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Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] < yij.

4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"
<< ../Profile/Profile.m

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

MakePDF [ ]

6i; :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[Normale@eSeries[&, {e, 0, $k}1, €, op];
SS[& ] :=SS[&, Together];

CCF[& ] :=PPccr@Expand [Expand[5] /. e = F2r®]
CF[& ] := PP @If[$k = oo,

CCF[&],

CCF[NormaleSeries[s /. q-»e"°¥, {e, 0, $k}]]

IE
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pdf
mf-]= X[1_, J 1:=x<>1<>7J; a[i ] :=a<>1; A[1 ] :=A<>1;
Ell , J 1:=E<>1<>7; a[li_ ] =a<>1; A[1_ ] :=A<>1;
pdf
in[-1:=  t[s_Symbol] := First[Characters[SymbolName[s]]];

L[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1]1:=zt[s]; c[s_[_11 :=r¢[s];

mf-1-= {t[x[3, 411, t[x[3, 411} // FullForm
Time: 0.03 seconds Qut[=

List["x", List[3, 4]]

pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
pdf
nf-]:= (% q=e® ¥ €; Ai[n]=e? € 3; Bi[n]=e? ¥ P! «)
pdf
imi-l= $n=3; $k =w; $E := {$n, $k}
pdf

in[-]:= $EPBWGens := Flattene {
Table[As[i, 1, $n-1], As[], i+1, $n],
x[1i, j]* = g[i, j]; gli, j]* =x[i, j]; x[1i, j]]:
Table[As[i, 1, $n-1],
A[i]* = A[i]; A[L]" = A[i]; A[i][_11,
Table[As[i, 1, $n-1],
a[i]l* =a[i]; a[i]" =a[i]; a[i]]
}
(# = Up@#) & /@ $EPBWGens;
$EPBWRule := Module[{k = @}, FlatteneTable[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X_ =y :=0rderedQ[{x, vy} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

in[-]:= #* & /@ $EPBWGens

Time: 0.00 seconds Out[=
{£12, £13, £14, €15, £23, £24, £25, £34,
35, £45, A1[_]", A2[_]1", A3[_]1", A4[_]", ol, a2, a3, a4}
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pdf

ml-1:= UCF[&_ ] := PPUCF@Module[{F, k}, Expand@Collect[

&7/ Ui [L___, _[],r___1-Ui[l, rl} //. If[$k=w, {}, {
Ui [L___,AB [n_1,r___1=
(-2) X BX ek n

Sum[As[k, 0, $ki, -

s
] /. FcF]

U;[L, Sequence @@ Table[a@e . [AB], k], r-]]

pdf
in[-]:= ms_[@] =05
ms [x_Plus] := UCF[ms; /@ x];
m .5 [&] =& /. Ui ->Ujy;
mi ,j -k [€_-Ui [x___1U; [1]1 :=cU.[x];
mi ,5 sk [€ Ui [1U; [y __11:=cU[y];
mi ,5 -k [€ Ui [xx___, x [n1_11VU; [x_[n2_1,yy___11:=
UCF[cU; [xx, x[n1+n2]]U;[yy]l] // my ks
mi 5 oe [€_oUi [xx___, x 1U; [y ,yy 1] :=If[x=y,
cUp[xx, X, ¥, yy1,
((cU; [xx] RR;[x, y1 // UCF // m; j,:) Uj[yy]l // UCF // mi ..) // UCF
15
ms [& 1 :=mgs [UCF[&S]1;

inf-1=  Aj 55 ,r [6£.1 1= UCF@Module[{j1, k1}, & /. {
Ui[1 - U;[1Uell,
Ui s FS___1 # Meiask@ My 50,5 (85,6 [F] Ataga,ia [Ui [£S]]]
s
Ai sk, 8] 1= 8 1/ D /] Brok,t

n - Si [£.] i= UCFeModule[{il}, & /. {
Uilf 5 fs___1 = myq ;i [Si[f] Sia[Via [fs]]]
31
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pdf

The A-algebra

pdf

inl-]:= RRg_[ai_, aj_1 /; t[ai] = t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_1] /5 tlai] ="a" At[AJ] ="A" := U,[Aj[n], ai];
RR, [Ai_[m_1, AJ_[n_11 /; tT[Ai] == t[AJ] = "A" := U,[Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] = "a" AtT[xij] = "x" := Module[{i, j, m},
{i, j} = t@exij; {m} = c@am;

Up[xij, am] +% (n,i = Snea,i — Om,j + Onsa,j) Up[Xx1J] /2

15
RR,_[Am_[n_1, xij_1 /; t[Am] = "A" A T[xij] = "Xx" := Module[{i, j, m},

{i, j} = L@xij; {m} = c@Am; q " (®mi=Omt,i=0n3*0n15) y, [xij, Am[n]]

]

in[-]:= RRg[a[1], x[1, 2]]
Time: 0.07 seconds Outf=

v Up [X12] + Ug [x12, al]

pdf
We take the reduction rules RR for xij’s from Yamane page
5009:
(1) i=m<j<n () i<m<n<j, (II) i<m<j=n,
i i J i J
m n m__n m n
V) i<m<j<n, (V) i<j=m<n, VD) i<j<m<n
i J i J i
m n m n m_n
q_zeijemn — €mn€ij = 0 if ((i, j), (m, n))e Ca) U Cany-
[eija €mn] =0 if (@, j), (m, "))ec(n) U C(VI)-
[eij’ emn] = (qz — q_z)einemj if ((l, ])5 (mv n))EC(IV)'
qzeijemn — €mnfij = 4€;y if (@3, j), (m, n))eCy,.
pdf

in[-]:== RRe_[xmn_, xij_]1 /; t[xij] = t[xmn] = "x" :=Modu1e[{i, j, my, n},
{i, j} = t@xij; {m, n} = c@xmn;
which[
(i=mAj<n)V(i<m<jAn=7), q2U.[xij, xmn], (+ IVIII )
(i<m<jAn<j)V(j<m), Uxij, xmn], (x IIVVI «)
i<m<jAn>g, Ulxij, xmn] + (472 - ¢°) Ue[x[i, n], x[m, j11, (+ IV x)
j=m, q?Ue[xij, xmn] - qUg[X[i, n]] (* V *)

]
]
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In[«]:= U1 [X34] Uz [X23] U3 [X12] // m]_’z_,z
Time: 0.03 seconds Out[=

~q Uy [x24] U3 [x12] + g% Uy [x23, x34] U3 [x12]

in[-]:= Ug [X34] Up[x23] U3 [x12] // My,2,5 // Ma,3,0
Time: 0.06 seconds Out[=

q% Ug [x14] - g3 Ug [Xx12, x24] - g3 Ug [X13, x34] + q* Up [Xx12, X23, X34]

in[-]:= Module[{Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Uy [X] Uz [Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
11
]

Time: 40.53 seconds Out|=

{1

in[-]:= Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P=U;[X] Uz[Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
1]

1
(x12, x13, x23, al, a2, AL[@], A2[-2], Al[2], A2[@], AL[-1], A1[@], A2[2], AL[1], A1[1], Al[-2]}
Out[-]=
{1
Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U; [W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//mM3,a53// My,355// My,251) = (P// Mya51 /7 M3,053 /7 My 3,) =
(P//my,o51 // My351 // Mya51) = (P// Ma350 /7 Mya51 /7 My g51)
11
1
(x12, x13, x23, al, a2}
Out[-]=

{}
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The Co-Product, Co-Associativity, and the Hopf Axiom

pdf
in[-]:- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[i]] Uc[] +U;[]1 Uc[a[il];
Aj ,p [A[il1[n_11 =VU;[A[i] [n]] U[A[i][n]];
Aj [x[i, i+1]] = Uj [x[i, 1 +1]] U [A[i][2]] +Uj [A[i][-1]] Ug[x[i, i+1]]
15
Do[As[i, 1, $n-2], As[n, i+2, $n],
A5 ke [X[1, N1 = M iani [M5, 5205
QA4 [X[1, =111 Aja,a [X[N -1, n1] - g7 Ay, [X[N -1, n]] Ajy,ia [X[1, n-1]]

1]
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in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table [As[P, U; /@Bas], P - Ai—)j,k [P]11]
]

Time: 0.12 seconds Out[=

Ui [x12] - U5[x12] Uc[] - 2€ AU [x12] Ug[al] + Us[] Ue[x12] +
2ehUj[al] Uc[x12] +2€®h?Uj[al, al] Uc[x12] + 2 €? h? U5[x12] Uc[al, al]

Ui [x13] - U5[x13] Uc[] - 2€ A U;[x13] Ug[al] -
2€hU5[x13] Ug[a2] +Uj[] Uc[x13] +2e AUs[al] U [x13] +2e AUj[a2] Ug[x13] +
2e’h?Uj[al, al] U[x13] +4e?n?Uj[al, a2] Ug[x13] + 2e®h%U;[a2, a2] U [x13] +
4y ehU;j[x12] U [x23] + 8y e? h? Uj[x12, a2] Ug[x23] +2e® A% Uy [x13] Ug[al, al] +
4e*n?U;y[x13] Uc[al, a2] +2¢€° hZU [x13] Ug[a2, a2] -8y e? hZU [x12] Uy [x23, al]

Ui [x14] - U5 [x14] Uc[] - 2€ AU5[x14] Uc[al] - 2 € hU;[x14] Ug[a2] -
2e€hUy[x14] Uc[a3] +U;j[] Uc[x14] + 2e AUj[al] Uc[x14] + 2 e AUj[a2] Ug[x14] +
2ehnUj[a3] Ug[x14] +2€®h®U;j[al, al] U [x14] +4e®h®U;[al, a2] Uc[x14] +
4e*n?Ujlal, a3] U [x14] +2€® h®U;[a2, a2] Uc[x14] + 4 e? n? Uy[a2, a3] Uy [x14] +
2e”n*Uy[a3, a3] U [x14] + 4y e hU;j[x12] U [x24] + 8y €2 h? U;[x12, a2] Uy [x24] +
8y e?hn?U;s[x12, a3] U[x24] + 4y e hUy[x13] U [x34] + 8y e’ hz Uj [x13, a3] Uc[x34] +
2€®h?U;[x14] Ug[al, al] +4e? n? Uy[x14] Uc[al, a2] +4e® h? Uy [x14] Ug[al, a3] +
2e®h?U;[x14] Ug[a2, a2] +4e?n? Uy[x14] Uc[a2, a3] +2e®h®U;j[x14] Ug[a3, a3] -
8y e?n?Us[x12] Uc[x24, al] -8y €? h2 Uj [x13] U [x34, al] - 8 y €2 h? U [x13] Uy [x34, a2]

Ui [x23] - U5[x23] Uc[] - 2€ U [x23] Ug[a2] +U5[] Uc[x23] +
2ehnUj[a2] U [x23] +2€®h%U;j[a2, a2] U [x23] +2€® h® U5 [x23] Uy [a2, a2]

Ui [x24] > U5[x24] Uc[] - 2 € A U;[x24] Ug[a2] -
2e€hUj[x24] Ug[a3] +U;j[] Uc[x24] +2e hUj[a2] Uc[x24] +2e AUj[a3] Uc[x24] +
2e’n*Uy[a2, a2] Uc[x24] +4€e®n*U;j[a2, a3] Uc[x24] +2€® h®U;j[a3, a3] Uc[x24] +
4y ehU;j[x23] U [x34] + 8y e? h? Uj[x23, a3] Ug[x34] +2e®h® U [x24] Ug[a2, a2] +
4e? n? U3 [x24] Ug[a2, a3] +2€® h? U;[x24] Ug[a3, a3] - 8y €? h? U [x23] Uy [x34, a2]

Ui [x34] - U5[x34] U[] - 2€hU;[x34] Uc[a3] +Us[] Uc[x34] +
2ehUj[a3] Uc[x34] +2€e®h®Uj[a3, a3] Uc[x34] +2€?h? Uj[x34] Uc[a3, a3]

Uj[al] »Uj[al] Uc[] +U;[] Uc[al]

Ui [a2] - Us[a2] Uc[] +U5[] Uc[a2]

Ui [a3] »Us[a3] Uc[] +U;[] Uc[a3]

inl-]:= Short[{As,5[a2], A7,9[A2[77]], Aq,2[X12], Ay,2[x15]}, 8]
Time: 0.02 seconds Qut[=

{U4[a21 Us[] +Ua[] Us[a2], U7 [A2[77]] Ug[A2[77]],
U [A1[-1]] Up[x12] + Uy [x12] U [A1[1]], U [A1[-1], A2[-1], A3[-1], A4[-1]] U,[x15] +

1

- +q2 Uy [x12, A2[-1], A3[-1], A4[-1]] U, [x25, A1[1]] +
q
1

- +q2 Uy [x13, A3[-1], A4[-1]] U, [x35, A1[1], A2[1]] +
q
1

- +q2 Uy [x14, AA[-1]] U, [x45, A1[1], A2[1], A3[1]] +
q

U1[x15] Uy [AL[1], A2[1], A3[1], A4[1]] }
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In[«]:= Al_,]_ 2[U1[x13, a2] Ug[x34]]

Time: 0.03 seconds Out|

Ug [X34] [ A2[-1], a2] U, [x13] + Up[x34] Uy [AL1[-1], A2[-1]] U, [x13, a2] +
( J [x34] U [x12, A2[-1], a2] U, [x23, A1[1]] + Up[x34] Uy [x13, a2] U, [A1[1], A2[1]]
( J [X34] Uy [x12, A2[-1]] Uy [x23, A1[1], a2] + Up[x34] U; [x13] U, [A1[1], A2[1], a2]
1= $k=1
Time: 0.01 seconds Outf=
1

in[-]:= Module[{Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Uy[X];

X (P// A151,2 // Basa,3) = (P // A1sa,3 /7 Dasays)
1]
1

(x12, x13, x14, x23, x24, x34, al, a2, a3, A2[1], A2[0],

Al[-2], A3[-2], A1[-2], Al[-2], A3[2], A3[-2], A2[-2], Al[2]}
Out[«]=

{1

1= $k=1; $n=4
Time: 0.02 seconds Out[=

4

in[-]:= Module[{Bas = $PBWGens, P},

Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}11];
DeleteCases[_ - 0] [Flatten@Table[As[X, Bas], As[Y, Bas],
P =U[X] U2[Y];

{X, Y}y UCF[(P//my 5,1 // A131,2) = (P // Bayz,a// Dasa,n // My351 // Mg a,5)]
1]

1

{x12, x13, x14, x23, x24, x34, al, a2, a3, A3[09]
A2[-1], A2[0], A2[-2], A1[1], A1[-2], A2[2], A3[1], Al[@], A3[-2]}
Out[«]=

{1

Is A a quantization of the co-bracket?

mi-1- $k=1
Time: 0.071 seconds Qut[=
1
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il 1= Column@Module[ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P > UCF [ (A151,2[P] - A152,1[P1) /7.
{q”—' »1+nh/2,U; [xs___, A_[n_],as___]1»U;[xs]+nhU;[xs, aee@ .[A], as] /2}
] /.8 /;n>1-0

]
]

Time: 0.09 seconds Out[=

Up[x12] - -4e AUy [x12] Uy[al] +4 e hUs[al] Uy[x12]
Up[x13] > -4ehUy[x13] Uy[al] -4 e AUy [x13] Up[a2] -4y e AU;[x23] Uy [x12] +

AechUg[al] Upy[x13] +4ehU;[a2] Up[x13] + 4y e AUy [x12] Up [x23]
Up[x14] > -4 e hUy[x14] Up[al] -4 e hUy[x14] Up[a2] -4 € hUy[x14] Up[a3] -

Ay ehnU;[x24] Uy[x12] -4y ehU;[x34] Uy[x13] +4e hUs[al] Uy[x14] +

AechUj[a2] Uy[x14] +4ehU;[a3] Up[x14] + 4y e hUs [x12] Uy [x24] + 4y e h Uy [x13] Uy [x34]
Up[x23] > -4e hUy[x23] Up[a2] +4 € hUg[a2] Uy [x23]
Up[Xx24] > -4e hUy[x24] Uy[a2] -4e hUy [x24] Uy[a3] -4y e AUy [x34] Uy [x23] +

AechU;[a2] Uy[x24] +4ehU;[a3] Up[x24] + 4y e h Uy [x23] Up [x34]
Up[x34] > -4e hUy[x34] Up[a3] +4 e hUg[a3] U, [x34]
Up[al] > @
Up[a2] > @
Up[a3] > @

pdf

The Antipode

pdf
mi-]- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[ali]l];
S; [A[i1[n_11 =U5[A[i][-n]];
S; [X[i, 1+1]] = -q 2 Uy[x[i, 1 +1]] (+2+)
]
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n]1 =mjy 4.5
qS;[x[i, n-1]] Sj1[x[n-1, n]] —q'lsj[x[n-l, n]] S [x[i, n-1]]

]

in[-1:= $k =2
Time: 0.00 seconds Out[=
2
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in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];
X- (P//D1,2,3//S3// My 3,1)
11
]
» {x12, x13, x14, x23, x24, x34, al, a2, a3, A2[9Q],
Al[@], A2[0], A2[1], A2[0], A3[0Q], A3[-1], A1[1], A1[-2], A3[0Q]}

Out[e]=
(x12 50, x13 50, x14 50, x23 50, x24 50, x34 50, al >0, a2 >0,
a3 >0, A2[0] > U.[], A1[@] > Uy[], A2[0] > Uy[], A2[1] »Us[], A2[@] > Us[],
A3[@] > Us[], A3[-1] > Uy [], AL[1] > Us[], AL[-2] > Us[], A3[@] > Ui []}

pdf

The Generating Functions for the A operations

in[-1:=  BeginProfile[]

Time: 0.30 seconds Qutf=

ProfileRoot
1= $k =1;
pdf
NonCommutativeMultiply, B, adPower, Ad, TT, Seepage
pdf

inl-]:=  Supp[&_] := UnioneCases[{&}, U; [___ 1= 1, «];

in[-]:= Supp[2 A U; [x45] U;[x34] ]

Time: 0.071 seconds Out[=

{1, 2}

in[-1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
x_®y := Module[{i, is = Supp[x] NSupp[y], o, Z},
z=x; DO[Z =Mmizei[2], {i, i5}];
z = Expand[y z]; Do[z =Myei,ii[2], {1, is}]; z]1;
UB[x , vy ] := PPg@UCF[x® y-y® x];

In[]:= (2 fll Ul [X45] Uz [X34]) & (2 flz U]_ [X45] UZ [X34])

Time: 0.03 seconds Out[=

47y By Ug [x45, x45] U, [x34, x34]
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pdf

in[-]:=  (xadPower [X_,k_,Env_] [c_xy_QU] :=UCF[c adPower [Xx,k,Env] [y]];
adPower [Xx_,k_,Env_] [y_Plus] := adPower[x,k,Env]/@ y;x)
adPower[_, @, Env_1[y_] :=V;
(xadPower[x_,k ,Env_][0]=0;*)
adPower[x_, kR, Env_][y_1] :=

adPower [x, kR, Env] [y] = UCF@UB[adPower[x, k-1, Env] [y], X];

adPower[x , k ][y _1 := adPower[x, k, $E] [V];

mn[-]-= Table[As[k, @, 5], adPower [Ug[x12], k] [Ug[x23]1]

Time: 0.06 seconds Out[=

{Ug[x23], (-1-veh) Ug[x13] + 2y e hlUy[x12, x23], @, 8, 0, 0}

in[-]:= Column@Module[ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - Ajg,k [P1]
1

Time: 0.08 seconds Outf=

Us [x12] - U3 [x12] U [] +€ AU  [x12] Ug[al] +Uj[] Ug [x22] + € A U;[al] Uy [x12]
Us [x13] - U3 [x13] U[] + € AU [x13] Ug[al] + e h U5 [x13] Uy [a2] +

Uj[] Uk [x13] + € AU;j[al] U [x13] + € A Uj[a2] Uc[x13] + 4y € A Uj[x12] Uy [x23]
Ui [x23] > U;[x23] U [] + € hU;j[x23] U [a2] +Uj[] U [x23] + € A Uj[a2] Ug[x23]
Uj[al] > Uj[al] Ug[] +U;[] U [al]
Us[a2] »U;5[a2] Uc[] +Uj[] Uy [a2]

pdf

in[-1:= Ad[@] = Identity;

pdf
in[-]:=  Ad[c_.U; [xjR_] (EUs :U [] ...)1[y_1 /5 tlxjR] == "x" := PPAd@Module[{k =0, s=0, t},
While[ (t = adPower [U; [xjk], k] [y]) =!=@,
s+=ct/k!;
++k
]

UCF[s ® EUs]

]

i~ Ad[e BU;[x12] U [1] [U5[x23] Uy [a4]]
Time: 0.09 seconds Qut[=

-€hU;j[x13] Ug[ad] +U;[x23] Ug[a4d]

(1= Ad[7 AU [x12] U [1] [U5[x23] U [a4]]
Time: 0.08 seconds Qut[=
(-78-7ven?) Uy[x13] Uc[ad] +U;[x23] Ug[ad] + 14y e h* Uj[x12, x23] U, [a4]

pdf

imll= Wtgy [x_] :=Wtg;[x] = UB[Ug[aj], Up[x]] /Ue[x]
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inf-1:= Table [Wtary; [X231, {j, 1, $n}]

Time: 0.08 seconds Out[=

e

imf-1:= Ad[c_.U; [aj_]1 (EUs:U [1...)1[y_1/; t[aj] ="a" :=
(y /. U; [gs___] »U; [gs] ecTotal[l/\ltaj/@{gs}])

in[-]:= Ad[rr i Uj [a1]] [Uj [x23] U [a4]]
Time: 0.03 seconds Out[=

e 27Uy [x23] Uy [a4]

pdf
in[-]:=  TT4 [1 =03 (x Translated Tangent )
TT, [xs___, x_] :=PPr;@UCF[Ad[x] [TT, [xs]] + 0, x];
TT, [xs_List] :=TT, @@ xs

il 1= TTo[A €12 Ug[x12] Uz []1, A E23Ug[x23] Us1[]]
Time: 0.08 seconds Qut[=

E12Ug[x12] Uy [] + A €12 23 Ug [x13] Uy [] + £23 Ug[x23] Uy [ ]

in[-]:- $PBWGens

Time: 0.00 seconds Qut[=
{x12, x13, x23, al, a2}

iml-1= Join|

Cases [$PBWGens, g_:> Which[
t[g] ==="x", A (g"); UI[9g],
t[g] ==="a", (") Uk[9g]

11,

Cases[$PBWGens, g_ :» Which|
t[g] ==="x", A (g%) UkI[g],
t[g] ==="a", (g")5Uk[9]

]]
]

Time: 0.03 seconds Out[=

(X125 U [x12], X E135 U [x13], A £23; U [x23], ol; Uc[al], a2; Ug[a2

s

A E125 U [x12], A €135 U [x13], X €235 Uy [x23], al; Uy [al], a2; Uy [a2]}

in[-]:= 03 [poly_] :=Total[
CoefficientRules[poly, $PBWGens] /.

(p_~»c_) » cU; eeFlatten@MapThread[ConstantArray, {$PBWGens, p}]
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in[-]:= 04 [x122 x13 + 7 x23"7]

Time: 0.03 seconds Outf=
U; [x12, x12, x13] +
7 Ui [X23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]
pdf
in[-]:=  Seepage; [{}, c_] =¢;
Seepage; [£s _List, P_] :=Module[{1x},
1x = $PBWGens [Lengthe £57 ;
CF@Collect[P, 1x, (Ad[Last[<£s] U;[1x]][0;[Seepage;[Most@<ss, #]]1] /. U; » Times) &]
]

pdf
mi-1=  Invert; [&] := Module[{A, B, B, j}, (x &=A U[]+e B )
A = Coefficient[&, U;[]1] /. € » 0;
B=UCF[(s-AU;[])];
UCF [
A7 (U] +Sum[As[], 1, $k], (-1) 7 NonCommutativeMultiply @ee ConstantArray[B /A, i1])]

]

{$k =1, $n =3}
Time: 0.071 seconds Out[=
{2, 3}
pdf
In[-]:=  SOL[RR_, nn_] :=PPusoinkp, nn @Block[{$k = RR, $n = nn}, Module[{ («TTL, )},

ES[s_]1[&_ ] := (EchoLabel[s] [Short[&, 5]1]; &)
TTL = ES["TTL"] @TT,@

Join|

Cases [$PBWGens, g :> Which[
t[g] ==="x", 2 (9") ;1 UI9],
t[g] ==="a", (9");Uk[g]

11,

Cases[$PBWGens, g_:»> Which|
t[g] === "x", A (9") 5 Uk[9g],
t[g] ==="a", (g");Uk[9]

1]
]
mons[-1] = {};
mons[p ] :=mons[p -1] JUnion@Cases [Coefficient [TTL, €, p]l, Ux[___1, «];
ff = Table|
sum[eP £, [, {P, @, $k}],
{u, $PBWGens}
] 7%, 0 [A] /5 Tlu]l ="a"»If[p==0, (u*);+ (u);, 0];
fs = Flatten[Table]|
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'Fk,Times@@m:
{k, @, $k}, {m, mons[k]}
115
gg = Sum|
€” f, Timeseeu [A] Times @@ u,
{p, 0, $k}, {u, Complement[mons[p], U, /@ $PBWGens] }
]

G = Series|[e®, (e, @, $k}];

Lx: ‘@Qxﬁx,\rb (EE(’\‘;N‘) 5&«% o dplly @{aﬁ*‘) (D(\"(”‘?’M’ A))' @\f&""ﬂ)
TT (‘L;) ;L/QALA 5(]5): S@f“){/({(lyg/\
Re@E(fu) ) £ 630 freoe pore aF Faf

TR, -R.6R,)- OFETOF0) - SI6)OF OIF (666 +36))- SeIJbfe:3¢)

Si [B_] :=UCF[SS@O; [Seepage; [ff, SS@UCF@B]]];
SG = ES["SG"] @S¢ [G] 3
TTR = ES["TTR"] @UCF [Invert, [SG] & S [ (8, (Ff.$PBWGens) G+ 8,G)11];
diff = ES["diff"] @UCF[TTL - TTR];
eqns = ES["eqns"] @Flatten[Table[

Coefficient [Coefficient [diff, m], €, k] == O,

{k, @, $k}, {m, mons[k]}

115
inits = (#[0] =0) & /e fs;
ES["DSolve"] [
DSolve[eqns | inits, fs, A] /. F_Function :» ReplacePart[F, 2 - CF[F[2]]1]]

/]

n[-]:= sol[2, 2]
(e (“hreds) £12; + ¥ £125) Uy [x12]
Ui []

U [x12] (e @3h) £ ap [A] + @ 1) e fy gy (4] + e R €2 £y gy [2])

U [x12] (e "hreh) g1, + " *h €125 - e (hreh) £y Ly  [A] - e ) e fy gy (2] - e M) €2 f, L (]
{ey (alj+oly) §121 4 eyalj 512] _ (E)/ (alij+aly) -FO,x12, [)L] . 0,

—g¥ (dlraly) fi1,x12" [A] =0, - (atsrody) fo,x12 [A] = 9}

{{fo,x12 = Function[ {1}, A £12; + e **% 1 £124], f1 42 > Function[ {2}, @], 2,2 - Function[ {1}, @] }}
Out[e]=

{{fo,x12 > Function[ {1}, A £12; + e % 1 £124],
f1,x12 > Function[ {1}, @], f3,x, - Function[ {21}, @] }}

In[«]:= 501[1, 3]
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1 1
@3 Y (20l3+2 alj-a2;-025) 5121 + (E; ¥ (2alj-024) §12j Uk [X].Z] .

3 1
<55 + (227 P e A ng13; €235 -2 2 Y THIOATER) e h €135 €23 +

3y a2;

1
22 VMR 3 hE13; €235+ 2€ 2 ye AhE135 £235] Uy [x13, x23]
3
Uel] + ez " B ) e g [x12, x13] 1 uap a3 [A] +
Uk [x13, x13] (‘EX (o rody+02g +029) € 1Ca,x23 [A] 'F1,x12 x13 [A] + e’ (g rodys <<1>> +02y) € 1‘:1, w3552 [A] ) +
1
e2 ¥ (OB n) Yy %12, x23] 1wz w03 [A] +

3 3
U [x13, x23] [e2 ¥ (@279%) ¢ fo,x23 [A] F1,x12x23[A] + €27 (02iv02y) ¢ f1,x13x23 [A] )

1 1
-y (2al3+2 aly-025-025) ’ -y (
' e fe,xlz [A] + ez

Uk [x12] e> 201;+2 aly-02;-025) . 'F1)X12/ [)L]

+ <<5>> + U [x13, x23]

3 3 3
2y (025024 , 2y (0254025 , 2y (a24+02; ,
22 (B2 ¥ € hfo,x3[A] Fo,x13’ [A] +€2” (a2ire2y) o fo,x23 [A] f1,x12x23" [A] + e ¥ (FBira2) € f1,xa3x23’ [A]

Uy [x12]

1 1
e; ¥ (20l3+2 alj-a2;-025) 5121 + @} Y (20lj-025) §12j B

1y 2atse2 015024 -025)

1
- 201542 aly-a2;-a25
R it §-025-025) 'Fe,xn'[)t] _e2

e E'Fl,xlz'[)@) +
Uk [x13] <e<<1>> £13; + e « 1> + <<22>>) + <<3> + U [x12, x23] (<<1l> + <«<8>) +

3 1
Ue[x13, x23] [2e2” 2% y e xh£13; €235 -2 2 ¥ W22 o 5 135 £23; + «<8>>

1 1 1 1
- 201;+2 aly-a2;-a2; - 2 0l4-024 - 20li+2 alj-02i-025 - oli+oly+a2i+a2;
{(EZY( i+ 3 i ) §121+@2Y( 3 ) §123 7@2Y( i+ 5 i 3) -Fe,xlz, [)L] - 0) QZY( j+aly+o2i+a2y) §13i+

1 1 1
ez ¥ (9l5ra2y) 135+ @2 ¥ (oliralyra2izaZy) 5 £12; €235 - <<1>> + «<1>> +e2 " (<> 5 £124 £235 -

1
- v (alj+alj+o2i+a2y

1
g2 ¥ (Ahirodyro2izazy) fo,x23 [A] fo,x12" [A] - €2 ) fo,x13 [A] =0, <«<6>>, «<1>>, <<1>>}

1
{{fg,m - Function [ (), AE12; +@ 2 ¥ (20dio

) Aglzj} ,
2y (adi-2a2
fo,x23 - Function [ (A}, A E23; + @2 ¥ (Oh7202) 5 §23j] ,
1 1
fo,x13 - Function [ (A}, AE13; + @2 ¥ M) 3135 e Y BT 32 e125 23,
<555, F1 432 > Function[ {1}, @], f1 .2 - Function[ {1}, @] H

Out[«]=
1
{{fe,m > Function [ (), AE12; + e 2 ¥ Bolia2) 5 512]-] ,
1
fo,x23 - Function [ (A}, A E23; + 2 ¥ (072020 gzaj] ,
1 1
fo,x13 - Function [ (A}, NE13g+e 2 (Th00%) jeq3, e ¥ (20002 52 o9, §23i] ,
1
f1,523 > Function[ {1}, @], f1,x3 - Function [ (A}, —e 2 ¥ (20dima2) o 32 p eq, gzsi] ,
1y 2o1i-a2;
F1,x12x23 - Function { (A}, 2727 o2 o 525 £, 5231] ,
1y 2ati-a2;
F1,x12x13 - Function { (A}, —2e72 ¥ 2B 3 52 e, §13i} ,
1
1,513 x23 - Function { (A}, —2e72 ¥ (Lo oy 32 p 13, 5231] ,
f1,x132 » Function[ {1}, 0], f1 x> » Function[ {1}, @] }}

mn[-1-= sol[1, 4]
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Out[e]=

1 1
g2 ¥ (Polin2odya2inad) eqp, y er ¥ 2HLTOH) 2100 Uy [x12] + «<21>> +

+023-2 033-3 a3

1 1
2 ¥ (Ohiredym3a3i303y) o o 5 p 24, £34; 22 Y (B ' yeNh£245 E34; +

1 1
22V (el atim i3y o g h 624, €345+ 2@ 2 Y NP e A h €245 €345 | U [x24, x34]

1
Uk H P ¥ (30l3+3 alj-a3i-a3;

Ve U [x12, x13] 1 xaax13 [A] +
1
«14>> +e 27 (alj+alj-02;-025-a3;-a3j) € U [x23, x34] 'Fl,x23 x3a[A] +

Uk [X24, x34]

1 1
-- v (alj+aly-3 a3;-3 a35) - v (0li+al5-3 a3;-3 a3y)
e :? Y YT e fox3a [A] 1 x03x3a[A] e 2 Y U E":1,><24><34[N)

1y 2ats+2015-024-a2;

1
Ug [x12] (e’z“z‘“““lj’““’”‘zﬁ Fouz (] + 2 ) eﬂ,m'm) +

1
2 @772 ¥ (ali+alj-3a3;-3 a3y)

<«<21>> + U [x24, x34] )/Gh'f:g,xy;[k] 'FQ,X24,[)@ +

1 1
@772 ¥ (ali+alj-3a3i-3 a3j) =Y (alj+alj-3 a3;-3 a3y)

€ fo,x3a [A] T1,x23x34 [A] + € € f1,x2ax34" [A] )

1
- ¥ (2ali+2 alj-a2;-02;

1
Uk [x12] |e2 ) €125 + €2 VU 10,

1 1
- v (2oli+2 0l5-02;-a24 - v (2al3+2 alj-025-025
LY (odin2alyodia2y) £ sy gy ¥ (20kir20dy02iay

€ ) €'F1,x121[7@) +

1
Uk [X13] (e’ﬂ (odurodyroinadsa3io3s) 93, 4 @ 1 €135 4 «2255 | + U [X12, X13] (<<l>>) + <17 +

1
<«<1>> <<1>> + U [x23, x34] [-2e2” («<6+a3) o c 2 h £23; £34; + <<8>>

+Ug [X24, x34] (<<1>>)

1 1 1
- 20l13+2 alj-a2i-025 - 2015-024 - 2013+2 alj-a2i-025
[ea7 2oy 1, 4 037 RN £1p . on Y BN £, 0] 6

1 1
(E; ¥ (alj+alj+a2;+o2j-a3;-035) 5131 . (EE Y (<<1>>) §13j 4 <<Os> = 0,
2y (<1>)
e2 VT £14, 1 «<2755 =20, «<1s> =0, <21, <1 =0, «<1> =0, «<l1> =0,

1 1
2627 (-o13-adj+3 a3;+3 a3y) YR §24i §34i _2e2? (-o15-a25+2 a3;+3 a3y) YR §24j §34i + <85> = }

2 al;

1
{{fe,m  Function [ (A}, AEL2; + @ 2 ¥ (2olia2) 5 glzj} ,

1
Fo,x23 - Function [ (A}, AE23; + @2 ¥ (CL-202u5030) 5 5233-} , <265, f1 4, > Function[ {1}, @] }}

er,xlz - Function [ (A}, AE&125 + e”i ¥ (2013-a2;) 5 §12j] ,
fo,x23 - Function [ {A}, A E23; + e ¥ (odi-2o2isadi) 523].} ,
Fo,13 - Function [ (A}, X E13; + @3 ¥ (@lirazizad) 5 £135 - e 3 ¥ (20Li-a2i) 52 £12; §23i} ,
fo,x34 - Function [ (A}, AE34; + e ¥ (022031 §34j] s
fo,x24 - Function [ (A}, A E24; + g3 ¥ (Gli02imo3) £24; - o2 ¥ (Glim2a2ia3y) 52 £23; §34i} ,
fo,x14 - Function[{/\},

201;-02;

1 1 1
NEL4; +e 2V T yg145 e )02 €125 €245 - e 2 ¥ (MR 52 13, §34i] s

1
123 > Function[ {2}, @], f1 3 > Function| {1}, —e 2 ¥ (20t

'y A% h 124 5231],
2y 2ati-a2; 2
F1a2x23 = Function{{x}, 20727 29%0%) o 32 p £1p, §23i],

1
F1,x12x13 - Function { (A}, —2e72 ¥ 2002y 325 £q), 5131} ,
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1
1,513 x23 - Function { A}, —2 2 ¥ (@hr02ad) o 32 g eq3, 5231} ,

Y (20l5-02;)

1
f1,,032 - Function[ {1}, @], ﬂ 12 24 — Function { (), 2e ¥ 22 h 124 §24i] ,

Y (20ali-02;)

F1.x12x14 — Function { o, —2e2” ¥ 2 h €124 5141} ,

Y (alij-2 a2;+a34)

f1,534 > Function[ {1}, @], 1 x4 - Function [ o), - ¥ 22 B £23; 5341} ,

¥ (2013-025)

1
f1,x14 - Function [ (A}, —e> ¥ 2B E124 £245 - e 2 ¥ (FMTEBB) o 524 eq3, 5341] ,

(alj-2 a2;+0a3;)

1
F1,x23x34 - Function { ), 2e2” ¥ 22 h €234 5341] ,

(alj-2 a2;+03;)

F1,x23x20 - Function| (A}, -2e2” ¥ 2 h £23; 5241] ,

-Fl,X14 x23 — Function

2, - v A2 E13y €244,

{ - v (alj+02i-a3;)

F1,u13x34 > Function | (1}, 22 7 (102030 o 32 p 3, §34i] s Fioxisxzs

2 1
Function [ (A}, —2e 2 ¥ ooy 33 p £125 £23; 6245 - — e 2 ¥ MR35 €12, £235 €24 +
3
2 2 (0d5-2 025 +031) 3 (302;-2034) 3
— e ¥ (elit2a ¥ 23 h £12; €235 £244 e ¥ 23 h €135 €235 €344
3

1
ﬂ,mm  Function { (A}, —2 2 ¥ (dlira2i-a3y) }/)LZ h E135 £14 +

Y (20l;-02;) )ksfl §12 514 523 +2e Y (3 01;-034 )\3f1 §12j 513:] §24i +

-2 ¥ (~al3+2025-034)

1
y At h 127 £235 £24; - P @2 V(2023 o 58y £122 £235 £24; -

1
Vo) oy 0% p €124 £13; £23; €345 + @2 ¥ 2N 3% £125 €13, £23; €344 +

1
¥ 2% h £12; £13; £23; £345 - — e 2 ¥ R

=

¥ (a23-2034) ¥ 2% h £12; €135 £23; £345 +

N

ef (o230 3% p £125 £13; £23; €344 — e ¥ MR B) y % b £125 £13; £23; £34;

¥ (alij-a2;-034)

1
F1,x24x34 - Function { 3, —2e> ¥ 2 h £24; 5341] , 1,542 > Function[ {1}, @],

1
F1.x14x34 — Function { (A}, —2e72 7 T3y 32 14, 5341} ,

Y (alj+a3;)

1
f1,x14x24 = Function{{)\}, -2e: yA2h £144 £24; -

2 1 2 1

Ze2Y (-o13+2 023 -a34) YAE' h €14, §23j £34; + — e ¥ (ali-2025+034) YA3 hE144 §23j £34; +

3 3

27y 23 N E145 6235 34y + 2@ 2 ¥ TR 33 €135 £24; £34; +

4 1 4 1

; e ¥ (alij-02;-03;i) 7{)\3 A §131 ‘524:] §34i _ ; e 2 ¥ (-oli+a2i+03;i) ¥ A?: I 513i 524j §34i +

1 1 1

— @2 Y HTORTB) o 38 £12; £23; £244 E34; - — @ 2 TONTORIS) 38 p 212, £23; €245 £34; +
2 2

1 1 -

E ez 1y (2a15-3025) 7{)4121 £12; ‘523j §24j £344 - E e 2’ (-20l1i+3 02;) Y)\4ﬁ £12; §23j 5243. £34; -

1 1 1

— @2 MOS8 €125 €235 245 345 + — @ 2 ¥ MRS 38 b 1D, €23, £24; €345 +
2 2
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1 1
e (TOLTOR3@ o O% h £125 £23; £245 £345 - — e 2 VORI B o 58y 219, £23; £245 £345 +

N R

1
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