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Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] < yij.

4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"
<< ../Profile/Profile.m

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

MakePDF [ ]

6i; :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[Normale@eSeries[&, {e, 0, $k}1, €, op];
SS[& ] :=SS[&, Together];

CF[5.] := PPr@If[$k = o,
Expand [Expand (5] /. e~ eFactor@p] ,

* (neyn)”
Expand[Expand[a] /. @ efactorer ;g oy Z—
k!

k=0
E

] /.€% /3 k>%k=>0
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pdf
mf-]= X[1_, J 1:=x<>1<>7J; a[i ] :=a<>1; A[1 ] :=A<>1;
Ell , J 1:=E<>1<>7; a[li_ ] =a<>1; A[1_ ] :=A<>1;
pdf
in[-1:=  t[s_Symbol] := First[Characters[SymbolName[s]]];

L[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1]1:=zt[s]; c[s_[_11 :=r¢[s];

mf-1-= {t[x[3, 411, t[x[3, 411} // FullForm
Time: 0.03 seconds Qut[=

List["x", List[3, 4]]

pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
pdf
Inf-]:= (% q~el ¥ €; Ai[n]~el € 3¥; )
pdf
imi-]= $n=5; $k =w; $E := {$n, $k}
pdf

in[-]:= $EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[], i+1, $n],
x[1i, j]* = g[i, j]; gli, j]* =x[i, j]; x[1i, j]]:
Table[As[i, 1, $n-1],
A[i]* = A[i]; A[L]" = A[i]; a[i]" = a[i]; a[i]* =a[i]; {a[i], A[i][_1}]
}
L List* :=#"&/@L;
$EPBWRule := Module[{k = @}, Flatten@Table[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X_ =y :=0rderedQ[{x, y} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

in[-]:= $PBWGens*

Time: 0.071 seconds Out[=

{&12, £13, £14, £15, £23, £24, £§25, &34, £35, £45, al, a2, a3, a4}
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pdf
ml-1:= UCF[&_ ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ Ui [L___, _[],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1=
(-2) X BX ek n

Sum[As[k, 0, $ki, -

s
] /. FcF]

U;[L, Sequence @@ Table[a@e . [AB], k], r]]

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j e [€ Ui [x___TU; [1] :=cUe[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi 5 ok [€_ Ui [xx___, x_[n1_11U; [x_[n2_1, yy___1] :=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUe[xx, X, ¥y, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [&] :=ms [UCF[&S]1]5

in[-]1:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, »];

mn[-1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_By_  :=PPyy@Module|{i, is = Supp[x] NSupp[Vy], o, Z, k},
z=x; DO[Z =M, .ei[2], {i, iS}];
z = Expand[y z] ;
I'F[$k<oo, z=2z/.€" /; k>$k:—>0];
DO[Z = Mogs,ii[2], {1, is}1; Z];

UB[x , vy ] := PPg@UCF[x® y-y® x];

pdf
In[«]:= Ai_—»j_,k_[é‘_] HE UCF@Module[{jl, ki}, & /. {
Ui[1 » U;[] U],
Uilf , fs__ 1 » M a,,@my 5155 [85, k[ F] Aingr, i [Ui [fS]11]

31
Ai 55 e, [E]1 2= & 1/ Aisj,r /] Drosk,t
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pdf

In[«]:=

pdf

S; [&£] := UCFeModule[{il}, & /. {
Uilf_, fs___ 1 » miyq i, [Si[f]Si1[Uia[Fs]]]
115

The A-algebra

pdf

In[«]:=

In[«]:=

RR, [ai_, aj_1 /; t[ai] =t[aj] =="a" :=U,[aj, ai];
RR. [ai_, Aj_[n_]1 /5 =zl[ai] ="a" Ac[Aj] =="A" := U,[Aj[n], ail;
RRy [Aj_[n_1,ai_]1 /; t[ai] =="a" AT[Aj] ="A" := Ug[ai, Aj[nl];
RR [Ai_[m_1, Aj_[n_1]1 /; t[Ai] = t[A]J] == "A" := U [Aj[n], Ai[m]];
RR, [am_, xij_] /3 t[am] = "a" A t[xij] = "x" :=Module[{i, j, m},
{i, j} = c@xij; {m} = c@am;

Up[xij, am] +% (Sn,i - Snea,i — Om,j + Onsz,j) U [Xx1J] /2

15
RRe [Am_[n_1, xij_1 /; T[Am] = "A" A T[x1j] = "Xx" := Module[{i, j, m},

=N (&p,i=0Ons1,i=0n,j+6

{i, j} = texij; {m} = c@Am; q m3) U, [x15, Am[n]]

]

RRe[a[1], x[1, 2]]

Time: 0.05 seconds Out[=

v Up [x12] + Ug[x12, al]

We take the reduction rules RR for xij’s from Yamane page

509:

(1) i=m<j<n (II) i<m<n<j, (III) i<m<j=mn,
i J i J i J
m n m__n m n

@w) i<m<j<n (V) i<j=m<n, (V) i<j<m<n

i J i iJ
q_zeijemn — €mn€ij = 0 T((i, 7, (m, n))e C( 1) U C(m)-
[eija €mn] =0 if (@, j), (m, n))eC(“) U C(VI)-

Lei emn] = (@* — q_z)einemj if (@i, j), (m, n))e Cgy,.
qzeijemn — €mnfij = 4€;y if (G, j), (m, n))e Civ)
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pdf
mi-1=  RRe_[xmn_, xij_1 /5 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},

{i, j} = t@xij; {m, n} = c@xmn;

Which|
(A=mAj<n) Vv (d<m<jAn=73), q2U[xij, xmn], (+ IVIII )
(i<m<jAn<j)Vv(j<m), Ug[xij, xmn], (» IIVVI =)
i<m<jAn>g, Uxij, xmn] + (72 - @*) Up[x[i, n], x[m, 11, (+ IV x)
j=m, q> U [xij, xmn] - qU,[X[i, n]] (x V *)

]
]

In[«]:= U1[X34] U2 [X23] U3 [X12] // My,252
Time: 0.06 seconds Qut[=

-qU, [x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

in[-]:= U [X34] Uy [x23] U3 [X12] // My 2,2 // My 3,0

Time: 0.05 seconds Outf[=
g% Ug [x14] - g3 Ug [x12, Xx24] - q° Ug [x13, x34] + q* Ug [x12, X23, X34]

in[-]:= Block[{$k = o}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[X] U [Y] Us[Z];
{X; Y, Z} » (P // mMy,2,0 // My,3,0) == (P // My,3,5 // My 5.0)
11
1]

Time: 1.05 seconds Qut[=

{}

in[-]:- Block[{$k = 0, $n = 3}, Module[ {Bas = $PBWGens, P},

2026-09-25 05:41:16

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}]1], {10}]1];

DeleteCases[_ - 0] [Flatten@eTable[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
{X5 Y, Z} >UCF[ (P //my,5,5 // Mz,3,0) = (P // My3,5// My 2.0)]
11
11

{x12, x13, x23, al, a2, A2[@], A2[-2], A2[-2], A2[2], A2[2], Al[-1], A2[-2], AL1[@], A2[-2], A2[1]}

Out[e]=

{3
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Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1

(x12, x13, x23, al, a2}

Out[«]=

{1

The Co-Product, Co-Associativity, and the Hopf Axiom

in[-]:- Do[As[i, 1, $n-1],

(» Warning: these initialization fail if $n is increased later on «)
Aj e [a[i]] =Uj[a[il] U] +U;[1 Uk[a[il];
Aj e [A[L]1[n_11 =U;[A[i]1[n]1] Uc[A[i][n]];
Aj ko [x[i, i+1]] = Uj[x[i, i+1]] U[A[i][2]] +Uj [A[i]1[-1]] Ug[x[i, i+1]]
15

Do[As[i, 1, $n-2], As[n, i+2, $n],

Aj e [X[1, N1 = Mg [M5, 5205 [

q25,[X[1, N =111 Ajpua[X[N -1, n]] -q7" Ay, [X[n -1, n]] Ajpka [X[1, n-1]]

1]
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in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table [As[P, U; /@Bas], P - Ai—)j,k [P]11]
]

Time: 0.06 seconds Out[=

U [x12] - U3 [A1[-1]] Ug [x12] + Uj [x12] Uy [A1[1]]
Us [x13] > U3 [A1[-1], A2[-1]] U, [x13] +
(7$ +q2) Uj[x12, A2[-1]] U [x23, A1[1]] +U;[x13] U, [A1[1], A2[1]]
Ui [x14] -
Uj[A1[-1], A2[-1], A3[-1]] Uy [x14] + (_$ +q2) Uj[x12, A2[-1], A3[-1]] Uy [x24, A1[1]] +

(—q—lz +q2) Uj[x13, A3[-1]] U [x34, A1[1], A2[1]] +U;5[x14] Ug[AL1[1], A2[1], A3[1]]

Us [x1

-
-
-4

(9]

] > U [AL[-1], A2[-1], A3[-1], A4[-1]] U [x15] +
+q2) Uj[x12, A2[-1], A3[-1], A4[-1]] Uy [x25, AL[1]] +

+q2) Uj[x13, A3[-1], A4[-1]] Uy [x35, AL[1], A2[1]] +

N\H QN\'—- ‘%\H

+q2) Us[x14, A4[-1]] U [x45, A1[1], A2[1], A3[1]] +
5 [x15] Uk[Al[l}, A2[1], A3[1], A4[1]]
[x23} Uj[A2[-1]] Uy [x23] + U [x23] U [A2[1] ]
Ui [x24] > U5 [A2[-1], A3[-1]] Uc[x24] +
(7? i q ) Uj[x23, A3[-1]] U [x34, A2[1]] + U; [x24] U, [A2[1], A3[1] ]
Ui [x25] -
Uj[A2[-1], A3[-1], A4[-1]] U, [x25] + (7$ +q2) Uj[x23, A3[-1], A4[-1]] U [x35, A2[1]] +
(-q—lz +q2) Uj[x24, A4[-1]] Uc[x45, A2[1], A3[1]] + U5 [x25] U, [A2[1], A3[1], A4[1]]
Us [x34] - U; [A3[-1]] Uy [x34] + U [x34] U [A3[1]]
U [x35] - U [A3[-1], A4[-1]] U, [x35] +
(7q—12 +q2) Uj[x34, A4[-1]] Uy [x45, A3[1]] +U; [x35] U, [A3[1], A4[1]]

Ui [x45] > U5 [A4[-1]] Uy [x45] + U; [x45] U [A4[1]]
Ui[al] - Uj[al] Uc[] +U5[] Uc[al]
Uj[a2] - Uj[a2] Uc[] +U5[] Ux[a2]
Ui [a3] - U;[a3] Ug[] +U;[] Uy [a3]
Ui [a4] - U;[a4] Ug[] +Uj[] Uy [ad]

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X> (P// B1s1,2 // DBasz,3) == (P // D1sa,3 /7 D1s,2)
11

1

{x12, x13, x23, al, a2, A2[1], A1[@], A2[-2], A1[1], A2[-2], A2[1], A2[2], A1[1], Al[-1], A2[0]}

Out[~]=

{3
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in[-]:= Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{X, Y} UCF[ (P //my,251 // B1sa,2) = (P /7 Bosz,a // Arsa,a // My 351 /7 My a,) ]
11
]

{x12, x13, x23, al, a2, A1[-2], Al1[2], A2[-1], A2[1], A1[2], A2[-2], A2[1], A1[-2], A1[-1], A2[1]}
Out[«]=

{}

Is A a quantization of the co-bracket?

mi-1- $k=1
Time: 0.02 seconds Out[=

1

iml-]- Columne@Module[ {Bas = $PBWGens, P},
Table[As [P, U; /@Bas],
P - UCF [ (A151,2[P] - 81,2,1[P1) //.
{9 =1+nn/2,U; [xs___, A_[n_]1,as___1=»U;[xs]+nhU;[xs, aee.[A], as]/2}
]7.8-75n>1:0
]
]

Time: 0.05 seconds Out[=
Up[x12] » -4 e AUy [x12] Uy[al] +4€ AU [al] Uy [x12]
Up[x13] > -4e hUy[x13] Up[al] -4 e hUy[x13] Up[a2] -4y e hU;[x23] Uy [x12] +
AehU;[al] Uy[x13] +4ehU;[a2] Up[x13] +4y e AUy [x12] Up [x23]
Up[Xx23] > -4e h Uy [x23] Up[a2] +4 € AUy [a2] Uy [x23]
Up[al] > @
Up[a2] > @
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pdf
The Antipode
pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[il[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n]] =myy 4.5
qS;[x[i, n-1]] Sja[x[n-1, n]] ‘q_lsj[x[n‘l: n]] Sji[x[i, n-1]]
]
1= $k =2
Time: 0.00 seconds Out[=
2
in[-]:-= Module[ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =U;[X];
Xo (P//D1s2,3/7S2// My 5,1)
11
1
{x12, x13, x23, al, a2, A1[-2], A2[-1], A1[1], A2[-1], A1[-2], A2[1], A1[2], A2[0], A2[2], A2[0]}
Out[e]=
{x12 >0, x13 50, x23 50, al >0, a2 >0, A1[-2] > U{[],
A2[-1] > Uy[], A1[1] > Us[], A2[-1] > Us[], AL[-2] > U [],
A2[1] > Us[], A1[2] > Uq[], A2[0] > Uy[], A2[2] > Us[], A2[@] > Us[]}
pdf

The Generating Functions for the A operations

in[-1:=  BeginProfile[]

Time: 0.05 seconds Qut[=

ProfileRoot

inf-1:= $k = 13
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pdf

Ad, TT, Seepage

pdf
in[-]:= PotQ[@] = True;
PotQ[c_.U; [aj_] (EUs:U []...)] /5 (t[aj] ="a") AFreeQ[c, U] = True;
PotQ[x Plus] :=PotQ /@ (And@e x) ;

mil= Ad[x_1[y_1/; PotQ[x] A (Head[y] =!=Plus) := PPagpoty [€”*1">*17V y];
Ad[x_ ][y _PlLus] /; PotQ[x] :=PPagpotpius [Ad[X] /@ y];

pdf

mf-1:= Ad[x_1[y_]1/7; -~ TrueQ[PotQ[x]] := PPpgyi1@Module[{k =1, s=y, t =y},
While[ (t =UB[t, x]) =!=0, s +=t/k!; ++k];

UCF[s]
1
in[-1:= $k = 2
Time: 0.00 seconds Out[=

2

In

—

J- Ad[e B U;[x12] Uc[]][U;[x23] U, [a4] ]
Time: 0.06 seconds Qut[=

(-en-vye®n®) Us[x13] Ug[ad] +Uj[x23] Uc[ad] + 2y e’ h® U [x12, x23] Uy [a4]

in[-]:- PotQ[7 & Uj[x12] Uc[a3]]
Time: 0.02 seconds Out[=

PotQ[7 hUj [x12] Uy [a3]]

In

J- Ad[7 B U;[x12] U, [a3]] [U;[x23] U, [a4]]

Time: 0.09 seconds Out[=

7
Uj[x23] Uc[a4] + |-7h-7yen®- B y*e®n?| Uj[x13] Uy [a3, ad] +

(14 v e n® +14y? €® 1) Uy[x12, x23] U, [a3, a4] - 98 y? €? n* Uy [x12, x13] Uc[a3, a3, a4] +
98 v2 2 n* U: [x12, x12, x23] U, [a3, a3, a4 68622h5u 12, x12, x13] Ui [a3, a3, a3, a4
YGf]j[X s X )X]k[a.va:a]*?)/e j[x » X12, x13] Uc[a3, a3, a3, a4]
(1= Ad[7 i Uj[al]] [U5[x23] Uc[a4d]]
Time: 0.05 seconds Out[=

iy

e 2 Uj [x23] Uy [a4]

inf-1:= TT, [1 =0@; (x Translated Tangent x)
TT, [xs___, x_] :=PPr;@UCF[Ad[x] [TT, [xsS]] + 0, x];
TT, [xs_List] :=TT, @@ xs
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il )= TTR[A €12 U [X12] Ug[], X E23Ug[x23] Us1[]1]
Time: 0.08 seconds Out[=

£12Ug[x12] Uy [] + X 12 23 Ug [x13] Uy [] + 23 Ug [x23] Up [ ]

In[-]:= 03 [poly_] :=Total[
CoefficientRules[poly, #; & /@ $PBWGens] /.
(p_-»c_ ) =» cU; ee Flatten@MapThread [ConstantArray, {$PBWGens, p}]
15
0i ,is__[poly_] :=0;[0is[poly]];
P; [6£]:=&6/.Ui[xs___]=»Timesee (#; & /@ {xs});
P; ,is [poly_ ] :=P;[Pis[poly]];

il 1= ©3[x125 X135 + 7 x23}7]
Time: 0.06 seconds Out[=
U; [x12, x12, x13] +
7 Uy [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]

il ]= 01,5 [x12] x13; X245 + 7 x23}” x253]
Time: 0.03 seconds Out[=

Ui [x12, x12, x13] Uy [x24] +
7 U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
Uj [x25, x25, x25]

i 1= Py,@0; 5 [x123 x13; X245 + 7 x23}” x253
Time: 0.06 seconds Qut[=

x127 x13; x245 + 7 x23}" x25}

in[-]:=  Seepage; [{}, c_] =¢;
Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens [Lengthe £57 ;
CF@Collect [P, 1x;, P;[Ad[Last[£5] U;[1x]] [O; [Seepage; [Most@<s, #1111
&]
15
Seepage; ;s [&5_List, &ss__List, P_] := Seepage; [ <5, Seepage; . [£5s, P]]

1= $k=1
Time: 0.00 seconds Out[=
1

in[-]:- $PBWGens™

Time: 0.01 seconds Out[=

{&12, £13, £14, £15, £23, £24, £25, £34, £35, £45, al, a2, a3, a4}

in[-]:= Seepage; [$PBWGens™*, x35; ]
Time: 0.16 seconds Out[=

1 1
ez (02-03-ad) ¥ x35; + 2 €2 (a2-304) ¥ y € £45 h x35; x45;
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inl-]:- Seepage; j[# & /@ $PBWGens”, # & /@ $PBWGens™, x35; x45;]
Time: 0.25 seconds Outf=
1 1
2 ¥ (27033508 2085) 435, w45 L D e a VAR 0h20%) o gy 35, X45; X455 £45;

pdf
mi-)=  Invert;s [&.] := Module[{A, B, U1, j}, (» &=A U[]+e B )
Ul = Timesee (U, [] & /@ {is});
A = Coefficient[&, Ul] /. € » 0;
B=UCF[(&-AU1)T;
UCF [
Al (U1l +sum[As[], 1, $k], (-1) 7 NonCommutativeMultiply @@ ConstantArray[B /A, ] 1]

]

inl-1:= $k = 3;
Inver‘ti,j [7 Ul[] Uj [1+e€ U; [x12] Uj [X23] 1

Time: 0.09 seconds Out[=

E Us [T U] - i € U; [x12] Uy [x23] +
7 49
1 ) e3 Ui [x12, x12, x12] U;[x23, x23, x23]
— €”U; [x12, x12] U5 [x23, x23] -
343 2401
{$k =1, $n =3}
Time: 0.01 seconds Out[=
{2, 3}
pdf
m[-]:= TriangularDSolve[egns_, inits_, fs_, 2 , CF_] :=
PPrriangularpsolve @Module [ {ss = {}, reqns = egns, rinits = inits, rfs = fs, s, p},
While[rfs =!= {},
{p} = FirstPosition[Count[#, Alternativeseerfs, «, Heads » True] & /@ reqns, 1];
{{s}} =DSolve[reqns[p]] A rinits[p], rfs[pl, 11;
AppendTo[ss, s =s /. F_Function :» ReplacePart[F, 2 > CF[F[201111;
reqns = Delete[reqns, p] /.s /. e_==0: CF[e] = 0;
rinits = Delete[rinits, p];
rfs = Delete[rfs, p];
15
ss
1
pdf

L>;= @(\J\EU> \‘i,, ) Sé,ewb is doied by @(lﬁx) ( ,/\) @ WA)
T7 (L) =Lals 5( S&W%( )
Ror O 7)) fhn g2 droo piore aF Tl

/ fuid)
T

RJ-R0R,)- OF6) OFe)- S(6) 0 OlF (a5 8- Sl ¢)
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pdf
in[-]:=  amt; ,j 4k f= PP--amt--wan]@Module[{ (+TTL, *)},
ES[s_][&_ 1 := (EchoLabel[s] [Short[&, 2115 &)
TTL = ES["TTL"] @PP-17 -@TT, @
Join[1l1 = Table[If[t[g] === "x", A, 1] (g*);U.[g], {E, $PBWGens}], 11 /.1 - j1;
mons[-1] = {};
mons[p ] :=mons[p-1] JUnion@Cases [Coefficient[TTL, €, p]l, Ux[___1, «];
ff = Table|[
sum[eP fp,u, [A1, {P, O, $k}],
{u, $PBWGens}
| 7+ Fo_,u A1 /5 Tu]l ="a" > If[p =0, (u*);+ (u");, O];
fs = Flatten[Table[
fo,p.mm1»
{p, @, $k}, {m, mons[p]}
115
gg = Sum|
€? fp,p,u) [A] P [ul,
{p, @, $k}, {u, Complement[mons[p], U, /@ $PBWGens] }
];
G = Series|[e®t, {e, 0, $k}];
S[B_] :=UCF[SS@O,[Seepage,[ff, SS@UCF@B]]];
SG = ES["SG"] @PP- - @S[G] ;
TTR = ES["TTR" ] @PP-11- @UCF [Invert, [SG] ® S[ (8, (ff. (#, & /@ $PBWGens) ) G + 8,G) 1] ;
diff = UCF[TTL - TTR];
eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, p] == O,
{p, @, $k}, {m, mons[p]}
115
inits = (#[09] ==9) & /@fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E[Total[fs] /. f, ,, =€’ u(f,,,/.s8)[A]] /. A|h|¥~>1

]

in[-1:= Block[{$k =1, $n = 3}, amti,j-)k]
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1 1
e 2 ¥ (2aln2alma2inady) o) e e ¥ PONT) e10) Uy [x12] + «<5>> + (<<1>>) U [x13, x23]

3 3
Ue[] + <<3>> + U [x13, x23] (@772 v 02ay) o fo,x23, [A] f1,x12, x23, [A] + e

Y (<<1>>)

€ Fl, <<1l>> [A}

1
- Y (<<1>>

1
U [x12] (@72 ¥ 2ohm2obmetmat) gy o V(0] v e e fr a1 [A] ] + <55 + U [X13, X23] (<<1>>)

Out[e]=

1 1 1
E [xlzk (glzi + g2 (20%imad) §12j) ~2ez PO o %12, x13) £125 €135 - ez PN € x13) €125 £23; +

1 1
2e2 PR ¢ %12, x23) €124 £23; - 2 @2 M) € x13, x23) €135 £23; +

2al;-02;

1 1
x13, (5131 +ez () g3, ed ) €125 €235

+ X23y (5231 + g2 (Tolr2a20) 523j) ]

in[-]:= Block[{$k =1, $n =4}, amt; ]

1 1
(@*;Y (2oli2ady-02i-025) 0q3. , @7p ¥ (20737025 glzj) U [X12] + <<21>> + (<<1>>) U, [x24, x34]

2y (0di+015-3035-3 a3;

Uk [] + <<16>> + Uk [X24) X34] e:2 ) € -FO, <<3>> [A} -Fl,XZ3k <<3>> [)\} + (E<<1>> € fl <<l>> <<l>> [A}

1 1
Up [x12] (e”z R e

2alij+2 0l5-02;5-024
i ) ’ : 1) -F@)<<3>>k,[)k] +e 2

) € -Fl <<1>> <<1>>/ [)\] +

<<21>> + Ui [x24, x34] (<<1>>)

Out[e]=
(2odi-a 2ohme2) ¢ 12y x13y £125 £13; -

1 1
E [xlzk (glzi ‘e ) §12j) “2ex

201;-02;

1 1
22 PR ¢ %12, X148y €124 14 - €2 | ) e x13y £125 £23; +

1 1
22 POMR) o %12, x23) €124 £23; - 2 @2 MR € %13, x23, £135 £23; +

201;-02;

1 1
x13; (5131 + ez (M2 130 e ) €125 €235 +

1 1
X23y (5231 + ez (20280 9300 | 0 e PN ¢ %12, 24y £125 £244 -

1 1
4 e (MRS ¢ 14, X23) £135 £24; - 2 @2 TONIPONB ¢ 403, x24y €235 £24; + € X13) x14y

1 1 1
~2e2 (OB 2130 214, 4 2 @2 PR £125 £14; €235 + 2 @2 PO £125 £13; 5241) +

1 1
2 ez (MHORB0 ¢ 413y X34, 135 £34; - 2 e2 MY € x14y X34y £145 £34; -
1

1
@2 (TOMT2OAT ¢ o4, €235 £34; + 2 €2 UM ¢ 23, %34, £235 £34; -

(20l;-02;

1 1 1
2 @2 (MO0 ¢ 404, X34y £245 £34; + € X1y | -e2 ) €125 £24; - ez (TR £33, §341) +

2a1;-02;

1 1 1
X14, (5141 T Vi ) 125 €245 — @2 (MR £13, 5341) +

+

1 1
24, (5241 1 e (olita2iiady) £24; - e (~013+2 023 -a33) £23; £34

1 1
e x13) x24 (-2 e2 PN 2120623, £24; - 22 P2 2135 6235 634, +

1 1
€ x14y x24 (72 e2 B 145 €245 + 2 €™M 145 £235 £34; + 2 @2 MNP 135 224, €344 | +

1
X34, (534i + g2 (02030 634j)]
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in[-1:= Block [ {$k = 2, $n = 3}, amt; k]

1 1
e 2 ¥ (Polir2alya2ied) cqp. L o2 Y 2Ol 100 Uy [x12] + <<14>>

Ue[] + <20>> +

Uk

out[«]=

1
E [xlzk (glzi rex !
2 2a1i-02;

ez2

2e:2

1
2 e ¥ (<<1>> <«<1>>

[x13, x23, x23] "y €2 i fo, a3, [A] F1,x13, x23, [A] + @

<«<1l>

1
Zali-a2;) glzj) ~2ez PO ¢ 12y x13, £125 £13; -

) 1 o100 2y
€X13k §123 5231—* e?2 * e X13k §12] §231+2(EZ
2

1
2 (2ohinoB) €2 %19, x23y €125 £23; + 2 €® MO €2 X127 x23 £125 £23; -

201;-02;

2026-09-25 05:41:16

<35> + e ¢? fa, 1 [A]

" e X124 x23y £125 £23; +

1 1
2 e2 1O € x13) x23, €135 £23; + 22 2N €2 %12, x23] £125 £23F + €M% €2 X13] £125 £23F -

2
9

62

62

2
€

e2

2
€

2
€

e2

1 1
~e2 "€ x13] €123 €233 + x13y (€135 + ez ) €135 - ed

2 (2ali-02;

1
x12) X13y (2 ez (2ot

) €125 £13; - 2?9 £123 §23i) +

X122 x13y

2 3
2 g2oli-a2 §12§ £13; - — e (2013-024) 512? 5231) +
3
201;-02;

1 3al;
x12y X13, x23, (-4 ez ) £125€13; £23; - 4e : £12; £13; 5231)

x13, x23y

1 1
22 N0 £135£23; - 22 PN g1 §23§) +

x12y x13}

1 2 3
22 P £125 6132 - ez (2oh7o%) g193 §23§) +

x13y x23;

1 2 1
22 () 21356232 - — ez PN g1, gzag) "
3

X132 x23;

2
2 olita; §13§ £23; + ; e20li-02 §12§ §23§

201;-02;

) €125 €23; ) +

+ X23 (gz:«;i + ez (Tolir2a2y) §23j) }
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pdf
mi1= abst; L5k i=PPeoseegi,gn) @Module [{ («TTL, )},
ES[s_][&_ 1 := (EchoLabel[s] [Short[&, 2115 &)
TTL =
ES["TTL"] @TT,@Table[UCF[If[c[g] === "x", X, 1] (8"); AiL,r[Ui[8111, {8, $PBWGens} ] ;
mons[-1] = {};
mons[p ] :=mons[p-1]UJ
Unione@Cases[Coefficient [TTL, €, p], c_. U;[x___JUg[y___ 1+ U;[x]Us[y], ];
ffj = Table|
Sum[eP £, u [A], {p, @, $k}],
{u, $PBWGens}
] 7+ Fp_,u,[A] /5 Tlu] ="a" > If[p =0, (u*);, O]
ffk = ffj /. j - k;
fs = Flatten[Table|[
fP;Pj,k[m]-’
{p, 0, $k}, {m, mons[p]}
115
gg = Sum|
€® fo,p,,.1u [A1 P,k [ul,
{p, 9, $k}, {u, Complement [mons[p], U;[] (U, /@$PBWGens) JU.[] (U; /@ $PBWGens) ]}
]
G = Series[e®t, {e, 0, $k}];
S[B_] := UCF[SS@O0,, [Seepage; ,[ff], ffk, SSeUCFeB]]];
SG = ES["SG"] @PP- - @S[G] 3
TTR = ES["TTR"] @PPu11z- @UCF [
Invert; ,[SG] ® S[ (9, (ffj. (#; & /@ $PBWGens) + ffk. (#, & /@ $PBWGens)) G+ 8,G) 11 ;
diff = UCF[TTL - TTR] ;
eqns = Flatten[Table[
Coefficient [Coefficient[diff, m], €, p] =0,
{p, @, $k}, {m, mons[p]}
115
inits = (#[09] ==9) & /@fs;
ss = TriangularDSolve [eqns, inits, fs, A, CF];
E[Total[fs] /. f, ,, =€’ u(f,,/.58)[A]] /. A|h|¥~>1

]

in[-1:= Block [{$k =1, $n = 3}, aAti,j,«]
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3 w<lss <<ls> <<ls>

1
€2 VPN 210 U [x12] Up[] + <325 +2e 2 ye AhEL3; €23; Uj[] Uy [x13, x23]

Uj [ U [] + <<1> + <<20> + <1> +
3yaz; <l

Uj [] Uk [X13J X23] e 2 € ‘Fg)ngk [A] 'Fl,XIZK X23y [A] +e 2 € 'Fl, «<1> <<1>> [)L]

<«<1>
Oout[-]=
E[Xx125 £12; -2 € aly X125 £€12; + x12 £€12; + 2 € aly x12 £12; +
X135 135 -2 € @l x135 €13; - 2 € a2y X135 £13; + x13 £13; + 2 € aly X13y £13; +
2 € a2y x13, £13; + € X122, x134 £12; €135 - € X125 x13y £12; £13; + X235 £23; -
2 € a2 X235 £23; + X23y £23; + 2 € @24 X23 £23; - € X212, x235 £12; £23; +
€ X13 X235 £13; £23; - € X135 X23y £13; €235 + € X124 X23y (4 £13; + £12; £23;) ]

1= E[X124 €125 - 2 € aly x125 £12; + x12y £12; + 2 € aly x12, £12; +
x135 £13; - 2 € aly X135 £13; - 2 € a2y x13; £13; + x13y £13; + 2 € alj x13, £13; +
2 € a24 x13y £13; + € X12y X135 £12; £13; - € x12; x13, £12; £13; + X235 £23; -
2 € a2y X235 £23; + X23 £23; + 2 € a2 X23y £23; - € Xx12, X235 £12; £23; +
€ 13, x23; £13; £23; - € X134 X23, £13; £23; + € X124 X23, (4 £13; + £12; £23;)] /. € > ©

Time: 0.06 seconds Out[=

E [x12] 5121 + X12k 5121 + X13] §131 + X13k §131 + X23J §231 + X23k §231]
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