alt) Inf]:=
pdf

S; [&£] := UCFeModule[{il}, & /. {
Uilf_» fs___1 = mig i [Si[f] Sia[Via [fs]]]
31

S; [£.] := UCFeModule[{il}, & /. {
Uilf_, FS___1 » My i, [Si[£] Sia [Via [£s11]

HE

The A-algebra

(Alt) Inf]:=
pdf

RR, [ai_, aj_]1 /; t[ai] =t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_]]1 /; tl[ai] ="a" A t[Aj] ="A" := U,[Aj[n], ai];
RRy [Aj_[n_1,ai_]1 /; t[ai] =="a" AT[Aj] ="A" := Ug[ai, Aj[nl];
RRk_ [Ai_[m_1, Aj_[n_1]1 /; t[Ai] = t[A]J] == "A" := U [Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] = "a" A t[xij] = "x" :=Module[{i, j, m},
{i, j} = c@xij; {m} = c@am;

Up[xij, am] +% (6n,i - Snea,i — Om,j + Onsz,j) U [Xx1J] /2

15
RRe [Am_[n_1, xij_1 /; T[Am] = "A" A T[x1j] = "X" := Module[{i, j, m},

=N (6n,i=O6ms1,i=6m,j+6

{i, j} = texij; {m} = c@Am; q m3) U, [x15, Am[n]]

]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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in[-]:= RRg[a[1], x[1, 2]]
Time: 0.05 seconds Out[=

v Up [X12] + Ug [x12, al]

df
p We take the reduction rules RR for xij’s from Yamane page 509, rewritten in
Monoblog/260928:
() == )
() = P — ()
() = ) @ ) )
() =476
(=) = ()
(7) = 2(57)
/{;(\1/;) Inf]:=

RR,_[xmn_, xij_] /; T[xij] = t[xmn] = "Xx" := Module[{i, j, m, n},
{i, j} = t@xij; {m, n} = c@xmn;
Which|
(1=mAj<n) Vv (@d<m<jAn=3), q2U[xij, xmn], (+ IVIII *)
(i<m<jAn<j)Vv (j<m), Ug[xij, xmn], (» IIVWI =)
i<m<jAn>g, Uelxij, xmn] + (47 - ¢*) Ue[x[i, n], x[m, j11, (* IV x)
j=m, q? U [xij, xmn] - qUx[X[i, n]] (* V *)

]
]

In[]:= Uy [X34] Uy [x23] U3 [x12] // My, 5,
Time: 0.08 seconds Out[=

(-1-yeh) Uy[x24] Us[x12] + (1+2y e h) Uy [x23, x34] Us [x12]

in[-]:= Ug [X34] Ua [x23] U3 [x12] // My,2,5 // Ma,3,0
Time: 0.05 seconds Qut[=

g% Up [X14] - q° U [x12, x24] - q° Up [x13, x34] + q* Uy [x12, Xx23, x34]

in[-]:- Block[{$k = ©}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
(X, Y, ZY » (P // My 555 // My 350) == (P // My,3,5 // My 20)
11
11

Time: 18.11 seconds Out]=

{3
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in[-:= Block[{$k = 0, $n = 3}, Module[{Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table [A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}1];

DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
{Xs Y, Z}y > UCF[ (P // My 5,5 // My 3,9) = (P // My 3,5 // M1 2,0)]

11
11
{x12, x13, x23, al, a2, A2[Q], A2[-2], A2[-2], A2[2], A2[2], Al[-1], A2[-2], Al[Q], A2[-2], A2[1]}

Out[-]=
{}
Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P = Uy [W] U [X] Us[Y] Usa[Z];
{W, X, Y, ZY > (P //my3,5 // My 440 // My 54) =
(P//mg a3 // My 3, // My 5,1) = (P// My o5 // M3 4,3 // My 3,1) =
(P//my,o51 // My351 // Myas) = (P//My355// My o501 /7 My as)
11
1
{x12, x13, x23, al, a2}
Out[-]=
{}
pdf

The Co-Product, Co-Associativity, and the Hopf Axiom

pdf
According to DeltaUpTo09.nb, the following formulas produce an easy to see pattern.

(Alt) Inf]:=
pdf

Do[As[i, 1, $n-1],
Aj ,p [a[il] =Uj[a[i]] Uk[] +U;[]1 Uc[a[i]];
Aj e [A[L]1[n_11 =U;[A[i][n]] U[A[i][n]];
Aj ko [x[i, i+1]] = Uj [x[1i, i+1]] U[A[i][1]] + Uj [A[i][-1]] Uk [x[i, 1+1]]
15
Do[As[i, 1, $n-2], As[n, i+2, $n],
Aj ok [X[i, n]] = mk,kl-»k[mj,jl-»j[
QAj[X[i, N-1]] Ajg e [X[N -1, n]] -q 7 Ay, [X[N -1, n]] Ajp,ia [X[1, n-1]]

]]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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in[-]:= Block[{$k = o, $n = 5}, Column@Module[ {Bas = $PBWGens, P},

Table [AS [P, Ui /@ Bas] y P> Ai—)j,k [P] ]
1]

Time: 0.08 seconds Out[=

U [x12] - U3 [A1[-1]] U [x12] + Uy [x12] Uy [A1[1]]
Us [x13] > U3 [A1[-1], A2[-1]] U, [x13] +

(7$ +q2) Uj[x12, A2[-1]] U [x23, A1[1]] +U;[x13] U, [A1[1], A2[1]]
Ui [x14] -

2026-10-08 08:15:34

Uj[A1[-1], A2[-1], A3[-1]] U [x14] + (—i +q2) Uj[x12, A2[-1], A3[-1]] Ug[x24, A1[1]] +

qZ

1
q

Us [x15] > U; [A1[-1], A2[-1], A3[-1], A4[-1]] U, [x15] +

( qi +q2) Uj[x12, A2[-1], A3[-1], A4[-1]] Uy [x25, A1[1]] +
(-q—lz +q2) Uj[x13, A3[-1], A4[-1]] U, [x35, A1[1], A2[1]] +
( q—lz +q2) Uj[x14, A4[-1]] U [x45, A1[1], A2[1], A3[1]] +

U; [x15] U, [A1[1], A2[1], A3[1], A4[1]]
Uj [x23] - U3 [A2[-1]] U [x23] +U;[x23] U, [A2[1]]

Ui [x24] - U [A2[-1], A3[-1]] U, [x24] +
(7q—12 +q2) Uj[x23, A3[-1]] U [x34, A2[1]] + U; [x24] U, [A2[1], A3[1] ]
U; [x25] -

2

(-—2 +q2) Uj[x13, A3[-1]] U [x34, AL[1], A2[1]] +U;[x14] U [A1[1], A2[1], A3[1]]

Uj[A2[-1], A3[-1], AA[-1]] U [x25] + (—i +q2) Uj[x23, A3[-1], A4[-1]] Ug[x35, A2[1]] +

q

q
Us [x34] - U3 [A3[-1]] Uc[x34] +U;[x34] U, [A3[1]]

U [x35] - U [A3[-1], A4[-1]] U, [x35] +
(7q—12 +q2) Uj[x34, A4[-1]] Uy [x45, A3[1]] +U; [x35] U, [A3[1], A4[1]]

Ui [x45] > U5 [A4[-1]] Uy [x45] + U; [x45] U [A4[1]]
Ui[al] - Uj[al] Uc[] +U5[] Uc[al]
Uj[a2] - Uj[a2] Uc[] +U5[] Ux[a2]
Ui [a3] - U;[a3] Ug[] +U;[] Uy [a3]
Ui [a4] - U;[a4] Ug[] +Uj[] Uy [ad]

in[-]:= Module[ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}1], {10}]11];

Out[e]=

DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =U[X];
X (P// BD1s1,2 /7 DBasz,3) = (P// B1sa,z /7 Disa,2)
11
1
{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4,
A4[0], Al[-2], Ad[O], A1[0@], A2[0], A4[-2], A3[-2], A3[1], A3[2], A2[-1]}

{3

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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in[-]:= Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],

P =Us[X] U2[Y];
{X, Y} UCF[ (P //my,251 // B1sa,2) = (P /7 Bosz,a // Arsa,a // My 351 /7 My a,) ]
11
]

{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4,
A1[-1], A1[2], A3[-1], A4[2], A2[0], A4[2], A3[2], A4[1], A2[-2], A4[-1]}

Out[e]=
{}
Is A a quantization of the co-bracket?
1= $k =1
Time: 0.02 seconds Outf=

1

iml-]- Columne@Module[ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P = UCF [ (A1,1,2[P] - 812,21 [P]) /7.
{a =1+nh/2,U; [xs___, A [n_1,as5___1=»U;[xs] +nhU;[xs, aee.[A], as] /2}
] /B~ /;n>1:-0
]
]

Time: 0.05 seconds Out[=
Up[x12] » -4 € hU;[x12] Uy[al] +4e hU;[al] Uy [x12]
Up[x13] > -4 e hU;[x13] Uy[al] -4 e hUs [x13] Uy[a2] -4y e hU;[x23] Uy [x12] +
4echUj[al] Uy[x13] +4ehU;[a2] Uy [x13] + 4y e hUs [x12] Uy [x23]

Up[x23] > -4e h Uy [x23] Up[a2] +4 € hU;g[a2] Uy [x23]
Up[al] > @

Up[a2] > @

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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pdf

The Antipode
(Alt) Inf]:=
pdf

Do[As[i, 1, $N-1],
S; [a[il] = -Uj[a[il];
S; [A[i1[n_11 =U;[A[i][-n]];
S; [X[i, i+1]] =-q U [x[i, i+1]]5 (+2+)
S; [a[i]] = -U;[a[i]];
S; [A[i][n_11 = U;[A[i][-n]];
S; [x[i, i+1]] = -q°Uj[x[i, i+1]]; (+?+)
IE
Do[As[i, 1, $N-2], As[n, i+2, $N],
S; [X[i, n]] =myy j.5]
qSj[x[i, n-11] Sy [x[n-1, n]]1 -q*S5[x[n-1, n]] S5 [x[i, n-1]]];
S; [x[i, n]] =mj1,j—»j[

qS;Ix[i, n-1]] S5 [x[n-1, n]] -q*S5[x[n-1, n]] Sy [x[i, n-1]]]
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i1~ Block[{$k = 0, $n =5}, Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P~ {S;[P], Si[P]}]

I

Time: 0.08 seconds Out[=

U; [x12] - {—% _q? ui[x12]}

U; [x13] - {-% N (-is . ;1]) Us [x12, x23], -q°U; [x13] + (-3 + q7) U; [x12, x23]}

q
U; [x14] -
{7% . (7qi + i) Ui [x12, x24] + 7q—15 + i) U; [x13, x34] + (717$ . ql) U; [x12, x23, x34],
- U; [x14] + (-q” + q'!) U; [x12, x24]
(-97 +a™) Us [x13, x34] + (-q* +2q° - ¢2) U; [x12, x23, x34]}

. _uias] (o1 1) RERRE A
Ul[x15}e{ 5 +( qs+q)u1[x12, x25]+( CI5+q)ul[x13, x35] +

(7q—15 N i) U; [x14, x45] + (717$ N qi) U; [x12, x23, x35] + (*1*315 N ql) U; [x12, x24, x45] +
( 1- is %) Uj [x13, x34, x45] + @ﬁ +§ 7§ +q) U; [x12, x23, x34, x45],

-9 Ui [x15] + (-q*t + ") Ui [x12, x25] + (-q** + ™) U; [x13, x35] + (-q'* + q*°) U; [x14, x45] +
(-a®+2q% - q'®) Ui [x12, x23, x35] + (-q® +2q"* - q*°) U; [x12, x24, x45] +

(-9®+2q™ - ") U; [x13, x34, x45] + (-¢° +3q° - 3q" +q7) U; [x12, x23, x34, x45]}

Us [x23] > {—% _q? Ui[xzs]}
Ui [x24] > {-% N (-q—ls N ;11) Us [x23, x34], -q°U; [x24] + (-0® +q7) Us [x23, x34]}
Ui [x25] =

Us [x25] 101
{—% + (—E +a) U; [x23, x35] +

-q*U; [x25] + (-q” + q™) U;[x23, x35

1.1
¢ q
]+

)Ul[x24 X457 + ( 1-21 %)Ul[xza x34, x45],

Q

(-a”+q™) Ui [x24, x45] + (-q* + 29® - q*?) U; [x23, x34, x45]}
U; [x34
Ui [x34] > {—% g2 Ui[x34]}

Ui [x35] - {—% N (—is ;1]) Ui [x34, x45], -q°U; [x35] + (-0® + q7) U; [x34, x45]}

q
U; [x45
U; [x45] - {— [qz L _q? ul[x45]}
Ui[al] » {-Uj[al], -Uj[al]}
Ui [a2] » {-Uj[a2], -Uj[a2]}
Uj[a3] » {-Uj[a3], -Uj[a3]}
Uj[a4] » {-U;i[ad], -U;[a4d]}
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in[-]:= Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],

P =U;[X];
X- (P//BD153,3//S2//My,3,)
11

1

{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4,
A [-1], A2[-1], A4[1], A4[1], A3[2], A1[1], A2[1], A3[-1], A3[2], A4[-2]}

Out[-]=
{x12 -0, x13 >0, x14 -0, x15 -0, x23 >0, x24 >0, x25-50, x34-50, x35-0, x45- 0,
al->0, a2-»0, a3 -0, a4 -0, AMA[-1] > Uy[], A2[-1] U [], A4[1] >Uy[], AA[1] >Uy[],
A3[2] > Us[], A1[1] > Us[], A2[1] > Us[], A3[-1] > Us[], A3[2] > Us[], A4[-2] > U]}

i1~ Block[{$k = }, Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table [A[RandomInteger[{1, $n - 1}]] [RandomInteger[{-2, 2}]1], {10}1];
DeleteCases[_ - 0] [FlatteneTable[As[X, Bas],
P=U[X];
X->UCF[((P//S1//51) -P)]
{x12, x13, x14, x15, x23, x24, x25, x34, x35, x45, al, a2, a3, a4,
Al[2], A2[-2], A1[-1], A1[1], A3[1], A3[-1], A4[1], A1[0], A3[1], A1[-1]}

Out[e]=
{}
pdf
The Generating Functions Engine
pdf
Canonical Forms:
(A1) Inf ]:=
pdf
LogReduce[& ] :=
& /.c_xlogla_] > LogeFactor[a“] //. Log[a_] + Log[b_] > Log@Factor[ab];
CF[& E] :=CF /@MapAt [LogReduce, &, 1];
CF[&:E [___1]1:=CF/e@&;
pdf

E operations:

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin-Alt.nb 2026-10-08 08:15:34

(Alt) Inf]:=
pdf

& E[$] :=Length[s] -1; E [&5___1[$] :=E[&s] [$];

&_E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}kR+11;

E/: &_FE=&2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];

Eg1 ez [E1s___ 1 =Egy 2 [E25__ ] ~i= (d1=d2) A (rl=r2) A (E[&1S] = E[&25]);
E/: &l Ex&2 E :=EeeTable[CF[&s1[kk] + 52[kk]]1, {kk, @, Min[&1[$], s2[$11}1;
Eg; r1_[&1S 1Eg; 2 [825__ 1 "= E (q1ydz)-(riyr2) @@ (E[S1s] E[&25])

(Alt) Inf]:=
pdf

Eq1_r1 [61S___1// Eaz or2 [825___1 :=Module[{is = riNd2, lvs, 1llvs},
lvs = Cases|[{£1s}, (AlternativeseeLatinVars); /; MemberQ[is, i], ] U
Cases[{s2s}, (Alternatives@eGreekVars); /; MemberQ[is, i], o]";
1lvs =1vs /. u_; = Ugei;
E (41\Jcomplement [d2,is]) - (r2lComplement [r1,is]) @@ (Zipllvsullvs* [{(F/@llvs*).(F/@1llvs), Times[

E[&1s] /. Thread[lvs -» 11lvs],
E[&2s] /. Thread[lvs* -» 11vs™]

131)

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then
to the heavy and light variables.

o n ) .
@F/_ —y (Du,'z

F/2
@ /( ] e [ ( 3 P
part-glue
- | - 4= X
3 & 3 & connected

diagrams
Lemma 1 Lemma 2 Lemma 3
pdf
Comment. Zip3 of the outer variables must occur after all other operations are completed, because we

must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the
coefficients of Q.

dvs stands for “Diagonal Variables”. In gl, they are the x;;’s and the y;’s. They have weights {1,0} and
{0,0}.

(Alt) Inf]:=
pdf

Zip,. [{7_, &.}] := Module[{dvs = Select[vs, (Wt[#] == {0, @} VWt[#] == {1, ©}) &]},
{7, &Yy 1/ Z:i-p:l'vs (*/ /ZipZComplement\vs,dvs *) [/ Zipzdvs //

Zip3Comp1ement[vs,dvs] /7 Zip3dvs
] 77 Last
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pdf
Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,
<F: Eez Zijs G,,-z,z,>B = det(1 - GF)'*(F(1 - GF)™': &),
(Alt) Inf]:=
pdf
Zipl,, = Identity;
Ziplvs_@{f'_, E[Q ,P_ 1} := Module[{r, F, G, u, V},
(xEcho[{vs,7,Q,P}]; %)
I = IdentityMatrixelLengthevs;
F = Table[If[Wt[u] +WE[Vv] == {1, @}, Ociul,rv1 ¥ » @1, {U, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[v] == {1, @}, 8,,,0Q, O], {u, vs}, {v, vs}];
(xEcho@MatrixForm[7-G.F]; %)
{CF[(F/@vs).(F.Inverse[I -G.F]).(F/@vs) /2],
E [CF[Q - PowerExpandelLog[Det[7 - G.F]]/2-vs.G.vs /2], P]}
]
pdf
Getting rid of linear terms.
Lemma 2. (F: 8@2"’””1")3 = @2 Zijen Fipyy; <F1 8|ZB—>ZB+FYB>B'
(Alt) Inf]:=
pdf
Zip2,, = Identity;
Zipzvs_@{f'_, E[Q ,P_ 1} := Module[{F, Y, u, v},
(xEchoLabel ["Zip2"] [{vs,F,Q,P}];*)
F = Table[If[Wt[u] + Wt[v] = {1, O}, CF[Or(u],r[v1 7 15 O, {u, vs}, {v, vs}];
Y = Table[8,Q, {V, Vvs}] /. (xAlsoUpper@x)Table[v -» @, {v, vs}];
CF/e ({¥, E[Q-Y.vs+Y.F.Y/2, P]} /. (xAlsoUpper@x)Thread[vs » vs + F.Y])
]
pdf

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; := log[AF : &P p satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 0,2, = Z Fij (050,20 + (0,2))(9:,2,)) .
i,jeB
Note that the power m of Aisat most k-1 + %"2 =2k.We write Z, =3 Z[m] A™.
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(Alt) Inf ]:=

pdf
Zip3,, @{7_, & E} := Module[{F, u, v, Z, kk, jj, $m=0, m, n},
(xEcho [ {"Zip3",vs,F,E}]; )
Do[Z[O, kk] = s[kk +1], {kk, 0, c@$}];
Flu , v ] :=F[u, v] =CF@If[Wt[u] +Wt[v] == {1, O}, Ocrul,riv1 ¥ 5 015
Z[m_, RR , u ] :=2Z[m, RR, u] =D,[Z[m, RR]];
Z[m_, RR_, u_,v_]:=2Z[m, RR, u, v] =D,[Z[m, RR, u]l;
For[m =0, ms<2%$m, ++m, For[kk =0, kk s s@$, ++kk,
Z[m+1, kk] =CF@Sum[
Fu, v]
I-F[F[u, v] === @, @, ———— (Z[m, kk, u, v] +
2 (m+1)
sum[Z[n, JJ) u] *xZ[m-n, kk'jj: v], {n, 6, m}, {JJ: 0, kk}])]:
{u, vs}, {v, VS}]S
I'F[Z[m+1, kk] =1=0, $m=m+1]
J]s
CF /@ ({
F =sum[F[u, vl « F[u] *f[Vv] /2, {u, vs}, {v, vs}],
E @@ Table[Sum[Z[m, kk], {m, @, $m}], {kk, 0, s@$}]
} /. (xAlsoUpper@x)Table[v -» @, {v, vs}])
pdf
“Define” Code
(Alt) Inf ]:=
pdf

SetAttributes [Define, HoldAll];
Define[def , defs ] := (Define[def]; Define[defs];);

Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD[0Pnisp,se_s PPeoot @Block [{i, j, k}, 0pigp g = &5 OPnis se] | 5
SD[0Pisps OP(isy,se]5 SP[OPsis_» OPysisy ]
] 7. {SD - SetDelayed,
isp»> {is} /. {i-»1i_, j-»Jj_, kok_},
nis - {is} /. {i - ii, j- ji, k » kk},
nisp - {is} /. {i-»ii , j-»3j_, k- kk_}

3 1]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin-Alt.nb 2026-10-08 08:15:34

pdf

The Generating Functions for the A operations

(Alt) In[]:=

$k =1;
pdf
Ad, TT, Seepage
(Alt) Inf]:=
pdf
PotQ[@] = True;
PotQ[c_.U; [aj_]1 (EUs:U []...)] /5 (t[aj] ="a") AFreeQ[c, U] = True;
PotQ[x Plus] :=PotQ /@ (And@e x) ;
(Alt) Inf]:=
pdf
Ad[x_][y_]/;PotQ[x] A (Head[y] =!=Plus) := If[y === 0, @, PPpgpoy [®1""17 y]];
Ad[x_][y_Plus] /; PotQ[x] := PPpgpotpius [Ad[x] /@ V] ;
(Alt) Inf]:=
pdf
Ad[x_1[y_]1/; -~ TrueQ[PotQ[x]] := PPpgyi1@Module[{k=1, s=y, t =y},
While[ (t =UB[t, x]) =!=0, s+=t/k!; ++k];
UCF[s]
1
nf-1:- $k =2
Time: 0.00 seconds Outf[=

2

in(-]:- Ad[e B U5[x12] Uc[1] [Uj[x23] Uc[a4]]
Time: 0.06 seconds Outf=
(-en-vye®n®) Uj[x13] Ug[a4] +Uj[x23] Uc[ad] + 2y e® h® U [x12, x23] Uy [a4]

i1~ POtQ[7 A U;[x12] Uy [a3]]
Time: 0.02 seconds Outf=

POtQ[7 A Uj[x12] Uy[a3]]

i1~ Ad[7 AU [x12] Uy [a3]] [U;[x23] Uy [a4]]

Time: 0.09 seconds Out[=

7
Uj[x23] Ug[ad] + |-7h-7yen®- P y*e®n?| Uj[x13] Ug[a3, ad] +

(14 vy e n* + 14¥* €® 1) Uy[x12, x23] Uy [a3, a4] - 98y €? h* Uy [x12, x13] Uy [a3, a3, a4] +
2 234 686 2 235
98 y“ e h" U;[x12, x12, x23] Ug[a3, a3, a4] - — ¥y~ € h” U;[x12, x12, x13] Ug[a3, a3, a3, a4]
3
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in[-]:= Ad[7ra Uj[al]] [U;[x23] Uc[a4]]
Time: 0.05 seconds Out[=
iny

e 2 Uj[x23] Uc[a4]

(Alt) Inf]:=
pdf

TT, [1 =0; (» Translated Tangent x)
TT, [xs___, x_] :=PPr;@UCF[Ad[x] [TT, [xs]] + 0, x];
TT, [xs_List] :=TT, @@ xs

in[-]:= TTA[A E12Ug[x12] U1 [], AE23Ug[x23] U;[1]]
Time: 0.08 seconds Out[=

E12Ug[x12] Uy [] + A €12 23 Ug [x13] Uy [] + £23 Ug[x23] Uy [ ]

(Alt) Inf]:=
pdf

O; [poly_] :=PPy@Total]
CoefficientRules[poly, #; & /@ $PBWGens] /.
(p_->c_) » cU;eeFlatten@MapThread[ConstantArray, {$PBWGens, p}]
15
0;_,is__[poly_] :=0:[0is[poly]];
P; [6]:=6/.Ui[xs___]=»Timesee (#; & /@ {xs});
P; ,is__[poly_] :=P;[Pis[poly]];

;i1 ©3[x123 x13; + 7 x23]7]

Time: 0.06 seconds Out[=
U; [x12, x12, x13] +
7 U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]

il = ©y,5[x12] x13; x245 + 7 x23}7 x253 ]
Time: 0.03 seconds Out[=
Ui [x12, x12, x13] U5[x24] +
7 Ui [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
U5 [x25, x25, x25]

il = Pi,5@03,5[x12f x13; X245 + 7 x23}7 x253
Time: 0.06 seconds Out[=

x12] x13; x24; + 7 x23}’ x253

(Alt) Inf]:=
pdf

Seepage; [{}, c_] =¢;
Seepage; [¢5_List, P_] := PPseepage@Module[{1x},
1x = $PBWGens [Lengthe £57 ;
CF@Collect[P, 1x;, P;[Ad[Last[<5] U;[1x]] [O;[Seepage; [Most@<s, #1111
&]
15
Seepage; ;. [&5_ List, &ss_ List, P_] := Seepage; [ <5, Seepage;. [£5s, P]]
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1= $k=1
Time: 0.00 seconds Out[=
1

in[-]:= $PBWGens*
Time: 0.071 seconds Outf=

{&12, £13, £14, £15, £23, £24, £25, &34, £35, £45, al, a2, a3, a4}

in[-]:= Seepage; [$PBWGens*, x35; ]
Time: 0.16 seconds OQut[=

1 1
ez (TN Y 435, 1 2@ (P39 ¢ 245 1 x35; x45;

inl-]:- Seepage; j[# & /@$PBWGens”, #j & /@ $PBWGens™, x35; x45;]
Time: 0.25 seconds Outf[=
1 1
2 ¥ (0270317a35708172045) 35, yAG . L D e p ¥ (TOMTBB020%) o p) 35, XAS; XA5; £45;

(Alt) Inf]:=
pdf

Inverti; [&_] := PPrpyert@Module[{A, B, Ul, j}, (x &=A U[]+e B x)
Ul =Timesee (U,[] & /@ {is});
A = Coefficient[&s, Ul] /. € » 0;
B=UCF[(&-AU1)T;
UCF [

Al (U1 +sum[As[], 1, $k], (-1) 7 NonCommutativeMultiply @@ ConstantArray[B /A, 7] 1]

inl-1:= $k = 3;
Invert; ;[7U;[]U;[] +eU;[x12] Uj[x23]]

Time: 0.09 seconds Out[=
1 1

“US[]U§[] - — eUs [x12] Uj[x23] +
49

e3U; [x12, x12, x12] Uj [x23, x23, x23]

1
— €?U; [x12, x12] Uj[x23, x23] -
343 2401

{$k =1, $n =3}
Time: 0.01 seconds Out[=

{2, 3}
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(Alt) Inf ]:=
pdf
TriangularDSolve[egns , inits , fs , A , CF_] :=
PPrriangularpsolve @Module [ {ss = {}, reqns = eqns, rinits = inits, rfs = fs, s, p},
While[rfs =1= {},
{p} = FirstPosition[Count[#, Alternatives @e rfs, o, Heads - True] & /@reqns, 1];
{{s}} =DSolve[reqns[p]l A rinits[p], rfsipl, A1;
AppendTo[ss, s =s /. F_Function :» ReplacePart[F, 2> CF[F[21]111];
reqns = Delete[reqns, p] /.s /. e_=0: CF[e] =
rinits = Delete[rinits, p];
rfs = Delete[rfs, p];
15
ss
1
pdf

L}\: Q:E(\k\gwrﬁ (E<’\§;ﬂ-x> 5&(‘% b Jf‘w@: @%ﬁ” (&ﬂg"( /\ ) @ {l/q )
1 (L) =LAl S(B)= Sepel16),
Ror CGE( fra) ) 4 S RS N N Ot

i)

TR - R.0R.)- OIF6] O(356)- S16) OF) OIF (656 +36)) Sledfie:ae)
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(Alt) Inf]:=
pdf

Define [amt; ;. = PPranev sk, n) @Module [{ («+TTL, )},

]

ES[s ][& ] := (EchoLabel[s] [Short[&, 2]]1; &) ES[s_1[&.] :=&;
TTL = ES["TTL"] @PPu17 - @TT, @
Join[11 = Table[If[z[g] === "x", X, 1] (g%); Ux[g], {8, $PBWGens}], 11/.1i-3j];
mons[-1] = {};
mons[p ] :=mons[p - 1] JUnion@Cases [Coefficient [TTL, €, pl, Ux[___1, «];
ff = Table|[
sum[eP f,,u [A], {P, O, $k}],
{u, $PBWGens}
| 7. €5 ,u (A1 /5 T[u]l ="a" = If[p=0, (u*);+ (u")y, O];
fs = Flatten[Table[
'Fp,IPk[m])
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
eP fo,pequy [A] Py [ul,
{p, 9, $k}, {u, Complement[mons[p], Uy /@ $PBWGens] }
]
G = Series|[e®, (¢, 0, $k}];
S[B_] := UCF[Ok[Seepage, [ff, UCF@B]]];
SG = ES["SG"] @PP - @S[G] ;
TTR = ES["TTR" ] @PPw17z» @UCF [Invert, [SG] ® S[ (8, (ff. (# & /@ $PBWGens)) G + 8,G) 11;
diff = UCF[TTL - TTR];
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0O,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] == 0) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i,j)-(k) @@ Table [As[p, @, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], (a[m];+a[m];) a[m];], @],
Total[Cases[fs, f,, 11 /.F, ,, »u (f,,u/.5S)[A] /. A| B |¥-1]

]
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(Alt) Inf]:=
pdf

Define [aAt;,j,i = PP-aut sk, $n) @Module [ { («TTL, «)},
ES[s ][& ] := (EchoLabel[s] [Short[&, 2]]1; &)
TTL = TT,@Table [UCF[If[c[g] === "x", A, 1] (8"); Ai,4,k[Ui[8]111, {8, $PBWGens}];
mons[-1] = {};
mons[p ] :=mons[p-1]UJ
UnioneCases [Coefficient [TTL, €, p], c_. Uj[x___1Ucly___1=U5[x]Uc[y], =]1;
ffj = Table |
sum[eP f,,, [A], {P, O, $k}],
{u, $PBWGens}
] 7+ fp,u IA1 /5 Tlu] ="a" > If[p =0, (u*);, O];
ffk=ffj /. j-k;
fs = Flatten|[Table|

Fopyims
{p, @, $k}, {m, mons[p]}
113
gg = Sum|
e? -Fp,]Pj,k[u] [A] Py, [u],
{p, @, $k}, {u, Complement[mons[p], U;[] (U /@ $PBWGens) JU,[] (U; /@ $PBWGens) ]}
[E
G = Series|[e®t, (e, 0, $k}];
S[B_] := UCF[0;, [Seepage; [ ff], ffk, UCFeB]]];
SG = PPusg @S[G] 3
BB = PPugg [0, (FF]. (#; & /@ $PBWGens) + Ffk. (# & /@ $PBWGens)) G + 9,G] ;
SBB = PP s+ @S[BB] 3
TTR = PPurrg» @UCF [Invert;, [SG] ® SBB] ;
diff = UCF[TTL - TTR];
egns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[0] =0) & /@ fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E (i}-j,k) @@ Table [As[p, 8, $k], Plus|
If[p==0, Sum[As[m, 1, $n-1], a[m]; (a[m];+a[ml,)], @],
Total[Cases[fs, f,, 1] /.F, ,, »u (f,,u/.58)[A] /. A|&|¥~1]
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inf-1= {$k =1, $n =2}; amt; ;i

(amty,z,z // amty 3,1) = (amty 3,2 // amty 5,1)
Time: 0.11 seconds Out[=

E1,j)50 [ale (aly +aly) +x12, (£12; + et £124), 0]

Out[e]=
True

ml-1:= {$k =1, $n = 3}; amti,jqk

(amty 5,4 // amty 3,5) = (amty 3,4 // amty 4,5)

Time: 0.08 seconds Qutf=

1
E 1,5k [alk (0L + 0ly) + a2y (025 +a25) + x12, (§121 + s (2oimadi) glzj) +

1 1 !
x13, (5131 vz (M) g13, @y (20M020) g9, 5231) + X23y (5231 + g2 (Tohir2o) §z3j) s
1 1
~2e2 PHTOM) 12, x13, £124 £13; - e2 PN %13, £125 €235 +
N 1
2. ez P00 w12, x23, £125 £23; - 2 e2 M%) %13, x23, £135 §231]

Out[«]=
True
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1= {$k =2, $n=3}; amt; j.«
(amty,z,4 // amty,3,5) = (amty 3,4 // amty 4.5)
Time: 44.66 seconds Out]=

1
Ei,§)5 k) [alk (01 + 01y) + a2y (025 +025) + x12, (6121 + g2 (2ohiok

) §12j) +

1 1
x13; (;‘13i ve2 (MO 13, er 20N g1, £23;

1
+ X23, (§‘23i + ez (T0lir2020) §23j) s

2 (2015-02;

22 (201;-025

1
) X12k X13k §12] 5131 - e ) X13k §12] 5231 +
1 1
2 e PO w19, x23, €125 £23; - 2 e2 M %13, x23, £135 £23;,

1

1 1
- e2 PUMOR) %13, €125 6235 + 2 @2 POM ) 12y x23) €125 £23; + 2 €2 1% X122 x23, €125 £23; +

1 2 3

2.e2 2oHTON) 312, x23] £124 £23F + 2 MM X13] £125 €237 - — e MM xa3] €123 €233 +
9
1

X12 x13y (2 ez 2NN £195 £13; - 2 @27 €123 5231) +

2 2 0d5-02; 2 2 (2al;5-02;) 3
X127 x13) |2 €102 €125 €13; - — e2 POHM) €123 €23, | +

3

1 301
x12, x13, x23 (-4 e2 POMTO) £13.£13; £23; - de 2 £125£134 5231) +

X13y x23y

1 1
22 (M0 £135£23; -2z 2N g1, 523§) +

x12; x132 (2odima2y

1 2 3
2z P00 £125 £132 +; e2 ) €123 §23§] +

x13, X237

1 2 1
22 W) 13, £232 = e2 (200 g1, 523§] .

x132 x23y

2
2 etlirok 513§ £23; + B @210 512§ 523§) }

Out[e]=
True

1= {$k =1, $n=2}; aAti,j«
(aAaty,i,3 // aAty,,5) = (aAty,s,; // aat,,;)s3)

Time: 0.23 seconds Qut[=
E{i}%{j,k} [ (alj + alk) O(li + X123 5121 + X12k §12i1 -2 alk XlZJ §121 +2 alj X12k 5121]

Out[«]=
True

mnf-1:= {$k =1, $n = 3}; aAti_,j,k
(aAty,1,3 // aAtiyg,2) = (aAti,,2 /7 AAt,,;)3)
Time: 0.08 seconds Out[=
Eiys(5,k |
(alj +aly) ol; + (a23 +a2) o2 + X12] £12; + x12 £124 + X13J E13; + x13, £13; + X23] £23; + X23 £234,
-2 aly X12j £12; +2 alj x12, £§12; - 2 aly X13j E13; - 2 a2 X13j E13; +2 alj x13, 135 +
2225 X13) £13; + x12, X135 £12; £13; - X125 X13 125 £13; - 2 a2, X235 £23; + 2 a2; X23y £23; -
x12k XZBJ 15121 §231 + X13k X23J §131 §231 - X13J X23k §131 §231 + x123 X23k <4 §131 + §121 §231) ]
Out[~]=
True
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inf-1= {$k =1, $n=2}; (amty o,1 // adty,ip) = (abdty,s e // adty,y o // amty 3,1 /7 amty 455)
Time: 0.11 seconds Out[=
True

in-]:= Block[{$k =1, $n =3}, Echo@ {amty,,,1, arty,1,5};
(amty o, // aAty,g,5) = (aAty,s,4 /7 @Aty,q,0 /7 amty 5,0 /7 amty,g,5) ]

1
(B [ats (011 + a15) +a2; (021 + a2;) +x12, (5121 + ez (2ol §122) +
1 1 1
X3y (€130 ex TR £13, - e R 12, €23, | o xdy (2300 e R 423y,
1 1
S22 POMO%) 490 13, £12, €13, - e2 20NN 413, £12, £23, +

2 (2a1,-02y)

1
2e: x12; X23; £12, £23, - 2 e2 (“170%) %13, x23, £13, §231] s E(ya, [

(aly +aly) aly + (@21 + a2;) o2y + X129 §124 + x12, £§124 + x137 £137 + x13, §137 + X237 £23; + X23;, §234,
-2al,; x124 £12, + 2 a1,y x12, £§12, - 2 a1, x13; £13; - 2 a2, x13; £13; + 2 al; x13, £13; +
2 a2; x13; £13; + x12, x13; £124 £13; - x124 x13, £124 §13; - 2 a2, X237 §23;1 + 2227 X23, £23, -
X125 X237 §129 £2371 + X135 X237 §137 £231 - X137 X23, £13; §231 + X127 X23; (4 131 + §124 £23) ] }
Out[-]=
True
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(Alt) Inf]:=
pdf

Define[aSt; = Module[{ («TTL, «)},

ES[s ][& ] := (EchoLabel[s] [Short[&, 2115 &)
TTL = TT,@Reverse@Table [UCF[If[z[g] === "x", X, 1] (g8%);Si[Ui[g]11], {g, $PBWGens}];
mons[-1] = {};
mons[p_] :=mons[p - 1] JUnione@Cases [Coefficient [TTL, €, p], Ui[x___
ff = Table|

sum[eP £, ., [A], {p, O, $k}],

{u, $PBWGens}

] 7-f5 0 [A] /5 tlu] ="a"»If[p=0, - (u");, O] ;

fs = Flatten[Table[

1= Ui[x], »];

fo,pimm»
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
eP fo,pi[u [A] Py [ul,
{p, 9, $k}, {u, Complement[mons[p], (U; /@ $PBWGens) ]}
]
G = Series[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O0; [Seepage; [ff, SS@UCF@B]]];
SG = S[G];
TTR = UCF [Invert; [SG] ® S[ (8, (ff. (#; & /@ $PBWGens)) G + 8,G) 11;
diff = UCF[TTL - TTR] ;
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] =0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] ==0) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i} @@ Table[As[p, O, $k], Plus[
If[p=-0, Sum[As[m, 1, $n-1], -a[m]; (a[m];)], O],
Total[Cases[fs, f, 11 /.f, , »u(f,,u/.s8)[A] /. A |h]|¥->1]
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(Alt) Inf]:=
pdf

Define[aSt; = Module[{ («TTL, «)},

2026-10-08 08:15:34

TTL = TT,@Reverse@Table [UCF [If[c[g] === "x", X, 1] (8"); Si[Ui[g]1], {g, $PBWGens}];

mons[-1] = {};
mons[p ] :=

mons [p - 1] JUnion@Cases [Coefficient [TTL, €, p], c_. Uj[x___ 1 =»U;j[x], =];

ff = Table|
sum[eP £, ., [A], {p, @, $k}],
{u, $PBWGens}
] 7 Fo,u [A1 /5 T[u] ="a" »If[p =0, - (u*);, O] ;
fs = Flatten[Table[
fo,imm»
{p, 0, $k}, {m, mons[p]}
115
gg = Sum|
eP fo,pi[u [A] Py [ul,
{p, 9, $k}, {u, Complement[mons[p], (U; /@ $PBWGens) ]}
]
G = Series[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O0; [Seepage; [ff, SS@UCF@B]]];
SG = S[G] ;
TTR = UCF [Invert; [SG] ® S[ (8, (Ff. (#; & /@ $PBWGens)) G + 8,G) ]1;
diff = UCF[TTL - TTR];
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == 0,
{p, 0, $k}, {m, mons[p]}
115
inits = (#[0] ==0) & /e fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E(i}-(i} @@ Table[As[p, O, $k], Plus[
If[p=-0, Sum[As[m, 1, $n-1], -a[m];a[m];], @],
Total[Cases[fs, f, 11 /.f, , »u(fy,u/.s8)[A] /. A|h]|¥->1]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin-Alt.nb

inl-1:= $k =1; $n=3; asSt;
aAti,, 3 // asty // amt; 3,

Time: 32.98 seconds Out|=

120154025

E(iy-i) [*ali al; - a2; a2; - e? ohinzaz

1
) x12; €125 -2 ) x23; £23; +

1

1 1
x13; |—ez (OHTO0%) £93, @5 (0020 o9, 5231) , 22 (TFOMO%) 5900 £12,

3al;

1
2e 2 x12; x13; £12; €13; + 2 ez

302

oli-2 a2;

2 @M% %132 £12; £13; €235 + x12; X235

) x23; €23; + 2 e 2z x13; x23; £13; £23; +

2026-10-08 08:15:34

1 1
4er M) £13; 40 ex UMM £125 €23, 4

1 1
x13; (2 ez ") £13, 4 3 ez (U2 g1, 5231) ]
Out[e]=
E(1y5¢1; [0, 0]
(Alt) Inf ]:=
pdf
(xSplitter BoA «x)
SYi g,k ytym = Egiyagh,k,t,m [
sum[n[r, sl;y[r, s1;+&[r, slyx[r, sl,, {r, 1, $n-1}, {s, r+1, $n}] +
Sum[a[r];a[r], +B[r]l;b[r],, {r, 1, $n-1}], Sequence @e ConstantArray[0, $k]
pdf
P:A®B->Qand ReBRA:
(Alt) Inf]:=
pdf

Pi_,j_ o= ]E{-i,j}_,{} @e PadRight[

{sum[n[r, s]1;&[r, s1;, {r, 1, $n-1}, {s, r+1, $n}] +Sum[B[r]; a[r];, {r, 1, $n-1}]},

$k + 1]
Ri_,j_ .= ]E{}_,(«;_,j) e@ PadRight[

{sum[y[r, sI;x[r, sl;, {r, 1, $n-1}, {s, r+1, $n}] +Sum[b[r];a[r];, {r, 1, $n-1}]},

$k+1]

in[-]:= {Ra,2 // Pa,35 Ry,2// P51}
Time: 0.12 seconds Out[=

{]E{3}‘>{1} [bll Bl_:, + b21 BZ3 + b31 533 + b41 543 + y121 77123 + y131 77133 + y141 77143 +

y15, n153 + y23, n23; + y24, n245 + y25, n253 + y34, n345 + y35, n35; + y45; n45;3, 0],

]E(S}ﬁ{z} [alz 0(15 + a22 0(25 + 332 0(35 + a42 0(45 + X122 5125 + X132 5135 + X142 5145 +

X15, £155 + X23, £235 + X24, £24s + X25, 255 + X34, £34< + X35, £355 + x45, £45, 0] }

(Alt) Inf]:=
pdf

Define [bmt,.; = Module[{i0, i1, j1, k1}, (Rio,i1 // @8Atissjs i // Pyag 7/ Pes) /. 10 i1,
baty,,i,j = Module[ {il, ji, k1, k2}, ((Ry,i1Ry,41 // amtis j1,11) 7/ Pia,k2) /- k2 5 Kk],

bSt; = Module[{il, i2}, (Ry,i1 // aStis // Pis,i2) /. i2 1],
bSt; = Module[{il, i2}, (Ry,i1 // aStis // Piy,iz) /. i21i]]
Define[R;,j =Ry j // bSt;]
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inl-]:= Block[{$k =1, $n =2}, bmty,,,3]
Time: 0.22 seconds Out[=

E{l,Z}%{3} [b13 /311 + b13 /312 + y123 T’]121 + y123 77122, -2 y123 /312 7’]121 +2 y123 /3)11 r]122]

Testing A and B dually paired Hopf algebras
inf-1:= $k =1; $n = 3;
co-associativity

in[-]:= {(antisy,n // anta,y,3) = (AAty,s,3 // aAty,y,), (bAty,s,, // bAty,;3) = (bAty,;,3 // bAty,y,,) )}

Time: 0.22 seconds Out[=
{True, True}

algebra morphism

in[-]:= { (aATi,1,2 aAty,3,4 // amty 3,; // amty 4,5) = (amt; ¢ // aAty,; 5),
(bAt; a1, bAt,3,4 // bmty 3,; /7 bmt; 4,5) = (bmt; j,k // bAt,; )}
Time: 0.44 seconds Qut[=
{True, True}

associativity

inf-]:= { (amty o, // amty,3,k) = (amty s, // amty k), (bmty o,k /7 bmty s k) = (bmty s,k /7 bmty k) }
Time: 0.12 seconds Out[=
{True, True}

antipode

in[-]:= {@Atisy,p // @Sty // amty 5,1, AAt;Lg,2 // @Sty // amty o,
bAt;,i,, // bSty // bmty 5,1, bAt;,1,, // bSty /7 bmty 5,1}

Time: 0.89 seconds Out[=
{E(i}5713 [0, 0], E(i35013 [0, O], E(iy5013 [0, 0], E(iy,01, [0, 0]}

inverse antipode

mi-1- {asty // aSt;, bSt; // bSt;}
Time: 3.53 seconds Out[=

{]E{i}a{i} [ali O(li + aZi O(zi + x121 5121 + X13]'_ §131 + X23i ‘§23i1 @] N
E(i)5¢iy [b13 Bl + b2; 325 +y12; n12; +y13; n13; +y23; n23;, 0]}

Pairing

mi-1= {(amty, 2,3 /7 P3,3) = (bAt_3,.4, 2 // P11 //P22),
(bmty,5,3//P3;3) = (aAt3,4,.0//P.1,1//Pa3),
(asty // Py, 1) = (bSt.y // Py, 1), (aSty// Py, ) = (bSt.y // Py, )}

Time: 0.23 seconds Out[=
{True, True, True, True}
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Testing Double

(Alt) Inf]:=
pdf

Define[dm; j,. = Module[{il, i2, i3, i4},
((sYisia,ia,i1,11 /7 @Ats1,50,50 // @Atir,50,53 // @STi3) (SYjooia,-i1,-i4,-ia // DAt 31, 51,52 //
bAt_i>,-i2,-i3) ) // (Pi1,-13 Pi3,—i1 aMtia, _sa btia, i2) ] ]
Define[dS; = Yi,1,1,2,2 // (bStyaSty) // dmy,1.s,
dS; = SYi,1,1,2,2 // (m1 aStz) //dmy 1,5,
daj,g,k = (bAti,y 3 @At . ) // (dmz 4, dmg 5,5) ]
(xNotice we take co-opposite on the A-side! to make the doublex)
(Alt) Inf]:=
{$k =1, $n =3, A =1};
dms . // 12U // CF

Time: 70.25 seconds Out]=

E{i,j}a{k} {alk al; +alg O(lj + a2, 02 + a2k O(Zj + blk Bli + blk Blj + b2k BZi + b2k sz + y12k 7’]121 +

4 y13, 13, ¢ ————— +y23, n23; + —————————— + x12) £12; -
ﬂli '\/ﬂli '\lﬂzi 5{21
NA23 125125 B2 A/A2; 0125 €125 /B2y y23, 135125 X124 Al; £12;
+ - + +
ALy Bl A1; Bl AL ~A2; A2
n13; £13; n13; £13;
x13) £13; - —— : +X13, /ALy /725 135+

y12,n13; 623; [y 1235 €23; /Bl /#Al; 1234 £23;
AL 72, B A2, " B2y A2; )
N13; £12; £23; /B2 01356125 £23;  xA3, ALy €125 £23;  X23, A2 £23;
VAL Nmy By N 7
2y12, [#2; B15 n124

~2y12, 14 n12; + - 2y13, Bl n13; - 2 y13, B25 713 +
Aly

X23 §23; +

y12, y13, \/#A2; n125n13;  2y13, B13 0135  2y13, 823 0135  y12, y13, n12; n13;
+ + - -
ALy ALy A A2 ALy A2 ALy A2

y12, y23, \[#2; n125123; y13,y23, n135123; 2y23, /Al; B2; n23;
+ +

+

2y23, 325 1123; -

ALy VAL A A24 A2y

4y13, /ALl nl2; 7’]23j y12, y23, NV#AL; nl2; 7’]23j y13,y23, V#AL; nl3; 7’)23j
+ - + 4 x12 61] £12; -
A2; A24 A2;
2 \A2; 7’]12j £12; 2 aly A2 7’]12j £12; 2 /B2y /A2 1712j §12; 2 aly /B2y /A2 7’]12j £12;
- + - +
Al A1 Bl Al; Bl A1;

2 X112, y12, \A2; 7’]12j £12; 2 N A2; Bl 7’]12j £12; 2 /B2y +/A2; B15 7’]12j £12;

_ + _

Aly Al Bl A1;
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2 /B2y y12, 525 1125 n125 €125 2 /B2y y12, %23 n122 £12; /B2y y13, /A2; 1124113 £12;
+

- +

Bl Al; Bl #A12 Bl Al;
x12, y13, 135 £12; 2 +/B2 y23, n13; £12;  2al /B2 y23, 0135 £12;
Vol Vs Bl AL V2 ’ Bl \Al; A2; 7
2 B2 y23, 8151135 £12; 2 B2 y23, 523 n13; £12; 4 /B2 y13, n12; n13; £12;
o1 AL A2 Bl AL yAm Bl ek hEm
VB2 y12,y23, 112, n13; £12; /B2 y13, 11251135 £12; 2 /B2y y12, y23, n12;nl3; £12;
Bl +/Al; /A2 ) Bl A13/2 ) Bl #1352 '
2 /B2 y13, y23, n13; 0135 £12; /B2y y13,y23, 0132 £12; /B2y y23, V#2; 1125 123; £12;
B1, \/gTi NA2; ) Bl Al; A2; ' Bl A1 -
\[B2 y232 1135 123; £12;  x12y23, A[AL; 1235 E12; /B2y y23, n12;123; £12;
Bl /ALy #A2; _ #24 ’ Bl /ALy A25 )
/B2 y232 131235 €123 2x12 /A2; 0125 122 2 /B2y x12, [A2; 1125 123
Bl A2}/? i A1y ' B1y #1; i

2 /B2, #A2; n12§ £122  2B2, A2 r;12§ £122 /B2, x12, y23, n13; €125

+

+

Bl 712 B1Z #12 Bl Al; +/A2;
2 /B2y y23, 125 n13; €12 3 B2, y23, n12; 135 £127 B2, y23§ n133 £123
- + - 2x12 n12; £12; €125 -
Bl A1}/? B1Z2 A13/? B12 Al; A2

2 /B2 x12y 0125 £12; €125 2 /B2y x12, y23, \/#L; n13; £12; £12;
+

+4 x13 Blj §131 +

Bl Bl A2;
4 /B2y X23 \A2; ?712j §13;  x13, yl2, +/A2; ?’]12j §13; 6 ?’]13j §13;
4 X13k sz §13i + + - -
Bl ALy Al; AL A/A2;
2 aly 77133- £13; 2 a2 7’]13j £13; 2 7713j £134 2 aly 7’]13j £13;
_ + - -
VAL A\ A2; VAL A A24 A/Bly /B2y /ALl +/A2; A/Bly /B2y +/AL; ~/A2;
2 a2y 7713j £13; 4 /B2y 7713j §13; 4 x12¢yl12, 7713j £13; 2 x13,yl13, 7713j £13;
+ + + -
\/Bly /B2y +/ALl; ~/A2; Bly VALl A2; AL \A24 AL A2
4 B2y X23,y23, 7’]13j €13; 231y r713j £13; 2 314 013:] £13; 2 324 ?713j £13;
- + - +
Bly \Al; ~A2; VAL A\ A24 A/Bly /B2y ~AL; A2; VAL A2
2 324 7’]13j £135 y12, nl2; 7’)13j §13; 2y12, 7’)12]- 7’]13j £13;
- - +
\Ble /B2 A1y [A2; /Bl /B2y /Al; +/A2; 7132
y12, r]lzj 77133- §13; 4 /B2y yl12, 7712j r713j £13; 2y13, n13; )713j £13;
+ - +
/B1 /B2, 7132 B1, 7132 \B1lc /B2 71l /#A2;
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2y13, 1132 £13; 4 /B2 y12, y23, 0132 £13; y23, n135123; £13;

JBL, VB2, 1, A2 BL, L3 723 - BL VB2 Ly A2
4x12 \[#Ly 1235 €135 x13,y23, /ALy 1235 E13; 4112512356135 4 /B2 11241235 £13;
72 ) 72 L N s A
y23, 135 n23; £13; ) 4 B2 y23, 1135 n23; £13; 23 JA2; n12; £12; €134 )
\/B1, /B2, #2}/? B1, 7232 Ay

4x12, n13; 125 €13;  2x12 135 £12; €13; 4 /B2 x12y n13; £12; £134

+ +
A AL A\ A24 A/Blg /B2y /AL; ~/A2; Bl /ALl A2

VB2 x13y23, 1135 £12; £13; 211250135 £12; £13; 211250135 £12; £134

+ +
Bly Al; +/A2; 7132 B1y/% 7132
211250135 £12; £13; 6 /B2 n124 135 £12; £13; 4 B2y n125 0135 £12; £134
_ N _
\/B1 /B2y A1}/? B1, A13/2 B1Z2 A13/?

3y23, 1133 €125 €135 4 /B2y y23, 1133 €125 £13; 4 B2, y23, 0133 £12; £13;
N _ _

Bli/2 Al; A24 Bl A1; A25 Blﬁ Al; A2;

2x12 13 AL; €125 £13; 4 /B2y 13 125 £125 6135 x12, /ALy 113 125 €134

A23 Bl A2

X12y \[AL; n135 6125 £13; 4 /B2 x13y y23, ~[#Al; n13;£125 £13; 2 x13 1135 £132
+ - +

A/Bl /B2y A2; Bl A2; Alﬂli A/ﬂzi
2 x13y 135 £13% 21135 €133 211335 €133 x13, A2; n124 £12; £13;4
N _ _ _
\Blg /B2y A Al; +/A2; BL¢B2 Ay A2; /Bl /B2y Al; #A2; FAl;
B2y x13y #2; N125 €125 €135 /B2y x13y y23, n13; £12; £13;
+ - 2x13, 134 £13; £134 -
Bl /A1; Bl
2 x13y 1135 £13; €134 X23, y12, \/#2; n125£23;  3yl12, nl3; £23;
+4x23) 325 £23; - + +
VB1k VBZk ALy A AL A A24

2a2,yl2, 7’]13j £23;  X23,y13, ?’]13j £23; 2y12, 314 r]13j £23;  2yl12, 325 7713j £23;
+ + + +
VAL A/ A2 VAL A2 VAL A/ A24 A AL A2

y12, y13, n13; n13; £23;  y12, y23, 135 123; £23; 2 \[#L; 1235 E23;  2a2 +/Al; 1235 £23;
- - - +

Nals 72 als 72 723 F2;
2 Bl \JAL; 1235 623;  2a2 +/BLc /ALy n23;623; 2 x23y23, [AL; 1235 £23;
B2y A2; . B2y A2; ' 724 )
2 \[7l; (2502356235 2 \BL ALy 52512356235 Bl y12, /ALy 1n12; n23; £23;
724 ' B2y A2 i B2y A2; )
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2y12, 11251235 6235 +/BLc y12, 11251235 £23; /B, y13, \/AL; n13; 23, £23;

- - +

VAL A2 B2y /ALl +/A2; B2y, A2;
2y13, 11351235 £23;  +/BLc y13, 11351235 £23; 2 /Bl y23, ~/AL; 123; 023 £23;
+ - +
7232 B2, 7232 B2y #2;

2 /Bl y23, #1; 0232 £23;  2x23y \[A2; 125 £12; £23; 51135 £12; £23;

+ — —

B2, A22 Al AL A2
2al, n13; £12; £23;  2a2n135E12; £23; 5 /B2 0135 E12; £23;  2aly /B2 1135 £12; £23;
222 VB2 13 612; €23;  2x12, y12, n13; £12; £23; 2 /B2 x23, y23, 135 £12; £23;
B AL A o Nmm B14 7; 721 ’
28150135 125 £23; 2 /B2y 1y 113 £12; £23; 2 624 13, £12; £23;
2 /B2 5251135 £12; £23; 2 /B2y y12, n12; n13; 6125 £23; 4 /B2 y12, 124 n13; £12; £23;
Bl oLs o2 B14 L 72 ) B1, 713 ]
/B2y y13, n13; n13; £12; €234 /B2, y13, n13% £€12; £23; 2 /B2, y12, y23, n13% £12; €23,
Bl /Al; \/721 : Bl Al; A2; . Bl Al; A2; :
/B2y y23, 0135 123; £12; £23; 2 \[BL x12 /ALy 1235 £12; £23; 211241235 £12; £23;
Bl VAL Vo 24 724 L

2 Bl 012512356125 £23; 2112512356125 £23; 2 /B2y 01241235 £12; £23;
B2 /AL; ~/A2; \/B1l, /B2 71 /A2; Bl \Al; /A2;

B2 y23, 11351235 £12; €23;  2x12 n13; 123 £23; 2 /B2y x12, 0135 £122 £23;

.
B1, A23/2 NEANE Bl +/#A1l; /A2;
4 /B2 1251135 122 £23; 4 B2 n12y 1135 6122 £23; 2 /B2y y23, 133 £12F £23;
+ + -
Bl #1}/? B1Z #1}/? Bly A1; A2;

3B2,y23, 0135 €127 £23;  x13, Al; €125 23; 2 x12, x23 AL; £124 £23;
+

Blﬁ Al A24 A2; A2
4 x13, A1; sz §12j £23; X12y y12, +/A1; )713j §12j £23;4
+X13, y12, 112y £12; £23; - -
A25 A2y

x13,y13) +/AL; n13;5 £125 £23;  x12 A13/% 235 €125 €235 /Bl X124 A13/% 1235 £125 £234
+ + -
A2; 7232 B2, A2;?

2x13,y23, #13/2 0235 €125 £23; 2 /B2y x13 n12; £12; £124 £23;
N _

7232 B1,
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X12k ’\lﬂli 7713] 5121 5123 §231 3 sz X12k '\lﬂli T]13J 5121 §123 5231 2 X23k 7713J 5131 5231

- - +

A2 Bl A2; AL +[A2;
4 /B2 x23, n135 £13; £23;  x13 y12, n13; £13; £23;  2y12, 133 £13; £23;
o1, AL Az Nom NAm s
y12, 132 £13; €23; 4 /B2 y12, 0132 £13; £23; 2 /BL, x13, +/#Al; 123, £13; £23;
\/E B2y Al; A2; ' Bl Al; A2; ' B2y #A2; '
211351235 £13; £23; 211351235 6135 £23; 2 +/BL 113, 1235 £13; £23;
7232 ' B23/2 7A23/? ) B2, A2}/? '

211351235 £13; €23; 4 /B2y 11351235 613; £23; 2 x13, 1135 £12; £13; £23;

\B1, /B2, 7232 B1, 7232 AL, 72,
21133 €125 €13; €23; 21133 €125 €135 €235 21135 £12; £13; €234
Al; A2 : B13/% A1; 72; ) \/B1, /B2y A1 #2; i
6 /B2y n132 £12; £13; £23; 4B n132 £12; €13; £23; 3 x13y +/Al; n13;£124 £13; £23;
Bl Al; A2; : B12 A1; A2; ' A2 '

X13, /A1 n13; 124 £13; £23; 4 /B2 x13y /#L; n13; £125 £13; £23;

+/Bly /B2y A2; Bl A2

X13y A3 1235 £135 £23;

213y X23 ALy A2; £135 E235 + X113, y12y 1134 135 £23; -
A24

\BL x13y A1 1235 £134 £23; X23, y12, n13; £23%
- 2x13, 135 £12; €135 £23; + -
B2y /A2 VAL A A2
2X23 /A1 1235 £232 2 /Bl 23y /ALy 02356237 /Bl y12, 1134123, £232
+ +

.7{21 sz ?(Zi sz \7{2;/2

+

2B1, AL; 235 €237 2 /Bl AL 0233 €237 2 +/B2 x23y 134 £12; £232

.
B2} 72} B2y 723 Bl \/AL; \#2;

2 /B2y y12, 0133 £12; €237 2 /B2, 1135 £125 €237 2 B2, 133 €127 £23]
- + +
Bl Al; A2; Bl Al; A2; B1Z Al; #2;

x13, 7132 0235 €125 €237 3 +BLy x13, AL}/? 0235 £125 €232 x13y /ALy 135 £12; £125 £232
- + +
7232 B2, A2}/? 723

VB2 x13 ALy n135 125 125 £232 x23 #2372 012 £12; €235 /B2y x23) A23'% n12; £12; £23;
+ + -
B1, A2; 13/ Bl #1}/2
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/B2y x23y y23k A2 7’]133 £12; 523] X23 \A24 T]13J £134 523] X23, N A24 T]13J £13; §23]
+

Bl Als AL \/Bly /B2y #1;
2 X23 Y12, /A2; 1135 £23; 234 2 +/B1y x23, 1235 £23; £23;
- 2X23 1235 £23; £234 - -
ALy B2,
X23 A2 N135 125 €235 £235 3 /B2y X23) \/A2; n135 £12; £23; £234
+ ]
Al; B1, Al

associativity

Inf- 1= (dmg oL, /7 dmy 34) = (dmg, 3 /7 dmyg )
Time: 4.80 seconds Qut[=
True

co-associativity

Inf-1:= (dA1s1,2 // dBg,p,3) = (dAg,,3 // dAg,g,)
Time: 1.11 seconds Out[=

True

algebra morphism

in[-]:= (dB1,1,2 dBos3.4 /7 (Mg 3,0 dmy 4,5)) = (dmy 5,3 // dAs,,)))
Time: 57.36 seconds Out[=
True

antipode

In[-]:= {dAi-u,z //dSy //dmy 4, dAj 41,5 /7 dSy /7 dmy 5,1, dSq // E1}
Time: 308.56 seconds Out]=
(E(i)501) [0, @], E(1)501 [0, @], E(1,51; [aly oly + @25 02y + bly By +
b21 82, + y12, 12, + y13; 113, + y23, 023, + x12; £12; + x13; £13; + X231 £234, 0] )

quasi-triangular axioms

in[-]:= (Ra,3 // dA1,1,2) = (R1,3Rz,4 // dim3 4,3)
(R1,3 // dA3,3,3) = (Ryi,3Re,2 // dmy e,1)
(dAj i, Ra,2 /7 dmg 9,0 /7 dmy 555) = (Ry,2 dAz,g,k /7 dmyg 5,1 // dmy i,5)
Time: 8.66 seconds Out|=

True

Out[e]=
True

Out[«]=
True

in[-1:= (Rq,2 // aSty)
Time: 0.06 seconds Out[=
True

(R1,2)

Braid-like Reidemeister moves: R2,R3
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In[]:= {R1,z R34 //dmy 3,1 // dmy 4,5, Ry 2 R34 /7 dmy 3, /7 dmy 4,

(R1,2Ra,3Rs5,6 // dMy 4,1 // dmy 5,5 // dm3,6,3) = (Ry,6Ra,3Ra,5 // dMy 4,9 // dmy 5,5 // dms,s-»s)}
Time: 12.34 seconds Out|=

{E()5(1,2,[9, 0], E{y5¢1,2; [0, 0], True}

(Alt) Inf]:=
Block[{$k =2, $n =3, A =1}, dm; j, // 12U // CF]

Time: 52.62 seconds Out]=

$Aborted
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