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Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] < yij.

4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"
<< ../Profile/Profile.m

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

MakePDF [ ]

6i; :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[Normale@eSeries[&, {e, 0, $k}1, €, op];
SS[& ] :=SS[&, Together];

CF[5.] := PPr@If[$k = o,
Expand [Expand (5] /. e~ eFactor@p] ,

* (neyn)”
Expand[Expand[a] /. @ efactorer ;g oy Z—
k!

k=0
E

] /.€% /3 k>%k=>0
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pdf
mf-]= X[1_, J 1:=x<>1<>7J; a[i ] :=a<>1; A[1 ] :=A<>1;
Ell , J 1:=E<>1<>7; a[li_ ] =a<>1; A[1_ ] :=A<>1;
pdf
in[-1:=  t[s_Symbol] := First[Characters[SymbolName[s]]];

L[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1]1:=zt[s]; c[s_[_11 :=r¢[s];

mmf-1:= {t[x[3, 411, ¢[x[3, 411} // FullForm

Time: 0.03 seconds Qut[=

List["x", List[3, 4]]

pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
pdf
Inf-]:= (% q~el ¥ €; Ai[n]~el € 3¥; )
pdf
imi-]= $n=5; $k =w; $E := {$n, $k}
pdf

in[-]:= $EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[], i+1, $n],
x[1i, j]* = g[i, j]; gli, j]* =x[i, j]; x[1i, j]]:
Table[As[i, 1, $n-1],
A[i]* = A[i]; A[L]" = A[i]; a[i]" = a[i]; a[i]* =a[i]; {a[i], A[i][_1}]
}
(#y = Up@#) & /@ $EPBWGens;
$EPBWRule := Module[{k = @}, Flatten@Table[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X_ =y :=0rderedQ[{x, y} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

inf-1:= #* & /@ $EPBWGens

Time: 0.02 seconds Out[=

{£12, €13, €23, al, A1[_]", a2, A2[_]"}
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pdf
ml-1:= UCF[&_ ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ Ui [L___, _[],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1=
(-2) X BX ek n

Sum[As[k, 0, $ki, -

s
] /. FcF]

U;[L, Sequence @@ Table[a@e . [AB], k], r]]

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j e [€ Ui [x___TU; [1] :=cUe[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi 5 ok [€_ Ui [xx___, x_[n1_11U; [x_[n2_1, yy___1] :=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUe[xx, X, ¥y, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [&] :=ms [UCF[&S]1]5

in[-]1:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, »];

mn[-1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_®y_ := Module[{i, is = Supp[x] NSupp[y]l, o, Z, k},
z=x; DO[z =M ei[2], {1, i5}];
z = Expand[y z];
I-F[$k<oo, z=2/.€ /; k>$k:—>0];
DO[Z = Moes,ini[2], {1, is}]; Z];

UB[x , vy ] := PPg@UCF[x® y-y® x];

pdf
in[-1'=  BAj 55,k [£.] := UCF@Module[{j1, k1}, & /. {
Ui[1 > U5[1 U],
Uilf 5 fs___1 = M a,@my 50,545 0 [F] Aisia,ka [Ui [fS111]
11
Ai 55 e, [E1 1= & /] Aisjk /] Drosk,t
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pdf

In[«]:=

pdf

S; [&£] := UCFeModule[{il}, & /. {
Uilf_, fs___ 1 » miyq i, [Si[f]Si1[Uia[Fs]]]
115

The A-algebra

pdf

In[«]:=

In[«]:=

RR, [ai_, aj_1 /; t[ai] =t[aj] =="a" :=U,[aj, ai];
RR. [ai_, Aj_[n_]1 /5 =zl[ai] ="a" Ac[Aj] =="A" := U,[Aj[n], ail;
RRy [Aj_[n_1,ai_]1 /; t[ai] =="a" AT[Aj] ="A" := Ug[ai, Aj[nl];
RR [Ai_[m_1, Aj_[n_1]1 /; t[Ai] = t[A]J] == "A" := U [Aj[n], Ai[m]];
RR, [am_, xij_] /3 t[am] = "a" A t[xij] = "x" :=Module[{i, j, m},
{i, j} = c@xij; {m} = c@am;

Up[xij, am] +% (Sn,i - Snea,i — Om,j + Onsz,j) U [Xx1J] /2

15
RRe [Am_[n_1, xij_1 /; T[Am] = "A" A T[x1j] = "Xx" := Module[{i, j, m},

=N (&p,i=0Ons1,i=0n,j+6

{i, j} = texij; {m} = c@Am; q m3) U, [x15, Am[n]]

]

RRe[a[1], x[1, 2]]

Time: 0.05 seconds Out[=

v Up [x12] + Ug[x12, al]

We take the reduction rules RR for xij’s from Yamane page

509:

(1) i=m<j<n (II) i<m<n<j, (III) i<m<j=mn,
i J i J i J
m n m__n m n

@w) i<m<j<n (V) i<j=m<n, (V) i<j<m<n

i J i iJ
q_zeijemn — €mn€ij = 0 T((i, 7, (m, n))e C( 1) U C(m)-
[eija €mn] =0 if (@, j), (m, n))eC(“) U C(VI)-

Lei emn] = (@* — q_z)einemj if (@i, j), (m, n))e Cgy,.
qzeijemn — €mnfij = 4€;y if (G, j), (m, n))e Civ)

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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pdf
mi-1=  RRe_[xmn_, xij_1 /5 t[xij] = t[xmn] = "x" := Module[{i, j, m, n},

{i, j} = t@xij; {m, n} = c@xmn;

Which|
(A=mAj<n) Vv (d<m<jAn=73), q2U[xij, xmn], (+ IVIII )
(i<m<jAn<j)Vv(j<m), Ug[xij, xmn], (» IIVVI =)
i<m<jAn>g, Uxij, xmn] + (72 - @*) Up[x[i, n], x[m, 11, (+ IV x)
j=m, q> U [xij, xmn] - qU,[X[i, n]] (x V *)

]
]

In[«]:= U1[X34] U2 [X23] U3 [X12] // My,252
Time: 0.06 seconds Qut[=

-qU, [x24] U3 [x12] + q2 U, [x23, x34] U3 [x12]

in[-]:= U [X34] Uy [x23] U3 [X12] // My 2,2 // My 3,0

Time: 0.05 seconds Outf[=
g% Ug [x14] - g3 Ug [x12, Xx24] - q° Ug [x13, x34] + q* Ug [x12, X23, X34]

in[-]:= Block[{$k = o}, Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[X] U [Y] Us[Z];
{X; Y, Z} » (P // mMy,2,0 // My,3,0) == (P // My,3,5 // My 5.0)
11
1]

Time: 1.05 seconds Qut[=

{}

in[-]:- Block[{$k = 0, $n = 3}, Module[ {Bas = $PBWGens, P},

2026-09-23 06:21:08

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}]1], {10}]1];

DeleteCases[_ - 0] [Flatten@eTable[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Ui[X] U2[Y] Us[Z];
{X5 Y, Z} >UCF[ (P //my,5,5 // Mz,3,0) = (P // My3,5// My 2.0)]
11
11

{x12, x13, x23, al, a2, A2[@], A2[-2], A2[-2], A2[2], A2[2], Al[-1], A2[-2], AL1[@], A2[-2], A2[1]}

Out[e]=

{3
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Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U;[W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//m3 4,3 // My 3,5 // My 2,1) == (P// My 241 // M3,4,37// My 3,) ==
(P//my o5 // My 351 // My as1) = (P //My,355// My 51 // My g41)
11
1

(x12, x13, x23, al, a2}

Out[«]=

{1

The Co-Product, Co-Associativity, and the Hopf Axiom

in[-]:- Do[As[i, 1, $n-1],

(» Warning: these initialization fail if $n is increased later on «)
Aj e [a[i]] =Uj[a[il] U] +U;[1 Uk[a[il];
Aj e [A[L]1[n_11 =U;[A[i]1[n]1] Uc[A[i][n]];
Aj ko [x[i, i+1]] = Uj[x[i, i+1]] U[A[i][2]] +Uj [A[i]1[-1]] Ug[x[i, i+1]]
15

Do[As[i, 1, $n-2], As[n, i+2, $n],

Aj e [X[1, N1 = Mg [M5, 5205 [

q25,[X[1, N =111 Ajpua[X[N -1, n]] -q7" Ay, [X[n -1, n]] Ajpka [X[1, n-1]]

1]
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in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table [As[P, U; /@Bas], P - Ai—)j,k [P]11]
]

Time: 0.06 seconds Out[=

U [x12] - U3 [A1[-1]] Ug [x12] + Uj [x12] Uy [A1[1]]
Us [x13] > U3 [A1[-1], A2[-1]] U, [x13] +
(7$ +q2) Uj[x12, A2[-1]] U [x23, A1[1]] +U;[x13] U, [A1[1], A2[1]]
Ui [x14] -
Uj[A1[-1], A2[-1], A3[-1]] Uy [x14] + (_$ +q2) Uj[x12, A2[-1], A3[-1]] Uy [x24, A1[1]] +

(—q—lz +q2) Uj[x13, A3[-1]] U [x34, A1[1], A2[1]] +U;5[x14] Ug[AL1[1], A2[1], A3[1]]

Us [x1

-
-
-4

(9]

] > U [AL[-1], A2[-1], A3[-1], A4[-1]] U [x15] +
+q2) Uj[x12, A2[-1], A3[-1], A4[-1]] Uy [x25, AL[1]] +

+q2) Uj[x13, A3[-1], A4[-1]] Uy [x35, AL[1], A2[1]] +

N\H QN\'—- ‘%\H

+q2) Us[x14, A4[-1]] U [x45, A1[1], A2[1], A3[1]] +
5 [x15] Uk[Al[l}, A2[1], A3[1], A4[1]]
[x23} Uj[A2[-1]] Uy [x23] + U [x23] U [A2[1] ]
Ui [x24] > U5 [A2[-1], A3[-1]] Uc[x24] +
(7? i q ) Uj[x23, A3[-1]] U [x34, A2[1]] + U; [x24] U, [A2[1], A3[1] ]
Ui [x25] -
Uj[A2[-1], A3[-1], A4[-1]] U, [x25] + (7$ +q2) Uj[x23, A3[-1], A4[-1]] U [x35, A2[1]] +
(-q—lz +q2) Uj[x24, A4[-1]] Uc[x45, A2[1], A3[1]] + U5 [x25] U, [A2[1], A3[1], A4[1]]
Us [x34] - U; [A3[-1]] Uy [x34] + U [x34] U [A3[1]]
U [x35] - U [A3[-1], A4[-1]] U, [x35] +
(7q—12 +q2) Uj[x34, A4[-1]] Uy [x45, A3[1]] +U; [x35] U, [A3[1], A4[1]]

Ui [x45] > U5 [A4[-1]] Uy [x45] + U; [x45] U [A4[1]]
Ui[al] - Uj[al] Uc[] +U5[] Uc[al]
Uj[a2] - Uj[a2] Uc[] +U5[] Ux[a2]
Ui [a3] - U;[a3] Ug[] +U;[] Uy [a3]
Ui [a4] - U;[a4] Ug[] +Uj[] Uy [ad]

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X> (P// B1s1,2 // DBasz,3) == (P // D1sa,3 /7 D1s,2)
11

1

{x12, x13, x23, al, a2, A2[1], A1[@], A2[-2], A1[1], A2[-2], A2[1], A2[2], A1[1], Al[-1], A2[0]}

Out[~]=

{3
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in[-]:= Module[ {Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =Us[X] U2[Y];
{X, Y} UCF[ (P //my,251 // B1sa,2) = (P /7 Bosz,a // Arsa,a // My 351 /7 My a,) ]
11
]

{x12, x13, x23, al, a2, A1[-2], Al1[2], A2[-1], A2[1], A1[2], A2[-2], A2[1], A1[-2], A1[-1], A2[1]}
Out[«]=

{}

Is A a quantization of the co-bracket?

mi-1- $k=1
Time: 0.02 seconds Out[=

1

iml-]- Columne@Module[ {Bas = $PBWGens, P},
Table[As [P, U; /@Bas],
P - UCF [ (A151,2[P] - 81,2,1[P1) //.
{9 =1+nn/2,U; [xs___, A_[n_]1,as___1=»U;[xs]+nhU;[xs, aee.[A], as]/2}
]7.8-75n>1:0
]
]

Time: 0.05 seconds Out[=
Up[x12] » -4 e AUy [x12] Uy[al] +4€ AU [al] Uy [x12]
Up[x13] > -4e hUy[x13] Up[al] -4 e hUy[x13] Up[a2] -4y e hU;[x23] Uy [x12] +
AehU;[al] Uy[x13] +4ehU;[a2] Up[x13] +4y e AUy [x12] Up [x23]
Up[Xx23] > -4e h Uy [x23] Up[a2] +4 € AUy [a2] Uy [x23]
Up[al] > @
Up[a2] > @

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks
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pdf
The Antipode
pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[il[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n]] =myy 4.5
qS;[x[i, n-1]] Sja[x[n-1, n]] ‘q_lsj[x[n‘l: n]] Sji[x[i, n-1]]
]
1= $k =2
Time: 0.00 seconds Out[=
2
in[-]:-= Module[ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =U;[X];
Xo (P//D1s2,3/7S2// My 5,1)
11
1
{x12, x13, x23, al, a2, A1[-2], A2[-1], A1[1], A2[-1], A1[-2], A2[1], A1[2], A2[0], A2[2], A2[0]}
Out[e]=
{x12 >0, x13 50, x23 50, al >0, a2 >0, A1[-2] > U{[],
A2[-1] > Uy[], A1[1] > Us[], A2[-1] > Us[], AL[-2] > U [],
A2[1] > Us[], A1[2] > Uq[], A2[0] > Uy[], A2[2] > Us[], A2[@] > Us[]}
pdf

The Generating Functions for the A operations

in[-1:=  BeginProfile[]

Time: 0.02 seconds Out[=

ProfileRoot

inf-1:= $k = 13
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adPower, Ad, TT, Seepage

pdf

in[-]:=  (*adPower [x_,k_,Env_] [c_xy_ QU] :=UCF[c adPower [Xx,k,Env][y]];
adPower [x_,k_,Env_] [y_Plus] := adPower [x,k,Env]/@ y;«)
adPower[_, @, Env_1[y_] :=V;
(xadPower [x_,k_,Env_][0]=0;x*)
adPower[x_, R , Env_][y_ 1] :=

adPower [x, kR, Env] [y] = UCF@UB [adPower[x, k-1, Env] [y], X];

adPower[x , kR _1[y_1] := adPower[x, kR, $E][V];

in[-]:= Table[As[k, @, 5], adPower [Ug[x12], k] [Ug[x23]1]
Time: 0.06 seconds Out[=

(Up[Xx23], (-1-vyeh) Ug[x13] + 2y e hlUy[x12, x23], @, 0, 0, 0}

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table[As [P, U; /@Bas], P - Aj,j,k[P]]
]

Time: 0.08 seconds Out[=

Us [x12] - U3 [x12] U[] + € AU  [x12] Ug[al] +Uj[] U [x12] + € A U;[al] Uy [x12]
Us [x13] - U3 [x13] Uc[] + € AU [x13] Ug[al] + e h U5 [x13] Uy [a2] +

Uj[] Uk [x13] + € AU [al] U [x13] + e hUj[a2] U [x13] + 4y € A Uj[x12] Uy [x23]
Uj [x23] - U;[x23] U[] +€ AU [x23] Ug[a2] +Uj[] Ux[x23] + € A U;[a2] Uy [x23]
Ui[al] - Uj[al] Ug[] +Uj[] Ug[al]
Us[a2] - Uj[a2] Ue[] +U5[] Uy [a2]

pdf

m[-1:=  Ad[O] = Identity;

pdf
inf-]:=  Ad[c_.U; [xjR_] (EUs :U []...)1[y_1 /5 t[xjk] ="x" := PPAd@Module[{k =0,s=0, t},
While[ (t = adPower [U; [xjk], k] [y]) =!=@,
s+=cft/k;
++k
]

UCF[s ® EUs]

]

i1~ Ad[e AU;[x12] U [1] [U;[x23] Uy [a4]]
Time: 0.09 seconds Out[=

-€eh Uj [x13] Ug[a4d] + Uj [x23] Ug [a4]
i1~ Ad[7 B U5 [x12] U [1][U5[x23] U, [a4]]

Time: 0.08 seconds Qut[=

(-78-7ven?) Uj[x13] Uc[ad] + U;[x23] Ug[ad] + 14 y e h* U5 [x12, x23] U, [a4]
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pdf

il l= Wtgy [x_] :=Wtg;[x] = UB[Ug[aj], Up[x]] /Ue[x]

in[-]:= Table [Wta4; [x23], {j, 1, $n}]

Time: 0.08 seconds Outf=

(2 e

pdf

inf-1:= Ad[c_.U; [aj_]1 (EUs:U []...)]1[y_1/;5 t[aj] ="a" :=
(y /. Ui [gs___] oy Ui [gs] ecTotal[l»ltaj/@{gs}])

in[-]:= Ad[7r 1 Uj[al]] [U5[x23] Uc[a4] ]
Time: 0.03 seconds Outf=
e 2 M7V U [x23] Uy [a4]
pdf
in[-]:= TT, [] =03 (x Translated Tangent «)

TT, [xs___, x_] :=PPr;@UCF[Ad[x] [TT, [xs]] + 0, x];
TT, [xs_List] :=TT, @@ xs

in[-]:= TTA[A E12Ug[x12] U1 [], AE23Ug[x23] U;[1]]
Time: 0.08 seconds Qutf[=

£12 U [x12] Uy [] + A E12 23 U [x13] Uy [] + £23 U [x23] Up [ ]

in[-]:- $PBWGens

Time: 0.00 seconds Outf=

(x12, x13, x23, al, a2}

imi-1- Join|

Cases [$PBWGens, g_ :> Which[
t[g] ==="x", 2 (9"); U[9],
t[g] ==="a", (") Uk[9g]

11,

Cases[$PBWGens, g_:» Which|
t[g] ==="x", A (g%) UkI[g],
t[g] ==="a", (g%);Uk[9]

]]
]

Time: 0.03 seconds Qutf[=

{AE12; U [x12], A E135 U [x13], A E23; U [x23], al; Ug[al], a2; Ugla2

s

A E125 U [X12], A €135 U [x13], X €235 Uy [x23], alj Uy [al], o2; Uy [a2]}

In[-]:= 03 [poly ] :=Total[
CoefficientRules[poly, $PBWGens] /.

(p_~»c_) » cU; eeFlatten@MapThread [ConstantArray, {$PBWGens, p}]
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il J= 03 [x122 x13 + 7 x23Y7]

Time: 0.03 seconds Out[=
U; [x12, x12, x13] +
7 Ui [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
pdf
in[-]:=  Seepage; [{}, c_] =c¢;
Seepage; [¢s_List, P_] :=Module[{1x},
1x = $PBWGens [Lengthe £57 ;
CF@Collect[P, 1x, (Ad[Last[<5] U;[1x]] [0 [Seepage;[Most@<s, #]]1] /. U; » Times) &]
]

pdf

mi-1=  Invert; [&] := Module[{A, B, B, j}, (x &=A U[]+e B )
A = Coefficient[&, U;[]1] /. € » 0;
B=UCF[(s-AU;[])];
UCF [
A7 (Ui [] +Sum[As[], 1, $k], (-1) 7 NonCommutativeMultiply @@ ConstantArray[B /A, j] 11

]

{$k =1, $n = 3}
Time: 0.071 seconds Out[=

{2, 3}

L QRS CGENY) Seepms sty GO ,A) @
TT (L) =Ll 5( )= Seopae( {£),
‘P\X‘ G:E( jC“Lé) ) 1&(;1" g'—'ZT;W SF o R . OFG) aF- Faf

/ lid s
(R

R.)-ROR |- OFCTO(50) - S(6)CF OIF (646 36))- Slo)Spie:36)

SOL[RR_, nn_] = PPugo1nkr,nn) @BLOCK [ {$k = kR, $n = nn}, Module[{ (+TTL, *)},
ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 5]1]; &)
TTL = ES["TTL"] @PP"TTL"@TTA@

Join|

Cases [$PBWGens, g :> Which[
t[g] ==="x", A (g"); UI[9g],
t[g] ==="a", (") Uk[9g]

11,

Cases[$PBWGens, g_:» Which|
t[g] ==="x", 2 (9"); U[9],
t[g] ==="a", (g");Ukl9g]

1]
];
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mons[-1] = {};
mons[p_] :=mons[p - 1] JUnion@Cases [Coefficient [TTL, €, p], Ukl
ff = Table|
sum[eP f,,u[A], {p, @, $k}],
{u, $PBWGens}
| 7. f5p ,u [A] /5 t[u] ="a"»If[p=0, (u*);+ (u");, 0];
fs = Flatten[Table]|

1, ©];

'Fk,Times@@mJ
{k, @, $k}, {m, mons[k]}
115
gg = Sum|
€” £, Timeseeu [A] Times @@ u,
{p, @, $k}, {u, Complement[mons[p], Uy /@ $PBWGens] }
B
G = Series|[e®, (¢, O, $k}];
Si [B_]1 :=UCF[SS@O; [Seepage; [ff, SS@UCF@B]]];
SG = ES["SG"] @PP- s+ @Sy [G] 5
TTR = ES["TTR"] @PP-17z~ @UCF [Inverty [SG] ® S [ (8, (ff.$PBWGens) G + 8,G) 11];
diff = ES["diff"] @PP-g;+¢~@UCF [TTL - TTR] ;
eqns = ES["eqns"] @PP+.q,s»@Flatten[Table[
Coefficient [Coefficient [diff, m], €, k] == 0O,
{k, @, $k}, {m, mons[k]}
115
inits = (#[0] =0) & /@ fs;
PPupso1ver @Module [{},
ss = {}; reqns = eqns; rinits = inits; rfs = fs;
While[rfs =1= {},
pos = FirstPosition[reqns, eq_ /; (Count[eq, f, o, Heads -» True] == 1), None, {1}];
If[pos === None,
Echo[rfs];
{s} = DSolve[reqgns |Jrinits, rfs, A];
rfs = {},
(» else «){p} = pos;
{s} =DSolve[reqns[p] A rinits[p], rfs[pl, Al;
reqns = Delete[reqns, p] /.s/.e_ =0:>CF[e] == 0;
rinits = Delete[rinits, p];
rfs = Delete[rfs, p]
15
ss = Join[ss, s /. F_Function » ReplacePart[F, 2 > CF[F[2]1]1]]
1
15
ss

1]

m[-]-= sol[1, 3]
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1 1
@3 Y (20l3+2 alj-a2;-025) 5121 + (E; ¥ (2alj-024) §12j Uk [X].Z] .

3 1
<55 + (227 P e A ng13; €235 -2 2 Y THIOATER) e h €135 €23 +

3y a2;

1
22 VMR 3 hE13; €235+ 2€ 2 ye AhE135 £235] Uy [x13, x23]

(alj+aly

3
U] +ex” "€ U [x12, x13] 1 xa25a3 [A] +
Uk [x13, x13] (‘EX (o rody+02g +029) € 1Ca,x23 [A] 'F1,x12 x13 [A] + e’ (g rodys <<1>> +02y) € 1‘:1, w3552 [A] ) +

2 ¥ (alj+olj+a2;+02;

e:? ' e U [x12, x23] f1,x2x23[A] +

Uy [x13, x23]

3 3
-y (a2i+024) -y (02i+025)
e:? 1€ fo,x23 [A] F1,x12x23 [A] + @2 ’ €'F1,x13x23[7@)

1 1
- v (2oli+2 alj-02i-025 - v (20li+2 0l5-02i-a24
ex” (201 ) fo,x12" [A] + e2 (2ods 1-624-02) € f1,x12" [A]

U [x12] + <<5>> + U [x13, x23]
3 3 3
= 2;+025 , = 25 +025 , = 25 +024 ,
227 “0%) e 1 fg o3 [A] Foxaz’ [A] + €27 O e £ oa [A] Fiuazxes [A] + @2 ¥ OB e ) Liai0 (]
1 1
Uk [X].Z] e; ¥ (20l3+2 alj-a2;-025) 5121 + @} Y (20lj-025) §12j B

1y 2atse2 015024 -025)

1
- 201542 aly-a2;-a25
R it §-025-025) 'Fe,xn'[)t] _e2

e E'Fl,xlz'[)@) +
Uk [x13] <e<<1>> £13; + e « 1> + <<22>>) + <<3> + U [x12, x23] (<<1l> + <«<8>) +

3 1
Ue[x13, x23] [2e2” 2% y e xh£13; €235 -2 2 ¥ W22 o 5 135 £23; + «<8>>

1 1 1 1
- 201;+2 aly-a2;-a2; - 2 0l4-024 - 20li+2 alj-02i-025 - oli+oly+a2i+a2;
{(EZY( i+ 3 i ) §121+@2Y( 3 ) §123 7@2Y( i+ 5 i 3) -Fe,xlz, [)L] - 0) QZY( j+aly+o2i+a2y) §13i+

1 1 1
e> ¥ (aliray) 135+ e? ¥ (aliroljro2ivaly) 5 £12; €235 - <<1>> + «<1>> +e2 " (=<2 5 £124 £235 -
1 1
e ” (odj+alj+a2;+025) 'Fe,x23 (2] -Fe,le, (2] - e2 ¥ (adj+alj+o2i+a24) 'Fe,x13, [A] =@, <65, <1, <<1>>}
Out[~]=

1
{fa,m S Function| (A}, A £12; + e 2 ¥ (201020 5 glzj] ,

1
Fo,x23 - Function { (A}, A E23; + g2 ¥ (L2020 §23j} ,
1 1
fo,x13 - Function { (A}, AE133 + e 2" (2 jig135 @2 ¥ 20N 32 £195 £234 ],
[

f1,x12 » Function[ {1}, @], f1,x23 » Function[ {2}, @],
1
f1,413 - Function { A}, —e 2 ¥ (208020 o 32 5 g, gzsi] ,
1
f1,x12x23 - Function [ (A}, 2727 2002 o 52 p e, 5234 ,

(2015-02;

1
f1.x12x13 — Function [ (2, —2e27 Vv 2% h 124 5131] ,

1
F1,x13x23 — Function [ (A}, —2e 2 (@0 4 52 g3, 5231] , F1.43 > Function[ {1}, ] }

mn[-]:= sol[1, 4]
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1 1
g2 ¥ (Polin2odya2inad) eqp, y er ¥ 2HLTOH) 2100 Uy [x12] + «<21>> +

1 1
2 effz ¥ (alj+alj-3 a3i-3 a3j) ye A B §Z4i 5341 _2 ejz Y (alj+a2;-2 a3;-3 a35) ye Ah §24j 5341 N

1 1
22V (el atim i3y o g h 624, €345+ 2@ 2 Y NP e A h €245 €345 | U [x24, x34]

1
U] + ez Y (3adi+3 alj-a3;-a35) e U [x12, x13] f1 x1ax13[A] +
1
wldss + @27 (adj+alj-02;-02;5-a3;-a35) e U [x23, x34] 'Fl,x23 x3a[A] +

1 1
Uk [x24, x34] [e 2" (cdiraly=3a3im3a3y) o fo,x3a [A] F1,x23x3a [A] +€ 2 vietiradym3edim3ady) o f1,xax3a[A] )

1 1
1y (242 alj-a2;-a2; , 1 (20142 alj-a2;-a2; ,
Uk [x12] (ez“ chir2elya2isal) £o ay [A] + @2 ¥ Bolirieliadisad) g [/\]) *

1
272 VM3 aAB) e £y aa (A Fo,xaa  [A] +

<«<21>> + U [x24, x34]

1 1
-= v (alj+ali-3 a3;-3 a35) ’ -- v (alj+alj-3 a3;-3 a35) ’
e 2 Y ' 1€ fo,x3a [A] T1,x23x34 [A] + € 2 Y ' 1 e f1,x0ax34 [N)

1y (201542 015024 -025) £12; + ce; v (2aly-02) 95
i j

Uk [x12] [e2

1 1
- 2ali+2 0l5-02;-02; - 2015+2 0l5-02;-025
e2 ¥ (2oh ymo2ima2s) fo,x12" [A] - e2 ¥ (2oh smotime2y) o f1,x12" [N) +

+ U [x12, x13] (<<1>) +

1
Uk [X13] (e’z ¥ (odirelyraZica2;madicad) 693 e €135 + «<22>>

+U[x24, x34] (<<1>>)

1
«<18>> + Uy [X23, x34] (-2 e 2 VM =9) Lo 3k £23; £34; + «<8>>

1 1 1
- 20l13+2 alj-a2i-025 - 2015-024 - 2013+2 alj-a2i-025
[ea7 2oy 1, 4 037 RN £1p . on Y BN £, 0] 6

1 1
(E; ¥ (alj+alj+a2;+o2j-a3;-035) 5131 . (EE Y (<<1>>) §13j 4 <<Os> = 0,
2y (<1>)
2V f14, ¢ <275 =0, <<l =0, <21, «<1> =0, «<1> =0, <«<1> =0,

1 1
2327 (cli+aly-3 a3;-3 a3y) YA B E24; 345 - 2 e ? (o15+a25-2 a3;-3 a3y) Yy AR §24j £34; + <«<8>> = }
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Out[«]=

In[«]:=

Y (2015-023)

{'Fe,xlz - Function| {1}, A &12; +e 2 ” ) 5123.] s

Y (alj-2 a2;+a3;)

1
fo.x23 - Function| {1}, A £23; + ez A 5233-] ,

v (2ali-021) 52 £12; §231} ,

(a25-2 a33)

1
fo,x3a » Function| {1}, 1 345 +e2” 2 §34j} s

1

fo,x13 » Function { (A}, AE135+e 2”7 (adg+o2;-031) 5 £13,
E 1

'Fe,x24 - Function { (A}, A E244 + e2 ¥y (0li-02;-03y) 2 §24j _ex? (015-2 a2 +a3;) 22 §23j 5341} R

fo,x14 - Function { 3,

Y (2015-02;)

1 1
NEL4y + e VW yic14y e Y )22 £125 6245 — @ 2 ¥ (MHTORBY 32 13, -§341} ,

f1,x12 » Function[ {1}, @], f1,x3 —» Function[{2}, @],
1

f1,413 - Function { [A}, —e 2 ¥ (2odima2i) o 32 p eq, 5231] , 1,534 - Function[ {1}, @],
1

f1,x24 - Function { (A}, —e 2 ¥ (o203 o 32 g oo3, 5344 ,

1 1
1 x14 - Function { (A}, —e 2 Y Bohme) 32 £125 £24; @2 ¥ OB 32 €135 634 |,

11223 = Functlon[u} 272 7 2oM02) o 32y £ §23i} ,

1 x12x13 - Function| {1}, - vZedia) oy 32 £12y 5131] s

£1 12500 > Function| (4}, 2727 271020 | 32 g1 5241},
(2015-02;

£1. 1210 - Function| (4}, ~2e 2 )y 2% h E12; 5141],

1 x13x23 - Function| {1}, L2 Y (@lieiady) L 2y £134 5231] , f1,x132 = Function[ {1}, @],

Y (—alj+2 a2;-o3;

F1, 423 x34 - Function 'y 2% h £23; 5341] ,

F1,x13x34 — Function [ (A}, 272 ¥ (Oo2a3) 52 g g3, §34i} ,

1
f1,x23x24 = Function [ {1}, -2e2” (odim2a2irady) y2h £234 §24i] s> T1,x13x28 =

(2alj-02;) (3a2;-2a3;)

Function{{x}, e 'y 23 h 1245 £23; £24; - 2 € > Vv 23 hE135 €235 €34 |,

1
f1,x14x23 - Function [ (A}, —de 2 ¥ (@hr02ad) o 32 5 eq3, 5241] ,

1
f1,x13 x14 - Function [ (A}, —2e 2 ¥ (@lira2imody) y/\z B E135 144 +

Y (2015-023) (3ali-a3;)

1
2e 2 y A% h£125 £14; £23; + 2 e 2 y A% h £125 £135 £244 |,

1, x24X34eFunct10n[{A}, —2 2 ¥ (HhroRiady)

'y a2 h 24y €344,

F1,x14x34 - Function [ (A}, ~2e: Y (093 o 52 p g, §34i] , 1,524 - Function[ {1}, @],
1

1, x14 x24 - Function [ (A}, —2e 2 VMY 325 £145 €24 + 2 @7 7%y A3 B E144 £235 £34; +

1
22 " (WORB 53 €135 €245 €344 |, 4 44 - Function[ {1}, @] }

sol[2, 3]
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1 1
@3 Y (20l3+2 alj-a2;-025) 5121 + (E; ¥ (2alj-024) §12j Uk [X].Z] .

1
g2 < = (oirsZoyr sl n02y) o934 1555 + - <65 §23jJ U [X13] + <<12>> +
2

1 1
2e 2 Yy (alij+alj-5025-5025) 7(2 62 )LZ ﬁz §13i §23§ - e ¥ (ali+aly-502i-5a2j) Yz 62 )k3 hz 5121 ézgi .
3

2 1
«<10>> + — @ 2 B 2253 2 £1); §23§] Uk [x13, x23, x23]

3
1 3 1 1 2 2
U] +— @Y hvels) g2y, [x12, x12, x13, x13] f1,ya2x13 [A]% +

2
1
<1955 + Uy [x13, x23, x23] (22 ¥ (ol Pan302) o 2y £ 00T Frazwes [A]
1 1
-y (0lj+0l5-502;-5025) 2 -5 ¥ (alj+alyj-502i-5025) _2
e 3 Vet fo s A fo e [A] v e 2 ! 7 et a0 (4]

Up [x12]
1 1 1
- 20l;+2015-02;-025 ’ - 2015+2 alj-025-a25 ’ - 201i+2015-02;-02 ’
g2 ¥ Potir2alyadirady) g IA] + e ¥ RohimRolretinady) o g A] 4 @2 ¥ Btedyadead) 2 M]) +
2 1 lyealy Sa25a25) 2 2,2 3

! . +orls—5 025 -5 02+ ,
— @ 2 V1T ! Wyt e h® fo, s [A]7 fo,x2 [A] +

<<13>> + U [x13, x23, x23]
3

1
1 2 232 2 - olj+aly-502;-50a2; 2
2~ Yy €' h -F<<1>> [A] f@, <<3>>,[AJ +<<1l>> + <1> +e ZY( B ' 1) € -FZ,X13 <<1>>,[)d]

1 1 1
Uy [x12] (ef ¥ (201;+2 aly-a2i-024) £12; + €2 " (2 ol5-a25) £12 - 2 ¥ (201;+2 aly-a2i-024) fo,x1z’ [A] -

1 1
- 2015+2 aly-a2;-024 - 201;+2 alj-a25-025
2V (2EL2OhTOR0R) ¢ f) ap (2] - ex ¥ BRRahenen) g2 'Fz,xlzl[k]) +

U [x13] <e<<1>> <<3>>4 + <<42>>) + <<11> + <<1> + U [x13, x23, x23]

1 2
2@ Y (OlirodyTSa2im502y) (2 2 52 52 oq3, £232 4 — «b>> <3>3+ <<21>>)
3

1 1 1
2y (201442 04024 -024 2y (2015-024 2y (201442 014024 -02;4
{&ezY( oli+20ly-024-02) §1Zi+ezY( aly-az;) §12j—ez7{( atir alalaj)fejxlz'[)k} =

1
@2 ¥ (liralyro2ina2y) cq3. o<l 135 + «<9> =0, «<21>,
1
~4ex 7 (TP 4202 % €13 €135 £23; + <«<47> =0,

1 2 1
22 VM OnE0%) 252 p2 093, £932 @ o ¥ (TOlITSORT02) (233 B2 1), €233 4 21 == e}
3
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Out[«]=

1
{f@,m ~ Function| {A}, A £12; + e 2 ¥ (201020 glzj] s

201;-024

1 1
fo,x13 - Function| {1}, A €135 + e 2 M%) 1 €13, _e 2 'A% €125 €234,

1
fo,x23 - Function { (A}, AE23; + 2 ¥ (OL2020 5 5233-} ,
f1,x12 » Function[ {1}, @], f1 .3 —» Function[{2A}, @],
1
f1,x13 > Function { (A}, —e 27 el o 52 £, 5231] ,

(201;-025

1
f1,x12x23 — Function [ o3, 2e2" )y 2% h £12; §231} ,

(201;-0a2;

1
f1,x12x13 - Function [ o3, —2e2” )y 2% h £12; §13i] ,

1
f1,x13x23 — Function [ (A}, —2e72 7 (o) o 32 p eq3, 5231] ,

f1,x132 > Function[ {1}, 0], f; x12 » Function[ {1}, @], f; x23 » Function[{A}, @],

1 1
f2,x13 - Function { (), - 2 (20di02) 0252 52 £q), 5231] ,

1
F2,x12x23 - Function [ (A}, 22 ¥ (2002) 252 52 £q), 5231] ,
1
f2,x12x13 = Function [ (A}, 2@ 2 ¥ (20lima2) 42 52 p2 £125 613, -2e” (2ads-a2;) 42 33 p2 §12§ 5231} s

1 1
F2,xa3,03 > Function| (3, 2 " M) 232 n? 135 6235 - 2ea ¥ (2R 3200 12 £195 237
5,532 > Function| {1}, e ¥ 2ol 2 )% p? £122 €237,
3,122 x23 > Function|[ {1}, 2™ Bohie2) 32 )% 2 £12% €23, |,

2 3
Fa,x1205a3 > Function| (2}, 2.e7 204920 42 23 12 £122 €13, - Je T et €234,

1
f2,x12 x232 = Function { (A}, 22 Y (20%ima2i) (2 53 52 €12; §23ﬂ > Fax2x13x23 =

3val

i

1
Function { (A}, —4e 2" @b 32,3 52 017,213, €23, —d e 2 2 2% h? £124 £13; 5231} ,
1 2 3
2, x12 x132 > Function { (A}, 2e2 ¥ oot (253 2 125 £132 4 ; 2 ¥ (F20liroi) 32 55 B2 €123 523%] ,
1 v 2 1 a2
213 w232 = Function[{k}, 22 VOB (253 2 £135 5232 - B @2 ¥ (T2ohirai) (234 B2 £125 523?} s

2
F2,xa32 3 > Function| (0, 277 (1720 32 22 12 €133 €23 + — (2etieed) 255 12 €123 €233,

2 3
f2,,a3 = Function| (1}, e Y (2ot 28 p2 £123 €233 | |

in[-]:= sol[2, 4]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks

2026-09-23 06:21:08



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gsin-260923.nb 2026-09-23 06:21:08

1 1
o5 ¥ (2alis2al5-02;-a2y) £12, v €2 " (2 alj-a23) §12].) Uy [x12] +

1 1
ez ¥ (=1>) E13; + <155 + — <<6>> §23j) <«<1>> + «<71> +
2

1 2 1
“2 ¥ (ody+ady+o2s +a24-5 031 -5 a3y “2 ¥ (odi+aly+02; +a25-5 a3;-5 035
2e S ¥ (odiradj+a2i+02;5-5a a;)Yzez)kth £24 §34§+ ; e 5 ¥ (adi+adyra2;+o25-5a aJ)Yzez)th £23, §34§+

2 1
«10>> *3 @2 ¥ (a3 (2 2 53 p2 £23, §34§] U [x24, X34, x34]

1
Uk [] + — e Botedalymadimady) c2y, (%12, x12, x13, x13] F1 w23 [A]2 +
2

1
<<165>> + Uy [X24, X34, x34] [2e 2 " (Hrolira2uodsadirseBy) o o2 £ 1A F1xaaxaa [A] +

1
- v (alj+alj+o2i+a25-5a3;-5 a3

1
-= vy (alj+olj+a2;+025-5a3;-5a34) 2 -
2 o ' e fo,x3a [A] Ta,x03x322 [A] + @ 2

e ) e? 3, %28 x3a2 [A] )
Ue [x12]
eé ¥ (201542 aly-a2;-a2;) fox2 [A] + e—i ¥ (201542 0-02-02;) _ 12 [A] + eé v (201+2a1y-02i-02y) _2 fa 12’ [A] ) .
2 1
725> + Uy [x24, X34, x34] ; o2 Y (ClisalyradiodSadiSady) (2 220 ag3g, ),

2e <<1l>>

1
2 4 = v (0di+0l5+ <<1>> + <<1>>-5a3;-5a33) 2 ,
<«<3>> <«<1>>F 1. [A] + <<1> + <1> +e 2 e i i) e 'Fz, 1 [

1 1 1
- v (2013+2 alj-02; -2y -y (2015-a2; - ¥ (2015+2 alj-a2;-02; ,
Uy [x12] (ezy(al+a]alaj>§1zi+ezy(aja])glzj_ezy(a1+a]a1a3>_‘:ejxlz [A] -
1 1
Sy (201342 0dy-02; -a2; / - v (2015+2 alj-a2;-02; ,
ex ¥ POMTRELTENTN) ¢ £ ) [A] —ex Y POMEILTERTN) 2 £) [/\])Jr

U [X13] (™7 <«<1>> + <4255 ) + <70 + <<1>> + U [x24, X34, X34]

1
- 154005+ <<25> ;4 <<1>> -5 03;-5 035
2@ 5 ¥ (odurodyrecomys ocl> -5 a3; -5 ady) 7{2 €2 % n? £24; §34§ + <<1l>> + <«<21>>

1 1 1
Ty (201342 aly-a2i -2y 2y (20d4-a2y Zy (201342 aly-a2i-a2y
{ezy( ol3+2 aly-a2;-024) §121+®2Y( alj-o25) §12].7‘921(( alj+ ajalaj)fe,)(lz/[}} ::0,
1
z s +0ls+024 +025 035 -3+
o ¥ (alivolro2;va2y-a3;-a3;) E13; + «<10>> =0, <<1> =0, 97>,

1
- ¥ (0dij+<<7>>

«1>> =0, -4e 2 Y202 h? €245 €245 £34; + <«<47>> = @,

2y (odivalyra2; +025-5 0355 a3y 2

227 (odj+aly+o2;+025-5 a3;-5 a35) YZ 22 52 £24; §34§ R YZ 23 p2 £23; 534§ b wc21os == 0}
3

Out[«]=

1
{'Fg)xlz = Function| (A}, A £12; + e 2 ¥ (201020 §1ZjJ ,

1
fo,x23 » Function| {1}, A £23; + e2 ¥ (Wh202@3) 5 5233-] )

1 1

Foa3 > Function| (A}, €135+ e 2 " HITH Gg3y o en Y 2R 52 £195 23,
1

Fo,xa - Function| (1}, 1 £34; + e B2 s g344],

1 1
Fo,x2a = FUNCtion| (X}, X £24; + @2 ¥ (M2 i gpg,  ep ¥ (P20 32 73, §341} s

fB,X14 - Function { {)L} N

1 1
- 1;+a3s =y (2adi-a2;
NELAy + @2 VOB Jp1gy e v (20

1
|2 12y €245 - e T MBI 2 e13y 3,
f1,x12 » Function[ {1}, @], f1,x3 —» Function[{2}, @],

1
1 x13 - Function { (A}, —e 2" POy 32 h €125 €235 |, f1,434 > Function[ {1}, @],
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Y (m01l3+2 a25-03;)

1
f1,x24 - Function { 3, -e2 ¥ 22 h €234 5341} ,

Y (2015-024) Y (alij+o25-033)

1
f1,424 - Function { ), e ¥ 2 h £124 €245 - € 2 ¥ A2 h 135 £344 |,

101223 = Functlon[{k} 272 V20N o 32y £ 5231} ,

- v (2ali-025)

F1,xa2515 - Function| (1), ~2¢ 2 v A2 hE124 €134,

1
-Fl,X12 x24 —> Function {A} N 2e 2 ¥ (2013-62;)

[
|
|
|
|
[

¥ 22 B £12; 5244 ,

(2015-023)

1
1 x12x14 - Function| {1}, -2e 2 ¥ ¥ 22 h £12; 5141] ,

1
1, x13x23 - Function| {1}, —2e 2 ¥ (@) 5 32 5 g3 §231] , f153 » Function[ {1}, @],

1,523 x34 = Function| {1}, 2e 2 ¥ 10H12020B30) o 32 5 273, 5341] s

f1,x13x3a - Function| (A}, 2e 2 ¥ (PH02 B0 o 32 135 5341} s

(alj-2 a2;+a3;)

1
f1,x23x24 » Function [ {1}, -2e2” yA*h £23; 5241] > T1,x13 %28 =

(201;-025) Y (3025-2034)

Function[{)k}, 2e:? Ly 23 hE125623; €24 -2 27 ¥ 23 hE135 €235 344 |,

F1aaxza > Function| (1), 4 ez * RN 452 135 ea, ],

1
F1.x13x14 — Function [ (A}, —2@ 2 7 (BRI 52 e130 £14, o

Y (2015-a2;) (3al;-03;)

1
2e: y > h£125 145 £23;5 +2e 2" y A% h £125 €135 £244 |,

Y (alj-a2;-03;)

12034 = Function[{)}, 2e: ¥ 22 h £244 5341},

1
F1,x14x34 — Function [ (A}, —2e72 7 (W3 o 32 e14, 5341] ,

Y (alj+a3;)

1
f1,x242 » Function[ {1}, 0], f1 x1ax2a > Function[{k}, -2e 2 yA*h £145 £24; +

2e "y 3 nE144 €235 £34; +2 s ¥ (Olivodiods "y 3 n£135 £24; £34;
f1,x142 > Function[ {1}, 0], f, x12 » Function[ {1}, @], f; xo3 » Function[{A}, @],
. 1 v (201i-025) _2 42 52 :
-Fz)xlgeFunctlon{{)L}, e 17021 2 32 2 £, 5231], 2,534 - Function[ {1}, 0],
2
. 1 ¥ (~od3+2025-035) _2 32 52
-F21X24»Funct10n{{)k}, DD e v (ohir202im030) (2 52 2 93, §34i},
2
. 1 1 oot a2p 1 —}y(a1-+0(2-—0134) 2.2 ,2
'F2)X14+Funct10n{{)\}, Sl g2V (el 202 1% €124 24 - — e 2 ¥ (OLrOB3) (2 32 52 g3, §34i],
2 2

Y (2015-024)

Fa.x12x23 > Function| (1}, 22" ¥ A2 0% £12; §23i] ,

2,12 x24 = Function| (A}, 2e 2 ¥ 2OH02) 42 32 52 1, 5241] s

2,412 x13 - Function [ (A}, 2e 2" B 2 532 2 2125 £13; -~ 27 202 2 33 p2 £122 5231} s
[ Y (201;-02;)

f2,x12x14 » Function| {1}, 2¢7:" ¥ A2 0% €125 £14; - 2eY BoM02) 2 )3 p? 123 §24i},

f2,x1303 - Function| (1}, 2 e a ¥ (MR (252 2 13 e03, g e ¥ (2OMIAR) 233 2 o1 €233,
5,532 > Function| {1}, e ¥ Bohe2) 2 )% p? £122 €237,

(-o1i+2 a25-a33)

1
F2, 423 x34 - Function [ 3, 2e2” ¥ 22 % £23; §34i} ,
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1
F2,x13,0 > Function| (0}, 2@ " (MR 232 02 e13, e34,

Y (—alj+2 a2;-03;)

1
f2,x23x24 > Function [ (A}, 2e 2 v A2 n? £235624; -2¢e” (als=2025031) 2 33 p2 523§ §34i] ,

'Fz,x13 x24 =

Y (20ali-02;)

Function{{x}, 4e Y23 n? 124 £23; £24; g ¥ (Bak2a3) (2 ;3 42 £13 £23; 5341],

Y (alj+o2;-03;)

fa,x1ax23 = Function [ {1}, @], f, 1314 - Function| {1}, 2 e ¥? 22 h? £135 £14; +

277 (200 2 5% 2 €122 £23; £24; -2 e ¥ (TR 2 33 12 €132 €34 |, F; yaaxaa
Function{{/\}, 2 @Y (Caliodived) 125240 £24 £34; 2 ea ¥ (Gli2a2isa3) (2 33 42 £23; 534§],

1 1
F2,x14x34 - Function [ (A}, 272 V(03 (252 02 £14. £34, 9 ex ¥ (TOLTORO3) (253 52 £q3, §34§] ,
5,042 > Function| (A}, e ¥ (0Mr20230) 42 38 2 6332 £342]

Y (alj+a3;)

1
f2,x14x24 - Function [ 3, 2e 7(2 22 B2 €145 £24; -

1
2 ea ¥ (“2011002;) 2 33 42 £12; §24z s 2erY (30202631 (2 54 p2 £13; £23; 534%] ,

2102 - Function[{x}, T (Zodiati) 2 )% n? €125 €247 + e 7 (MR 3) 2 2% n? €137 £341 ]
3,122 x23 > Function [ {1}, 27" B0l 32 )% 2 £122 €23, |,

2 s

F2,x12203 = Function | (1), 277 29920 4230 n2 £19% €13, -~ e ¥ (20 258 2 2123 623, |
3

3,122 x2a > Function|[ {2}, 2 e Bhie2) 32 )% 2 £12% €244 |,
2 s

F2,x122 w10 > FUNCtion| (0}, 277 290920 4233 p2 £192 £14; - = e ¥ (20T (258 12 2123 £4, |
3

(-2 alij+025)

1
f2,x12 x232 » Function { {1}, 2ez” ¥* % n? €12; 523ﬂ s 1‘:2 x12 x13 x23 =

-201;+024)

Function{{x}, 4er? ¥ 23 n? €125 £13; £23; g Bodiads " y? 23 p? €125 £13; 5231},

Y (2015-024)

2 3
f2. 512 x132 - Function { (A}, 2e2” P23 n2 €125 €133+~ ex ¥ (29N (255 p2 £123 gz3§] ,
3

f2 x12x23 %34 = Function [{A}, @], f3,x12x13x3a » Function[ {1}, @], f5 x12x23x24 =

(201i-025)

1
Function{{x}, de Y23 P E12 €235 £24; — 42 ¥ (MTORO3 (2 33 12 150 £23, §24i],

f2,x12x13 24 > Function { (1), ~4e s ¥ BHoR) (253 52 c1d 213, €24, -

4o 2otime2i) 32 3% n? €122 £23; €244 |, 2,52 xa4x23

(2alj-02;)

Function[{)\}, 4e? ¥ 23 B2 €124 €14, £23; g (Bodiady yz 23 n? 124 £13; 5241],

Y (2015-024

f,, XlszXueFunctlon{{A}, de” 233 12 €12, £13; €143 + 4o s ¥ 3oL (2533 52 £1p

4
€135 £14; - 4 e ¥ 2ol 42 3% 2 £127 €14, £23, +5 e 2 ¥ 2OhOR) 42 55 2 €123 £234 5241],

f2,x12x24 x3a » Function[ {1}, @], f, x12x1ax3s » Function[ {2}, @],

Y (2al;-02;)

1
£2. 512 x2a2 - Function { (A}, 2e> ¥ 3 n? €125 €242,

Y (2015-023)

2, x12x14 x24 > Function { 3, ~4e 2" ' y? 23 n? €124 £14; £24, -

1
4er ¥ (OO B0) (253 12 €125 €145 £24; + 4 o3 ¥ (“3alinady) ¥? At n? €124 €135 £244 £34; |,
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Y (2al;-02;)

2 3
F2.512 x142 > Function { (A}, 2e2” D23 P £125 €143+~ e ¥ (202 4255 12 6123 524%] ,
3

1 2 1
2, x13x232 > Function { (A}, 22 Y (hro2imad) 2 33 52 £13, €232 - — ez ¥ (20N 2 34 B2 12, §23§] ,
3

2
F2,xa32 w23 FUnction| (0}, 277 (H0) 32 03 12 £13 £23, + e (Peteen) 250 n? 123 €233,

¥ (2013-024)

2 3
f2,x32 > Function [ A2y =2 e ¥? 28 n? €123 §23ﬂ 5

(alj-2 a25+033)

F5,x232 x34 > Function[ {1}, 2 e” ¥? 2% n? §232~ £344], 'Fz x13 x23 x34

Function{{)t}, 4 eTa Y LT3 0253 n2 £93. 623, £34; + 4 e 2 ¥ PO (233 52 13, £23, 5341},

f2,x132x34 » Function { {1}, 2e¥ (ira2imads) 2 33 p2 §13_-2j 5341} s To,x232 504 =
2 3
Function { (A}, 277 (Totr2a2m3) 4253 n2 £232 £24; - B @ ¥ (01i720247035) (2 54 52 £233 §34i} ,

Y (alj+a2;-03;)

1
F2,y13 x23 x24 > Function { (A}, 4e Y2 A% B? €124 £23; £235 £24; +

1
4>V BOB20B0 3238 2 £135 €235 €235 E344 |, o132 x2s =

Function| {1}, 2 e ¥ (2oM020 42 35 12 £12% £23F £24; L2 ¥ (GLitA02i-303) L2 54 g2 £13% £235 £34; |,

f1,x1ax232 > Function[ {1}, @],

¥ (alj+a2i-a3i)

1
fa2,x13x1ax23 — Function| {1}, 4e ™2 ¥? 232 n? £135 £14; £23; +

8o (M) 423 52 £132 €24 v 4 e 2 T BN 208 12 €125 €135 £23; €241 |, 5 a3t aa
Function| {A}, 2 e ¥ (hro2e30 32 33 12 £132 14, g ¥ (Bolizad) (2 34 02 £125 €135 £144 £23; +

(2013-02;) Yz 25 B2 §12§ £14; §23§ _2 e—; Y (4olj+a2;-2 034) 7/2 24 B2 £12; 513§ £24; -

3

2e
2 Y (-2013+a24) 2 16 32 3 2 2 -= (alj+a2i-a3i) 2 4 .2 3
; Y- A" h §12j £23% §24i—; @ 2 VIOHTEATEN) W2 5% h §13j 34, |,

(-alj+2 a2;-a3;)

1
F2.x23 x342 > Function { ), 2e2” ¥ 3 n? €23, g34§] ,

alj+a2;-03;)

'Fz)xlg X342 — Function { {1}, 2 e 2’ YZ )\3 f’lz 513:] §34i] ,

(alj-2 025+a33)

1
F2,v23 x24 x3a - Function { (A}, -4ex” ¥ 3 n? €235 £245 £34; -

2y (c2015+302;)

4e2 ¥ 2> h? £235 £245 £34; |, F5,x13x2ax34 — Function [ (A},

~4e V3% 33 n? €135 £244 £34; g3 (Bokin2ady y? 2% n? £135 £234 534ﬂ, 2, x14 x23 %34 =

Function| {1}, -4 e ¥ ® y? 23 n? £14; £235 £344 g ¥ (Olira2iad ¥? 23 n? £135 €244 §34i],

Y (alij+025-03;)

1
2,13 x14x34 = Function| {1}, -4 e 2 yz 2> n? €135 £14; £34; -

1
47 ¥ (20hira2i) (2 53 2 £135 £144 £344 +4<e 2 ¥ Balimed) (2 54 p2 £125 €135 £24; §34i}: f2,x23x242 =

—oli+2 025-034)

1 2 3
Function| (1}, 2¢ 2" VP23 1% €235 €242 1 = ex ¥ MRABII) 255 12 6933 e342]
3

(201;-023)

1
2, x13x242 > Function { {2}, -2e 27 y> 2% n? £125 £23; £247 +

1
22 " PPN 3255 12 €135 £23% £347
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2,14 x23 x24 — Function { (A}, 4e V3?23 n? £145 £235 £24; +

ge 2 ¥ ek (253 2 €13, £242 va ¥ (32203 (2 340 £135 £235 £24; £34; |,

Y (2015-023)

2, x13 x14 x24 — Function { (A}, de 2 Py X% n? €124 £14; £23; £24; +

4 s (FFodiva2icod) (2 34 g2 £125 £144 £23; £24; + 4 ¥ (3020203 (2 34 2 £135 £144 £235 £34; +

1
g ¥ (302 (2 38 02 2135 £145 £235 £34; _gea v (F3olivadi) (2 55 2 £125 £13; £23; £24; £34; -

4oV (iro2imedi) 2 35 2 £125 £135 £235 £24; £344 |, 'Fz x142 x23 =~ Function [ {1}, @], 3 y13y142 =

1
Function| (), 272 ¥ (hire2me3) 42 33 52 13, 2142 -2 e 2 ¥ 2OH0R) 32 34 p2 €125 £142 £23; -

1
4o a7 Pl (258 02 £125 €135 £14; £24; + 2 ex ¥ (AN (255 2 192 €135 £243 -
2 2 3
; ¥ (-2 alj+02;) 2 )6 [;’12 §12§ §231 ‘524% N ; e > ¥ (alj+a2i-03;) YZ )5 hZ §13;’ §34§ s -FZ,X24X342 5

1 2 1
Function { (A}, 22 ¥ (ohre2) 1233 52 eog. 2342 D oy v (02020630 (2 38 2 g3 §34?] )
3

(alj+oa3;)

1 2 1
F2. 14 xaa2 > Function { (A}, 2e 2" ¥2 3 n? £144 £34% - : ez ¥ (T0hi02ura3) (2 34 p2 £q3, §34§] ,

2
F2,x24? x34 - Function { (A}, 2@ ¥ ol 4233 n2 2242 £34; + . eV (P1472020031) 42 35 p2 £232 534?} ,

¥ (alij+a3i)

1
2. x14 x24 x38 = Function{{/\}, 4e > ¥? 23 h? £14; £24; £34; L4 Y (202031 (2 33 02 £144

4 1
£245 E34; - 4 e VM 2 N n? 144 €235 £347 + — @ 2 ¥ POAT2BY G255 2 €135 €23, 534?] ,
3

2
F2,x102 s34 > FUnction| (), 277 13 2 22 52 £142 £34, S e o3 255 p? 137 €343

2y (calge2 024 -03;)

. 2 2 46 32 3 3
2,520 - Function| (1}, -~ e : ¥? 28 n? £233 £343
9

Y (alj+a3;)

1 2 1
2, x14xaa? > Function { (A}, 2e: ¥2 23 h? 144 £24% - g e 2 V2ot (2538 02 e125 £243 -

4 e V%% 2% n? 145 £235 £24; £344 e ¥ (@lita2imady) P y? X% n? €135 £242 €34, +

1 2 1
2ea ¥V (MMAORIO) (205 12 £144 €238 £347 - B ea ¥ (HTSOnIB (236 n2 £135 £23% £34] |,

2
2 x142 x2a > Function | (1}, 2e ¥ (“hr@30) 42 33 p2 §14§ £24; + — e ¥ P0N0n) 2 3% 2 £127 £24F -
3

1
2@ Y (20RO (2 58 12 £14% €235 £34; - 4 e 2 T PONN) W2 38 2 £135 £145 £24; £34; +

1

2
2 @ (0di+a2i-a3y) Yz 25 A2 513§ £244 §34€ _Z o2 v (aliha2i-303y) YZ 26 52 51?’% £23; 534?] ,
3

2 3 2 3
5 xe> = Function| (A}, —— e 2V PR 236 52 £123 2247 - — e ¥ (WhTRi3i) 42 36 p2 133 §34§] }
9
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