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Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the nilpotent-only $\lamb-
da$-tangent formalism. Some material from pensive://Projects/glneps and from pensieve://Project-
s/UEA.

In[«]:=

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Conventions

Xqop1s always with a < B and represents a basis element of the upper triangular matrices. y, 4 is always

with B8 < a and represents a basis element of the lower triangular matrices. The adjoint of x, g is yg 4.
Variable declarations:

w1~ VarPattern= ((y | x|n|&) | (yIx|In|& )I_1;

Greek - Latin duality:

In[e]:= {y*: x*, n*, §Y=1{n, &, Y, X};
(u_a/J’__)* = (U") aps
((v:(ylIxinl® | yIxIn| & _))li1)" :=u"[il;

(vs_List)* := (v > V*) /@vs;
in[-1:= {X1,25 ¥Y2,35 NM1,2[71}"
out[«]=

{€1,25 M2,35 ¥Y1,2[7]}
Weights:
. Wt[X, ,z]1:={1, a-5}; Wtly, 51 := {0, a - 5};

WE[E, ;1 := {0, A -a}; Weln, ;1 :i= {1, A-a};’
Welu [_1] := Wt[u];

The Engine
Canonical Forms:
in[-]:=  LogReduce[& ] :=

& /.c_xLogla 1= Log@Factor[aC] //.Log[a ] +Log[b ] :» Log@Factor[ab];

CF[&_ ] := Expand@Collect[&, Cases[&, VarPattern, ], CCF] /. CCF -» Factor;
CF[&_E] := CF /@MapAt [LogReduce, &, 1];

CF[&:E_ [___]1] :=CF/es;
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In[«]:=

In[«]:=

In[«]:=

E operations:

& E[$] :=Length[5] -15 E [&s___1[$] :=E[&s][$];

& _E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}k+11;

E/: & _FE=&2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];

Eg1 ez [E1s___ 1 =Eg p2 [E25__ ] ~i= (d1=d2) A (rl=r2) A (E[&1S] = E[&25]);
E/: &l Ex&2 E :=EeeTable[CF[&1[kk] + 52[kk]]1, {kk, @, Min[&1[$], 52[$11}1;
Eg; »r1 [81S___1Egz or2 [825__ 1 "i= E (q1yd2)-riyrz) @@ (E[S1s] E[&25]) 5

Eq1 r1 [61S___1// Eaz or2 [625___] :=Module[{is = riNdz2, lvs, 1llvs},
lvs = Cases[{&1s}, (x|y) [i_]/; MemberQ[is, i], o] U
Cases[{&2s}, (§|n)_ [i_]/; MemberQ[is, i], «]";
1lvs =Map[$, 1vs, {2}];
E (41JComplement [d2, is])~ (r2UComplement [r1,is]) @@ (Zi1P11ysi1vse [{ (11vs) ™. (1lvs), Times|
E[&1s] /. Thread[1lvs -» 11vs],
E[&2s] /. Thread[1lvs® » 11vs™]

1}1)

]

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then
to the heavy and light variables.

2 Yy (DJF/ 2

F/2 F
(D /[ ] QDG/Z (D /[ { (DP
part-glue
‘ i =7Z)= Z

log
9 & 3 & connected

Lemma 1 Lemma 2 Lemma 3 dragrams
Comment. Zip3 of the outer variables must occur after all other operations are completed, because we
must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the
coefficients of Q.
dvs stands for “Diagonal Variables”. In gl, they are the x;;’s and the y;’s. They have weights {1,0} and
{0,0}.

Zip,. [{7_, &.}] := Module[{dvs = Select[vs, (Wt[#] == {0, O} VWt[#] == {1, ©}) &]},
{7, &Yy // Ziplvs (*/ /Zipzcomplement[vs,dvs: *) [/ Zipzdvs //

Zj'p3Comp1emen'c[vs,dvs] /7 Zip3g,.
] 7/ Last

Getting rid of the quadratic.

Lemma 1. With convergences left to the reader,

<F: & Tises G'f1f2f> = det(1 - GF)"*(F(1 ~GF)™': &)
B B
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i1 Ziply, = Identity;
Ziplvs_@{y"‘_, E[Q ,P 1} := Module[{r, F, G, u, V},

I = IdentityMatrixeLengthevs;

F = Table[If[Wt[u] +Wt[v] = {1, @}, 8,,, 7, O], {u, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[v] == {1, @}, 8,,,Q, O], {u, vs}, {Vv, vs}];
{CF[(vs).(F.Inverse[I -G.F]).(vs) /2],
E [CF[Q - PowerExpand@Log[Det[7 - G.F]]/2-vs.G.vs /2], P]1}

]

Getting rid of linear terms.
Lemma 2. <F: 8@21'“”"'""')3 = @7 Zujes Fipyy) <F3 8|zB—>z8+FyB>B'
il Zip2gy = Identity;
Zipzvs_@{f'_, E[Q ,P 1} Module[{F, Y, u, vV},

F = Table[If[Wt[u] +Wt[v] = {1, @}, CF[d,,, 7], @], {u, vs}, {v, vs}];

Y = Table[6,0, {Vv, vs}] /. Table[v-> 0, {v, vs}];

CF/@{#, E[Q-Y.vs+Y.F.Y/2, P] /. Thread[vs » vs + F.Y]}

1

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; := log[AF : &P p satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 9Zy=5 Y Fij(0:0: 7+ 0. 200, 20)).
2 i.jeB

Note that the power m of Ais at most k-1 + 2ke2 _ 2 k. We write Zy=3Z[mA".

5 =
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-1 2ip3,s @{F_, & E} := Module[{F, u, v, Z, kk, jj, $m=0, m, n},

Do[Z[0, kk] = &[kk + 1], {kk, 0, s@$}];

Flu_, v_] :=F[u, v] =CF@If[Wt[u] +Wt[v] == {1, @}, 8,,,7, O];
Z[m_, RR_, u_] :=2Z[m, RR, u] =6,Z[m, RR] ;

Z[m_,RR_,u ,v_]1:=2Z[m, RR, u, vl =8,Z[m, RR, u];

For‘[m:@, ms<2%$m, ++m, For[kk:O, kk < c@$, ++kk,

Z[m+1, kk] = CF@Sum[

Flu,
I-F[F[u, v] ===9, 0, M (Z[m, kk, u, v] +
2 (m+1)

Sum[Z[n, jj, u] *Z[m-n, kk - jj, v], {n, @, m}, {jj, O, kk}])]:

{u, vs}, {v, vs}];

If[Z[m+1, kk] =1=0, $m=m+1]

IiE
CF /e ({
# -Sum[F[u, v] *xuxv/2, {u, vs}, {v, vs}],
E @@ Table[Sum[Z[m, kk], {m, ©, $m}], {kk, 0, 5@$%$}]
} /. Table[v->0, {v, vs}])

in[-]:=  A2Eg ,p [A ] 1= A2Eq,, [$k, 4713
A2Ey . [B8R_, A_] :=
Module[ {k}, E,,. @@ Table[SeriesCoefficient[4, {e, 0, k}], {k, @, $R}1];

Prolog

in[-]:= (xBeginPackage ["UEA™ "] ; x)

Print ["UEA® does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"xx", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U,
UB, UProducts, USimp, UU, $Basis, $PBWRule, &, adPower, adExp},
e

(xBegin[" Private ™ "];«)
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UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the

public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA® implements / extends {x*, adExp, adPower, B, CF, m, NilQ,

SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities

In[«]:=

In[«]:=

In[«]:=

In[«]:=

6i ,j i= If[i=7,1,0];

SSQ[c_. *x_]1 /; MemberQ[$Basis, x] := - NilQ[x]; (+ Semi-Simple Q =)
NilQ[c_ *x_] /; MemberQ[$Basis, x] := NilQ[x];

SSQ[x_Plus] :=Andee (SSQ /@ (Listeex)) ;

NilQ[x_Plus] := And @e (NilQ /e (Listee x));

$k = 1;

CF[& ] :=Expand[& /. e~ » e™P™I] /. [ /5 k> $k > 0} ;

Implementing general universal enveloping algebras

In[«]:=

In[«]:=

B[O, _]1 =05 B[_, 0] =0;

B[c_*x , vy ]1/; MemberQ[$Basis, x] :=CF[cB[x, y1];
B[y , c_*x_] /; MemberQ[$Basis, x] :=CF[cB[y, x]11;
B[x_Plus, y_1 B[#, y] & /@ x;

B[x_, y_Plus] B[x, #] & /@ y;

B[x , x_ ] =0;

B[y_, x_] := CF[-B[x, y]1;

X_ =y :=0rderedQ[{x, vy} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];

UU; [1] := U;[];
UU; [x_"-] :=UU; eeTable[x, {p}];
W; [6] =6 /. {

Ulxs__ ] = U;[xs],

X_ /; MemberQ[$Basis, x] = U;[x]

}s
UU; [x_, xs__1 = UUgs[X] UUa[xS] // Expand // Mgy, t25i5
USimp[& ] := Collect[&, Times[U [__] ..], Expand];
USimp[& ] := Expand[&];
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1= mg [0] =0;
ms [x Plus] :=mg/@x;
m; [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m ,; [&]1 =& /. Ui->Uj;

inf-]:= My 5 o [€_o Ui [x___1U; [1] :=cUg[x];
mi ,5 e [€ Ui [1U; [y___11:=cU[y];
mi ,jor [€_-Ui [xx___, x_ JU; [y_,yy 1] :=If[x<y,
CUk[XX: Xy Vs yy]:
((Ui[xx] (Uj[y, x] +VUU;[B[x, y]1) // Expand // m; i,;) U;[yy]l // Expand // m; )
c // USimp
15

mn[-]:= UProducts[{}, @] = {1}; UProducts[{}, d Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte

FlatteneTable[ (U; @@e Subsets [$Basis, {j}]) u, {j, ©, d}, {u, UProducts[{is}, d-3j]1}1;

in[-]:=  Supp[&_] := UnioneCases[{&}, U; [ ]=1, »];

in[-1:= Unprotect [NonCommutativeMultiply] ;
NonCommutativeMultiply[x ] := x;
X_®y := Module[{is =Supp[x] NSuppl[y]l, o, 2},
z=x; DO[Z =My 0ei[2], {i,is}];
z = Expand[y z]; DO[Z = Myei,1,:[2], {i, is}]; 213
UB[x , y ] := USimp[x® y-y® x];

Epilog
m[-1:=  (xEnd[]; EndPackage[];x)
Predefined Algebras
sl(2)
in[-]:=  Print ["UEA" SetAlgebra knows \"s12\"."];

UEA" SetAlgebra knows "sl2".
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m[-1-=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Algebra = "s12";
$Basis = {e, h, f};
$PBWRule = {e->1, h» 2, f - 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

8lne
In[-]:= Print["UEA‘SetAlgebra knows the e-nilpotent algebra gl,,’e."];

UEA’SetAlgebra knows the e-nilpotent algebra gl, ..

mi-1- SetAlgebra[gl, .| := (
$Algebra =gl _;
$Basis = Flattene {
Table[ys,z, {B, 2, N}, {a, 1, B-1}1,
Table[x,,),s, {B, 1, n}, {a, 1, B}]
}s
(«$Basis=Reverse@SortBy [$Basis,If [H[1]===x, {0,H[3]-H[2]}, {1,8[2]-2[3]}]1&];*)
NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q «)
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,j » Xe ,0 1 :=065,rXi,1 —60,iXe,j5
BIYi ,ji » Yo ,. 1 :=CF[-€6;,rYi,. +€6(,iYr,i];5
B[Xi ,j 5 Y1,k 1 :=CF[8;,rXi,1 =61,iXr,j [+ Xa ,5 »If[a <, €Xa,p, Y5115
DefRep[@] = Normal@SparseArray[{}, {n, n}];
DefRep[& ] :=& /. {
X, ,5 »NormaleSparseArray[{a, A} »1, {n, n}],
Y. ,s > Normal@SparseArray[{/Z, a} » €, {n, n}]
}

)5

in[-]:= adPower[x , R , Env_]1[c_=*y ] /; MemberQ[$Basis, y] := CF[c adPower[x, kR, Env][y]];
adPower[x_, k_, Env_][y_Plus] := adPower[x, k, Env] /@ y;
adPower[_, @, Env_1[y_] :=V;
adPower[x_, k_, Env_][0] =0O;
adPower[x , k , Env_][y_]1 /; MemberQ[$Basis, y] :=
adPower [x, kR, Env] [y] = B[adPower[x, k-1, Env] [v], X];
adPower[x , R ][y_1 := adPower[x, k, {$Algebra, $k}1[V];
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m[-]:=  adExp[x_][y_1 /5 SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, 0, $k}]].
Table[Coefficient[y, b], {b, $Basis}]]

in[-1:=  adExp[x_][y_] /; NilQ[x] := Expand@Module[{k =0, s =0},
While[adPower[x, k] [y] =!=0,
s += adPower[x, k] [y] /k!;
++k
15
s

1

in[-]:=  ATangent[] = 0;
ATangent[xs__ , x_] :=adExp[x] [ATangent[xs]] + 8, X;
ATangent[xs_List] := ATangent @@ xs

in[-]:=  TriangularDSolve[eqgns_, funs_, iv_] := Module[{sol = {}, e, fun, der},
MapThread [
{e, fun} — sol = Join[sol,
Echo@MapAt [CF, First@eDSolve[CF[e /. Derivative[1] [f ][v_] =»der[f[v], V] /. sol /.
der[f_, v_] = d,f1, fun, iv], {1, 2}]
]J
{eqns, funs}
15
sol

]
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gl, c Experiments

i1~ SetAlgebra[gl, .|;
$PBWRule
MatrixForm@Table[{bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
MatrixForme
Table[{bl, b2} » (DefRep[bl].DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{b1, $Basis}, {b2, $Basis}]
out[e]=
{Y1,22 1, X1,1 > 2, X1,0 > 3, X3, >4}

Out[-]//MatrixForm=

{Y1,25 ¥1,21 > © {¥1,2> X1,1} 2 Y1,2 {¥Y1,25 X1,2} > -€Xg,1 +€Xz,2 {Y1,2, X2,2} > -Y1,2
{X1,15 Y1,2} = -Y1,2 {X1,15 X1,1} > © {X1,15 X1,2} = X1,2 {X1,15 X2,2} > ©

{X1,25 Y1,2} 2 €X1,1 - € X2,2 {X1,2, X1,1} > —X1,2 {X1,25 X1,2} > © {X1,25 X2,2} = X1,2
{X2,25 ¥1,2} 2 Y1,2 {X2,2, X1,1} > © {X2,25 X1,2} = —X1,2 {X2,25 X2,2} > ©

Out[-]//MatrixForm=

{Y1,25 Y1,2} > True {y1,2, X1,1} > True {yi1,2, X1,2} > True {yi 2, Xz,2} > True
{X1,15 Y1,2} > True {Xi,1, X1,1} > True {Xi,1, X1,2} > True {Xy,1, X3,2} » True
{X1,2, Y1,2} > True {Xi, X1,1} = True {Xi,2, X1,2} > True {Xs,z, Xz,2} - True
{X2,2, Y1,2} > True {Xz,2, X1,1} = True {Xa,2, X1,2} > True {Xs,2, Xz,2} - True

in[-]:- DeleteCases [Flatten[Table[{a, b, c} »B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]

Out[e]=

{3

in[-1:= 1hs = ATangent [Join][
Table[If[SSQ[b1l], (bl /.x - £1) bl, A (bl/. {x~> €1, y»n1}) b1l], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, X (b2 /. {x > £2, y »n2}) b2], {b2, $Basis}]
11

o eftvi st iRy, 51y o+ @Ry 502y o v ettt g 5 61y 5 - et e Xy 1 1y, €1 +
el e Axy,, nly 5 &1y, + 22 e Axyg,q N2q,5 11,5 - e e Axy,, N2y, &1y 5+

2etlrthathe g j2y, Nly,5n2y,5 11,2 - eftarthatlar g n2y, 772%,2 €l -

eflittlaat2avine ¢ j2y, nly,, 51%,2 + @22 xy 5 £21 5 - ettt g iy nly,, 8215 +

el tlaariii g py, Nly,5821,5 - e e Ay, N21,5 21,5 + e"?b1 e A Xy, N2y, £21,2 -

2eMattie 2y, , N1y, E11,5E621 5+ 2 ettt ¢ )% xy N2y, 11,0821, -

ef1,17612,5+E21,14E25 5 o 52 X1,2 7711,2 52%)2 _ @St ¢ 52 X1,2 7721)2 gzi)z
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in[-]:= rhs = ATangent [
Table[If[SSQ[b], b /. X, ,, = (§1,,,+ 82, +€Fs o [A]) Xo, 0
(b /. {Xo5 - Fap[Al, Yap - Bag[A]}) b1, {b, $Basis}]
1

Out[-]=
€ Xq,1 F1,2" [A] + ettt ¢ X1,2 F1,2[A] f1,1" [A] +
efla2tt22: X1,2 F1,2"[A] + ettt ¢ X1,2 F2,2[A] F1,2" [A] +€Xp,0F25" [A] +
R ZTe -  S e a LTS PIPR ST PN PN
et 2t e xy 1 Fy o [A] 81,2  [A] + et e x5 F 5 (4] 81,2 [A] -
ettt it e xy 5 1,0 [A]7 gr,2 [A] - et R ey 5 F) 5 (2] 1,0 (A

in[-1:- eqns = Simplify[ (Coefficient[lhs - rhs, #] == 0) & /@ $Basis]
Out[«]=
{e*§12,2+§21,1*§22,2 <_(e§1z,z ,721’2 + ez &l c AZ 772%)2 511,2 _

eliinly , (1+2e2e N2y, E1y,,) + et (Lrefy (0] —efon[2]) 81,2/ [A]) =0,
€ (An2y,, (€27 1y 5 - @521 €2y 5) - el Rz ANy , (€122 €1y 5 + @1 £21 ) - F1,0 [A] +
et £) 0[] 81,2/ [A]) =@, e Tt (Lethar2fhr g 32 1, €17, 4
etlae &l (—2 et ¢ 32 N1y, 8215+ el (1 +2e%ue )2 n24,, §21,2) ) +
et (e‘flm £21,5 - etie )2 (egll:l Ny, + el 7721,2) §2%)2 +
@122 (—efy o [A] F1,1 [A] - (L+efya[A]) Fio [A] + e e £y 5 [2]% g1 5 [A]))) =
0, et e a1y , (e €1, + e £2, ) =

€ (An2y, (€22 61y, - @11 €2y 5) +F35  [A] + ™21 £ 5 (2] 81,2  [A]) ]

in[-1:= Lengtheeqns

Out[«]=
4

in[-]:= unknowns = $Basis /. {X,; - fas[A]l, Yos - Bap[A]}

Out[e]=
(81,2[ A1, F1,1[A], F1,2[A], F2,2[ 2]}

in[-1:= {sol@} = Block[{$k = @}, Simplify@DSolve[
And @@ Join[

CF /@eqns,
Select[$Basis, NilQ] /. {X,s = f,;[0] =0, y,; :>8.5[0] == 0}
] E)
Select[$Basis, NilQ] /. {X,s - fog[A], Yoy - 8as[A1},
A
11

Out[«]=
{{81,2[2) 5 A (nly, + e 2202, L) F1 5 (2] 5 e S0 A&l 5 + e 122 162y 51}
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in[-1:= {sol1l} = Block[{$k = 1}, Simplify@DSolve [
lhs = ATangent [Join[
Table[If[SSQ[bl], (b1 /.x - &1) bl, A (b1 /. {x-> &1, y-»nl1}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, A (b2 /. {x > £2, y > n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Table[If[SSQ[b],
b/.Xs,0 » (1, ,+82, +ef, 2[A]) Xa,0s
(b/. {Xop —-FfoplA]s Yop > BaglA]1}) b /. (s010/. ((a_-»b_)» (a>ea+b)))
1, {b, $Basis}]
15
Join[
(Coefficient[CF[lhs - rhs], #] == 9) & /@ $Basis,
$Basis /. {x,5 > f,;5[0] =0, y,; 8,5[0] =0}
])
$Basis /. {Xap = 'FaB [A]s Yoz = 8ap[Al},
A
11

Out[e]=
[{FL,1[1]) = e22 2% 02y 5 €1y 5, F1,2[X] > 22 N2y 5 €115 €245,

fa,2[A] > -2 2202y 5 €115, 81,2[A] - —e T2 Ee 3 ol 61y 51

in[-]:= em[i_, j_->k_] :=E(,j3-¢r; [CF@SUM[IF[SSQ[b],
b/.Xs,a » (§l,,,+82,,2) Xa,a[R],
B[R] (b /. {Xas = Fas[Als Yas - EaslA]} /. 5010),
1, {b, $Basis}],
CFesum[b[R] (b /. {X,s - Ffas[A]5 Yos - 8ag[Al} /. soll), {b, $Basis}]
1/7-{81as = Easlils nl,y 5 naslils €245 = Eap[T]s 12,5 »Maplils A 1};
cm[i, j - k]
Out[-]=
E(i, 15k} [yLz (K] n1,2[1] + e fralilréazli] Y1,2 (K] 11,2 [F] +X1,2[K] €1,2[1] +Xq,2[K] &1,2[3] +
e 100 xq 5 (k] €1,201] + e 2 xq 5 (K] €1,5[F] + Xa,2[K] £2,2[1] + X2,2[K] £2,2037,
€2y 1 [kT n1,2 (3] €1,201] - €22 %o 5 1K) 11,2 [3] €1,2[4] -
e 282y b (k] 11,2031 €1,2[8] + Xa,2 (K] 11,2 [3] €1,2[1] €1,213] ]

]
]
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inf-]- em[1, 25 2] // cm[2, 3 > 1]
Out[«]=
E(1,2,315(1) [Y1,2[1] N,2[1] + e surltlreaz iy, 11y, 512] +

e Sl e 2105 (1562120 yy 5[0 1y 53] + Xq,1[1] E1,1[1] + Xa,1[1] E1,2([2] +

X1,1[1] £1,1[3] + e 2 PIem Bl (1] &5 5[1] +e B2y, 5 11] &5 (2] +

e f22 022120 ) 5 11] €1,203] + X2,2[1] £2,2[1] + X2,2[1] £2,2[2] +X2,2[1] £2,2(3],

€22t x1 1117 11,5[2] &1,2[1) - €22 x; 5 [1] 11,5 [2] &1,2[1] -

e fvrltl 22ty o 11]) 1y 5212 &1,,[1] + @ Svrl2lrazlllvtanl2ln, 117 ) (3] &,5(1] -

e cr(2reaa 1o 2] X2,2[1] n1,2[3] &1,2[1] -

2@ Mt 2262 (2220 y) o 11) 1y 5 (2] 01,2(3] &1,2(1] -

e S 2621026210282 2]y, 11 1y 5 (317 6,5 (1] + €221 xq,1 (1] 11,2[3] &1,2[2] -
2125, 5 (1) M1,5[3] €1,2(2] - e a2l a2y, 1) 1y 51317 6,5(2] +
e 1B g 5[1] n1,202) €1,201] €1,202) +@ 221 xq 5[1] 11,2[2] €1,2[1] £1,2(3] +
e 0y 5[1] N1,2(3] €1,201] €1,203] + @ 221 xq 5 [1] 11,2[3] £1,2(2] &1,2(3] ]

in[-]:= Simplify[ (em[1, 2 2] // cm[2, 3> 1]) = (cm[2, 3>2] // cm[1, 2> 1])]

Out[«]=
True
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gl; . Experiments

i1~ SetAlgebra[gl; |;
$k =1
$PBWRule
MatrixForm@Table[{bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
MatrixForme

2026-08-11 07:37:03

Table[{bl, b2} » (DefRep[bl].DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),

{b1, $Basis}, {b2, $Basis}]

Out[e]=

Out[«]=
{¥1,2->1, y1,3>2, ¥2,3> 3, X1,1 >4, X1,2>5, X2,2 26, X1,3>7, X3,3> 8, X3,3>9}

Out[+]//MatrixForm=

{Y1,25 ¥1,21 > © {Y1,25 ¥1,3} »>© {¥1,2, ¥2,3} > -€Y1,3
{Y1,35 ¥1,21 > © {y1,35 ¥1,3} »>© {Y1,35 ¥2,31 > ©
{Y2,35 Y1,2} 2 €Y1,3 {y2,3, ¥1,3} > © {Y2,3, ¥2,3} > ©
{X1,15 ¥Y1,2} = -¥1,2 {X1,15 ¥Y1,3} = -¥1,3 {X1,1, ¥2,3} > ©
{X1,25 Y1,2} 2 €X1,1 - € X2, {X1,25 ¥1,3} = ~Y2,3 {X1,25 ¥2,3} > ©
{X2,25 Y1,2} = Y1,2 {X2,25 ¥1,3} ~>© {X2,25 ¥2,3} > -Y2,3
{X1,35, Y1,2} > —€ Xa,3 {X1,35 Y1,3} 2 EX1,1 - € X33 {X1,35 ¥2,3} 2 €X1,2
{X2,3, ¥1,2} > © {X2,35 Y1,3} 2> ¥1,2 {X2,35 ¥2,3} 2 EX2,2-€X3,3
{X3,35 ¥1,21 > © {X3,35 ¥1,3} = Y1,3 {X3,3, ¥2,3} 2 ¥2,3

Out[-]//MatrixForm=

{Y1,25 Y1,2} > True {y1,2, ¥1,3} > True {yi ., ¥2,3} > True {yi 2, X1,1} > True {yi,
{Y¥1,3> ¥1,2} > True {y1,3, ¥1,3} > True {yi1 3, ¥2,3} > True {yi 3, X1,1} > True {yi,
{Y2,35 Y1,21 > True {y2,3, y1,3} > True {yi;3, y2,3} > True {y;;3, X1,1} - True {y,,
{X1,15 Y1,2} > True {Xy,1, Y1,3} > True {Xi,1, Y2,3} > True {Xg,1, X1,1} > True {Xg,
{X1,25 Y1,21 > True {Xy,2, y1,3} > True {Xi,2, y2,3} > True {Xg,2, X1,1} - True {Xg,
{X2,25 ¥1,21 > True {Xz,2, y1,3} > True {Xz,2, y2,3} > True {Xz2, X1,1} = True {X,
{X1,3, Y1,2} > True {X1,3, ¥1,3} > True {Xi,3, Y2,3} > True {Xi;3, X1,1} > True {Xq,
{X2,35 ¥1,21 > True {Xz,3, y1,3} > True {Xj,3, y2,3} > True {X,;3, X1,1} = True {X,,
{X3,3, ¥1,2} » True {X3,;3, ¥1,3} > True {Xs3 3, Y23} »>True {X33, X;,1} > True {Xs,

{¥1,2, X1,1} =Y
{Y1,35 X1,1} =Y.
{y2,35 X1,1} =
{X1,15 X1,1} =
{X1,2, X1,1} = ->
{X2,25 X1,1} =
{X1,3, X1,1} > —>
{X2,3, X1,1} ~
{X3,3, X1,1} =

25 X1,2} = True
3, X1,2} = True
3, X1,2} = True
1, X1,2} = True
25 X1,2} = True
25 X1,2} = True
3, X1,2} = True
3, X1,2} = True
3, X1,2} = True

e e Bt Wi s B e B ate e M e M ann)

in[-]:- DeleteCases[Flatten[Table[{a, b, c} »B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]],

{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]
Out[e]=

{}
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in-]:- {sol@} = Block[{$k = 0},
lhs = ATangent [Join[
Table[If[SSQ[b1l], (bl/.xXx - £1) bl, A (bl/. {x- €1, y > nl}) b1l], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. X > £2) b2, A (b2 /. {x > £2, y > n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Table[If[SSQ[b], b /. Xo ,a » (§1l,,,+ 82, ,+€ fo,a[A]) Xo,as
(b /. {Xas = FoglA]ls Yap = 8aglAl}) b]l, {b, $Basis}]
15
Simplify@DSolve [
And @@ Join[
(Coefficient[CF[lhs - rhs], #] == 0) & /@ $Basis,
Select[$Basis, NilQ] /. {X,s = f,;[0] =0, y,; :>8,5[0] =0}
])
Select[$Basis, NilQ] /. {X,s - ToaglA], Yoy - 8aslA]},
A
11

Out[«]=
[{fr,2[0] 5 e X1y 5+ e S22 X621 5, 82,3[A] > A (3 + e (e 512212, 3 - An2; 3 E11,5) ),
F1,3[A] > A (51 61y 3 - A €Ly 3820+ @ *12 €21 3), Fp3[A] 5 e S22 a6, 5+ e B 082, 5,

g1,2[ 1] 5 A (nly,, + e ¥ (02, 54 e An2; 3 €15 3) ), 81,3[A] 5 A (nly,3+ et g2, G 1

in[-]:- $k = 1; SBasis = SortBy[$Basis, If[#[1] === x, {0, #[3] - #[21}, {1, #[2] - #[31}]1 &1;
lhs = ATangent [Join[
Table[If[SSQ[bl], (b1 /.x - &1) b1, A (bl /. {x-> &1, y-nl}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> &£2) b2, A (b2 /. {x > £2, y-n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Echo@eTable[If[SSQ[b],
b/.Xs,0 » (1., +82, ,+ef, 2[A]) Xa,0s
(b/. {Xaﬁ”afaﬁ[l], Yoz = 8aglAl}) b /. (s0l@/. ((v_»s_ )=» (vo>€eVv+s)))
1, {b, $Basis}]
15
eqns = Transposee {
(Coefficient [CF[lhs - rhs], #] = 0) & /@ SBasis,
SBasis /. {X,; #»f,;[0] =0, y,; =g,;[0] =0}
}s
unknowns = SBasis /. {X,; - fos[A], Yor - BaglAl};
(x{soll}=DSolve[Flatten@egns,unknowns, ] )
soll = TriangularDSolve [egqns, unknowns, A];
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{y1,2 (X (n1y,, + e S0 eh22 (02, 5 4 @33 An2y 3 €1, 3) ) +€81,2[2] ),
y1,3 (A (nlg3+ e e 02, ) ve gy s(a]),
Y2,3 (A (n1y,3+ el (@7512’2 N25,3-AN21,3El1,2) ) +€ga,3[A ),
X1,1 (§19,1+ 821,10 +€ F11[A]), Xq,2 (‘97521’1 A €Ly, + e 122 ) £21,,+€f1,5[ 2] ) s
Xa,2 (Elp,2+ 6255+ € F2,2[A]), Xa,3 (X (€581 €1y 3 - N &1, 3621 5+ e 53 €2y 5) +ef1 3[0] ),

X2,3 (€522 A€l 3+ e 3 €2 3+ € F53[ ] ), X33 (E13,3+ 23,3+ € F3,3[A]) }
2e2ean2y el 2 e An2y 3 Ely 3+ Bt e A 02y 5 €1y 5 €Ly 3 - e F0 (4] =@, F1,1(0] =@}
f1,1[A] » ez 22 N2y, 11,0 + et 22 n2y,3&11,3 + eflz2tehis 33 n2y,3&11,2 512,3}

B

-2 fl“exnzl25112+2e81”em72235123—3e€1“*f1“exzn21351125123—(—:1:22 [2] =0, f,,,[0] =0}

-2 flﬂeznzl35113—2e31”em223§123—ef33 [2] =0, f5,3[0] =0}

fi,3[] 5 -e™2 0% n2y 5 €13 - e P02, 5 €1, )

{f2,2[20 5 —e22 22 12y 5 €1y 5 + €12 22 12, 5 €1y 5 - 122703 P 02, 5 €1y 5 €1, 5}
{ 513 3-621,1+E2; 5 e 7722 3 §11 3-3 e’flz 2+E€13,3-621 1482, 5 € }2 ’721 3 511 ) 511 3+
3 etttz ¢ )2 N2y, 11,2 621,53 etttz e 32 N2;,3815,3821 5 +
4etnrrthartha e 23 0y S €1y 5 E1y3 621, - e P2 e ) (4] = 0, £1,,(0] = 0]
{f1,2[2] - ROy S PP L S L (P TYP S PP PYPR
A3 N2y, 81562, -e e 3y, S g1, 562 s 3% N2, 5 €1y 5 61,5 62
N21,,811,2082,,- € N2;,3815,3821 5 +e N2y,3811,2813& 1,2}
{_2 e§13,3*§22,2+§23,3 € 7721,2 511,3 +3 e§13,3+§23,3 e AZ 7721,3 §11,3 §22,3 "
3ettr B e 0% n2, 36153 62,5 - BB e £, 5[] =0, f,3[0] =0}
{'Fz,3 [A] » —e %22 ) N2y, 11,3 + 2 N2y,3E811,3 82,3+ b n2;,3 1,3 §22,3}
{3eherBe e a?n2y €155 62; 5+ 3 B e AP 02y 5 €1y 5621 5+
3ef R e 2% N2, 3 €1, 3 62y 3 - e B e 5 [A] = @, Fu3(0] = ]
[F1,3(A) 5> 2% n2y 5 E10,3 6200 + AP 02y 3 €113 21,3 + A2 N2y 3 €153 E2 3}
{2 e§12,2*§13,3+§21,1*§23,3 e 7712,3 7721)2 -3 eflz,z‘ﬂle,rfb,; e )kz 021,2 7721’3 §11,2 _
3 e§13,3+§21,1*§23,3 c )kz 77213 §11,3 43 e§12,2+§21,r§23,3 c )LZ 7712)3 7721)3 §12)3 _
4 e§12,2+§13,3+§21,1*§23,3 e )\3 )72%,3 §11,2 §12,3 _ e511,1*513,3‘r~§21,1*'§23,3 e g1,3’ [A] =0, 81,3 [0] = 0}
{g1,3 [A] > ettt a2 n1, s 2y, - e Sttt 3 g, 02, 5 61y, -
e’fll,l*z El3,3 A3 nzi,s §11,3 v e*§11,1+§12,2+§13,3 13 7712,3 7721,3 §12)3 _ e’§11,1*§12,2+2 €133 A4 772%’3 511,2 512,3}
{73 e§12,2+§21,1*§22,2 e )LZ 772%,2 511)2 -3 e§13,3+§21,1*§22,2 € )kz 7721,2 7721’3 511,3 _
8 ettt tharthuatn ¢ )3 N21,,121,3811,5815,3-4 e bttt ¢ )3 U2§,3 €1l1,3E1,3 -
5 6512’2+2 €13,3+621,1-62; 5 e )f‘ 772%)3 "511,2 §1§)3 _ 6511,1*5[2,2*'521,1*522,2 e g1,2, [A] =0, 81,2 [0] = e}
{gl,z [A] =
e*§11,1+2 §1,2 53 772%’2 §11,2 _ e*§11,1+§12,2+§13,3 23 7721)2 772113 511,3 _2 e*§11,1+2 €1ly,5+€15,3 4 r)21,2 ,721’3 511,2 512,3 _
e 1117812,+2805,5 54 772%,3 E1y33 61,5 - e 11,172 615,542 815,53 55 }7213 &1y, §1§,3}
{3eftaar e B 02 02y 512, 561y, -3 e R B € 2202y 312, 5 €Ly 5+
4 e§12,2+§13,3+§22,z’§23,3 e )\3 772%’3 §11,2 §11,3 _3 e513,3+§22,2*§23,3 e 22 772%)3 512,3 i
4 e§1z,z+§13,3+§22,2*§23,3 c )k3 ’721,3 ’722,3 §11,2 §12,3 _ 6512,2*513,#522,2*523,3 c 82,3/ [A] == 0, 82,3 [0} _ 0}
{82,3 [A] - et 33 N21,,N25,3 13,5 - e tla2r2fhs )3 N21,3N25,3 15,3 +
et 02l S €1y 5 €1y 5 - e TR 22 n2d L€, 5+ 2510 A% 02y 312, 5 E1p,5 €155}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gln-260707.nb 2026-08-11 07:37:03

in[-]-- Sort@soll

Out[«]=
{'F1,1 [A] » e®t22 32 N2y, 19,5 + et )2 n2q,3&17,3 + eflzatilas 33 N2y,3E11,5 15,3,

fi,2[A] » e Fl22telaacia 32 N2;,3&11,3 - ettt )3 N21,3811,2 11,3+

S N2y, 611,262 5 - e lz2tehas )3 N2;,3815,3821 5 + et )t N2y,3 11,2 15,3 8212,
fi,3[A] » A3 N2q,5 11,3621 5 + S N2y,3E611,38621 3+ S N2;,3E815,3E821,3,
[A] » —e®22 32 N2y, 11,5 + et 32 N2;,3E815,3 - ette2relss )3 N21,3 11,5 €153,
fa,3[A] » —e *%22 )2 N2y, &1y,3 + 23 N2y,3 811,382, 3+ b N2;,3 815,382, 3,
[A] » —e®22 22 n2y,3 11,3 - el 32 N2;,3 15,3,

(2] = —e T8 )3 nal ) €1y 5 - e TRttt he 33 g, 02y 3 61y 5 - 2 e Rt the 3% ),
N2y,3E811,5 1,3 - e tuarlaar2 il )4 ﬁzig €133 E1p,3 - @ Flor2elaa2 el 55 Uzi,s €li, §1§,3;
g1,3[A] » e Florrelaz 32 N1y 3N24,5 - e Fluartlaattlis 53 N21,,N21,3811,5 - e Fli1r2flan )3 772i,3 Ely,3 +

T F T e L P T
g82,3[A] » e 3 N21,,1M23,3 14,5 - e tlazr2 6l )3 N21,3N2;,3 14,3+
e 3 2l 61y 5 E1y 5 - e TP 3 2l S 61, 5+ @® 51 0 N2y 312, 5 1,5 €1, 5}
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inf-]:= em[i_, j_ > kR_] :=E(, ;51 [CFRSUM[IF[SSQ[b],
b/.Xs,0 v (Els,0+E2,4,4) Xa,a[R],
b[R] (b /. {Xo5 - Ffag[A]s Yos - 8aglA1} /. s010)
1, {b, $Basis}],
CFesum[b[R] (b /. {X,s - Ffos[A]s Yos - 8as[A1} /. soll), {b, $Basis}]
1/ {€10s 2 Eaplils Mlay 0 Maslils €205 2 €apld1s N245 »Maplils A1}
cm[i, j - k]

Out[«]=
E(i,5)-k) Y1, 2[k] N2 [i] + e ety k) ng 5[] +ya, 3[k] n1,3[1] +

e fralilrEnl Vyi,30k] 01,3031 +Y2,30K] na,3[1] + e f22lilrésl YZ 3[k] N2,3[31 +

Xq,1[k ]51 1[1] +X1,1[K] &1,1[3] + e crald] X1,2 [k ]51,2[1] el YZ3[k] N1,3[3] &1,2[1] +
e f22l (k] &1,203] + e 3 xq 5 [k] &q,3[1] + e >3 [F) xls[ ] €1,303] +%2,2[K] E2,2[4] +

X2,2[K] €2,2[3] + @ 20 x5 5[k &5,5 (1] + e ur[H 222 B By (k] g 53] &5,304] -

x1,3 [k ]glz[ 1523['1%5“[ X2,3 (K] €2,3[F] +X3,3(K] &3,3[1] +x3,3[k] 3,331,

e furltlene iy Tk 0y 5 (3] M2,3 4] + €22 xq 1 (K] 11,2(3] 512['1 -

et22l1] X220 [K] mq, 2[ J1 &1,2101] - e fraltl262: () Y1,2 (K] 11, 2[ 12 E1,2[1] -

e M2 Sy 1k 1y 5 13] 01,303 E1,2 03] + @2y, 51kT 01,2 (3] N2,303] &1,2[4] +

X1,2[K1 11,2037 &1,2[1] &1,213] - e 22l X2,3[k] 11,2[37 &1,3[1] +

e 11 xy 1 (k] 3[ 31 €1,304] — €™M x5 3[k] n1,3 (3] &1,304] -

e tur M 228 [y, o 1K) 11,5130 12,303] 1,3 01] —ef“[ 26s 0y Sk Jm,s[jﬁ&,sm +

e o322 e My 1Kk 1p,3 (3] &1,3 (3] - @ =22 P25 By, k] ny, 3[31 303 E1,304] -

e tur 18t 5Tk 01,3 03] €1,204] €1,3[4] + €52y, 51k] n1,30317 &1,2(1 1 1,3[1] +

X1,3[K] 11,231 &1, 2[ 31 &€1,301] +X1,3[K] 11,3031 &1,3[1] &1,3[3] +

e crrlilreaa sl y ) k) 1y 5[3] na,3 (] &,3(1] + e x“[k] N2,313] &2,3[1] -

g2l X3,3[k] n2,3[3] &2,3[1] - e G22lilr2 (1] Ya2,31k] 2,303 12 Er,3[1] +

efa2lilv6ss 1] X1,1 [K] 771 3[3] &1,201] &,3[1] - efz2ltl (il X220 (K] 11,3[3] &1,201] &2,3[1] -

e y1 2 (k1 n1,2(3 ] n1,3[3] &1,2[1] &2,3[1] -

e o leaa 12865 1y (k] 3 (317 €,2 (1] &2,3(4] +

285y, 31K] N1,303) n2,303] €1,2[1) &2,304] -

ez lllrss )y z[k] N2,3[3] €121 ‘] 3,311 + @M xq 5 (K] 01,3031 €1,2[4] &1,2(3F] &2,3[4] -

“ena b (126551 ylz[k] N1,303] 513['] €2,3[1] +x1,3[K] n2,3[F] &1,3[3] E2,3[1] -

“eal)r262[1]42 6,51 Y1 2[K] 11,303 12 &1,2[1] 52,3[i]z+

X2,3[K] 11,3[3] €1,3[1] &2,3[F] +X2,3[K] n2,3[3] &2,3[1] 52,3[3'}]

i
x1,2 k
J
J
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mn[-]:= Short[cm[1l, 25 2] // cm[2, 3 > 1], 10]
Out[-]//Short=
E(1,2,315(1) [Y1,2[1J N,2[1] + e surltlreaz iy, 11y, 512] +
e Cr T E B e By 511 10,2 [3] +ya,3[1) 1,31 v @ 2002 yy 511y 512) +
e S B o By 5 (1] 01,3(3] +y2,3[1] ma,3[1] + e 220 My, 5[]y 5 (2] +
e f22le22[2]%6s5 (114555 (2] Y2,3[1] n2,3[3] +X1,21[1] €1,2[1] +X1,2[1] &1,1[2] +
X1,1[1] €1,1[3] + e frrl2l e 3] X1,2[1] €1,2[1] - et Y2,3[1] n1,3[2] &1,2[1] -
e fu1l2]ves 1] (2] ¥2,3[1] n1,3[3] €1,2[1] + e fnrl3 (] X1,2[1] €1,2[2] -
e e I en 2 yy 511] n1,313) €1,2[2] + @ 5 T X 1] £15[3] + <1 +
e P g 5 [1] €1,3[2] + @722 902 g 511] €45 (3] +x2,2[1] €2,2[1] +X2,2[1] £2,2[2] +
X2,2[1] &3,2[3] + @ 2221762280 5, 5[1] &5 5[1] + e Sealre22 Sty 1)y 5127 & 3(1] +
e fnalt a2l e (M Ss 16521y 5 11) 1y 5(3] £5,3(1) - e 2P xg 3[1] &1,2[2] &2,3(1] -
e 220 %y 3[1] €1,2(3) &2,3[1] + e 223 50y, 4 [1] &5 5(2] +
e fualtlmtual2irtan (M2 2165 21 y) 117 1y 3[3] £2,302] - e =2 xq,5[17] €1,5[3] &2,302] +
e Sl 311] €5,303] +X3,3[1] £3,3[1] +X3,3[1] £3,3[2] +X3,3[1] &3,3[3], <<1>> |

in[-]:= Simplify[ (em[1, 2 2] // cm[2, 3> 1]) = (cm[2, 352] // cm[1, 2> 1])]
Out[«]=
True

“Euali]+Es,2 4] Y1,2[K] 11,2031 + y1,3[k] n1,3[1] +

-&3,2[1]+63,3[1]

ii-1= 0501 = Eyj 55Ky [yl,z[k] m,2[1] +e

e slll+6:lily) J1k] my 3[G] +Ya,3[k] 712,3[1] + @ ¥2,3[K] 172,3[31 +

X1,1[K] €1,1[1] + X1,1[K] E1,1[3] + e 200 x; 5 [k] &1,5[i] - €™My, 3[k] 11,3 [3] &1,2[4] +

e 522l X1,2 [K] &1,2[3] + @ ] X1,3[K] &1,3[1] s e Sl X1,3[K] €1,3[31 + X2,2[K] &2,2[1] +
X2,2[K] &2,2[3] + @ f22d] X2,3[K] §2,3[1] + e S+ (11485 1] Y1,2[K]1 11,3031 &2,3[1] -

X1,3[K] €1,2[3] &2,3[1] + @21 x; 3 [K] £2,3[3] + X3,3[K] €3,3[1] + X3,3[K] €3,3[31,

—e S22l 6y 1K) 0,5 [4] m2,3 03] + @25 xq 1 [K] m1,2[3] &1,2[4] -

@221 x; 5 [K] m1,2[3] &1,2[0] - e &2 1028200y, o 1k] g 51317 &1,2[4] +

ey 3 1k] m1,2[4] 11,3031 €1,2[4] + Xa,2[K] 12,2[3] €1,2[4] &1,2[3] -

e 2200 x; 31K] 11,2131 €1,3[4] + @®2 1 xq 1 [k] 01,3031 &1,3[4] - 2P x5 3[K] 11,3131 &1,3[4] -
e [ &a 8 il y, 1K) 1,5 [3] 11,3031 €1,3[] - @ 528128500y, 1K) 1y 31317 &1,3[4] +

e S [31-6a2 [41+65,5 1] X1,2 [K] 12,3031 &1,3[1] - e f2zlil+26,: 1) Y2,3[K] 11,3031 n2,3[3] &1,3[1] -

e 113146, ) X1,2[K] 11,3031 §1,2[1] &1,3[1] + @25l Y2,3[K] TI1,3[j]2 §1,2[1] &1,3[1] +

X1,3[k] 11,2031 &1,203] €1,3[1] + Xa,3[K] 11,3031 E1,3[4] &1,3[F] + 2 xp 5 [k] 12,3[3] &2,3[4] -
e x5 3[K] m2,3[F] €2,3[1] + @ Sur v lI6slily, o 1k] 1y 5131 02,3131 &2,3[4] -

e 126050y, 1K) 11,3131 12,3131 €2,3[1] - @ 52212280y, 1K) 1y 31317 &2,3[4] +
@226l ) o [k] 04,3131 €1,2[1] &2,3[1] - 2200830 x5 (K] 11,3031 &1,2[1] &2,3[4] -

2 e 12826l yy 1K) 1y 5 [3] 11,3031 €1,2[4] &2,3[4] +

@2y, 31K1 11,3031 m2,3[3] €1,2[1] &,3[4] -

e 52211461 X1,2 [K] 12,3031 &1,2[31 &2,3[1] + @®nli] X1,2[K] 11,3031 &1,2[1] &1,2[31 &2,5[1] -

e [l (1126, 1) y1,2 [K] 711,3[j]2 §1,3[1] &2,3[1] + Xq,3[K] n2,3[J] &1,3[]] &2,3[1] -

e f[i1+2822[1]42 85,5 1] y1,2 [K] T71,3[j]2 §1,2[1] ~’§z,3[i]2 +

X2,3[K] 71,3031 €1,3[1] &2,3[3] + X2,3[K] n2,3[J] &2,3[1] &2,3[31»
1

. 1 .
-; e? %22l X1,1 [K] TI1,z[j]2 §1,2[i]2 + ; e? %22l Xa,2 [K] Tll,z[j]z §1,2[i]2 +
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e i3 8l y, k] 11,2 [31% €1,2[11% + @2 xg 1 [K] 11,2 [3] 12,303 €1,3[1] -

61114622 (114655 [1] Y1,2 [K] T71,2[j]2772,3[j] §1,3[1] +
Y1,3[K] 11,2[1]1 11,3031 n2,3[3] &1,3[1] - @821+ X1,1[K] m1,2[3]

M1,3[31 &1,2[4] &,3[1] + %2105 0 5, 5 (K] 11,2031 M1,3[F] €1,2[1] &1,3[4] +
2@ Sl 28216l y) K] 1y, 1312 11,3031 €2,2[4] &1,3[4] - €282 yy 5 [k]

M1,2[11 N1,3031% &1,2[1] &1,3[1] + @S2 1H*83 B 5, 1KY 45 [3] 12,3131 &1,203F] €1,3[4] -

@21 x, 5[k M1,2[3] n2,3[3] &1,3[1] - e
e-§z,z[i]+2 £3,3[1]

_ 1 ;
@21, (K1 71,2031 70,3031 €0,2[4] £0,23] E1,3 141 - — @ 1 (K] 7,5 (517 €0,3 1417 +

1 . . . .
; e? &l X3,3 [K] 711,3[j]2 §1,3[i]2 + @t lilEa2 1142 65,5 [1] Y1,2 [K1 n1,2[3] TI1,3[j]2 §1,3[i]2 +

e Sll3 &Ml y 1K 1y,3[§13 €1,3[1]% - @S2 131623102 &aali] o o1y 1y S [5] 1a,3[F] €1,3[11% +

e 22 11+365311] Y2,3[k1 m1,3[31% 12,3031 &1,3[11% +

e Sl 65l x5 1k] 11,3131 €1,2[4] &1,3[817 - @ &2y, 5 [k] 11,3[31° €1,2[4] &1,3[817 +

e 22285l y, 1K) 11,5111 12,3[31% €2,3[4]1 + @216l 5y 1 [K] 11,5 [5]
M2,3[3] €1,2[1] £2,3[1] - @2 83l 5, 5 [K] 1,2 [3]1 m2,3 (3] 1,211 &2,5[4] -

2 e a2 6l y) o [K] 11,5 1317 12,3 03] &1,2[4] &2,3[4] -

e 20y 5 1k1 ma,5 8] M1,3031 M2,3[3] €1,2[1] &5,3[4] - @218l x| k] 115 [5]
M1,3[3] €1,2[11% &2,3[1] + @@ #2218 1 5, 5 [k] 71,5131 11,5031 €2,2[81% &2,3[4] +

3 fr 3 Ealllvenlily, (K] 14,2[31% 10,3 [3] &1,2 (817 &,3[4] -

e 21 x, 1K1 11,3131 12,3131 €1,3[1] &2,3[4] + € *>°1) x5 3[K] 11,3131 112,3[F] €1,3[1] &2,3[4] -

2 fer a2y, (K] 01,2031 11,3030 12,3031 €1,3[1] €2,3[4] +

2e 8360y, 1K) 11,3 131% 02,3 (3] €3,3[4] &2,314] -

e foa L6212 60a 1l o, 5 [K] 1,3 (317 €1,3[1] &,3[4] +

2 f22li1+3 6,310 ¥2,3[K] n1,3[3]1 n2,3[31% €1,3[1] &2,3[1] - efn2lil*2 601 x1,1[k1 11,3[31°
€1,2[1] &1,3[1] &;,3[1] + @f22 (113265 X2,2[K1 M1,3[31% &1,2[11 &1,3[1] &,3[1] +

4 e sl 28212650y, o 1K) 0g,2[3] 11,30317 €1,2[1] &1,3[4] &2,3[4] +

et 28l 5y 5 (K] 11,3031 72,3131 €1,2[1] €1,3[4] &,3[4] -

282y, 5[] 11,3031% 12,3 (3] €1,2[1] €1,3[4] &2,3[1] +

e 22112650 5 5 (K] 01,3031 n2,3[3] &1,2[31 &€1,3[4] &2,3[4] -

@21 Xy 5[] 12,3[31% €1,2[4] &1,2[F] €1,3[1] &5,3[1] +

e fnaliltfalll 3 &allly, 5 (k] 11,3031 €1,3[11% €2,3[4] -

. 1 .
; e? &l Xa,2 [K] TIz,3[j]2 §2,3[i]2 + ; e? &l X3,3 [K] T‘Iz,3[j]2 §2,3[i]2 +

e-§1,1[i]+3 €3,3[1] -&2,2[11+3 &3,3[1]

Y1,3[K]1 11,3[3]1 12,3[31% &2,3[11% + e Y2,3[k] n2,3[31% &2,3[11% -
2@ tu 282 102650y, ) 1K) 1y 5 [F] 11,3031 12,3 (3] €1,2[1] &2,3[117 -

. 1 . .
eS8 yy 3 1K1 01,3031 n2,3[31% €1,2[1] &2,3[1]1°% - 2 e? £l & x4 [K]

1 . .
M1,3[31% &€1,2[11% &,3[11% + B @2 &2 11285100 5, ) [K] n1,3[31% €1,2[11% &2,3[117 +

3e Sl 8126y, 1K) 01,5031 N1,3031° €1,2[11% &2,3[117 +
e S22l 28 5 5 [K] 112,3131% 61,2131 &2,3011% - @® 21 % 5 [K] 11,3031 72,3031 &1,2[4]
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Out[e]=

2026-08-11 07:37:03

£1,2[3] &2,3[1]1% + 2@ 2112822 [113 6 [y, o 1k 1y 51313 €15 [4] &1,3[1] &,3[1]°

e-§1,1 [1143 &,2[1]+3 &3,3[1] Y1,2 [

k1 72,3031° €1,2[11% &,3[41°] 5

osol = (List @@ osol) .Table[ek, {k, 9, Length[osol] - 1}]

*51,1 [1]1+&2,210

Yi,2 (k] n1,2[1] + y
Vo [kl naald] - e Carlilraall

e 1 x5 (K] E,p[1] - el

e 3 x5 (k] &g,3(4] +

e ¢l X2,3[k1 &2,3[1] v el
e’ —; 2§22[]X11[k]7712[ ]

e Craltls3&aall] y1,2[K] n1,2[3

X2,2[k] 11,2031 112,3[J
e*§z,z[1]+2 E3,3(1] Yi,3 [k} n, 2[

N1,3[3] &1,2[1] &4, 3[']
26*51,1[i]+2€z 2[1]1+&3,3 (1 Y12[

e§3,3 [i]

1,2 (K1 11,2031 +y1,3[K] n1,3[1] + e fnalilnEnlt

YZ 3[K] n2,3[3] + Xq1,1 [K] §1,1[i]‘+X1,1[k] &1,1[3] +
Dya,3 1K) 1,3 (3] 1,2 (3] + e 2 xg 5 (K] &1, (3] +

a6l y) o 1k] 0g,303] €2,3[0] - Xa,3[K] €121
1
&1,2[1 ]2+5e2§“”x22[k] M,2031% €1,2[11% +

12 €1,20112 + @2 x4 [K] 771 2031 n2,3[3] &1,3[1]

Y1 3[k] n1,3[3] +

e 3 x5 k] &y, 3[‘] +X2,2[K] £2,2[1] +%p,2[K] &€2,2[F] +
31 &2,501] +

] &1,3[1] - e Sl Sty k) 1y 51312 02,3 03] &1,301] +

1 n1,303) n2,3[3) &1,3[1)
e22lilv6as (] X2,2[K1 11,2031 11,3[3] &1,2[1] §1 3[i] +
k] m1,2[31% 11,303 €1,2[] E1,3[1] - 252y 51k]

N1,2 (11 N1,3[31% €1,2[1] &1,3[4] + e 22 & 5 (K] 14,5 [F] 12,3 03] €1,2[3]

e xy 5 (k] M1,2[3] na,3
1 e

2

e el y, Sk Ny
e t22[11+3 55,5 (1] Y2,3[K] n1,3(
e tr1l3ls265 (1] X1,2 [K] 11,31
e t22 (250 Vya,3 1K1 ma,a
N2,3[3] &1,2[1] &, 3['] -e
2e-§11[']+2§22[1]+§33 yl 5[

ety ,3[k] 771 2[1] 11,3

N1,303] &1,2011° §23[']
3@*511[ 1+3&,2[1]+&3,3(1 y1 5[

2 .
e? %21 %, 5 [k] na, 3[]] n2,3
2 6*51,1[i]+§2,2[ ]*2 53 3 yl 2[

=

31 &€1,201] &1,203] &1,3[1] - — e? o[l X1,1[k] 11,3[]

N

X3,3[K] n1,3[F1% E1,3[1]% + e SorlirfazBl285 0y, o (i) iy 513] 11,313

e? 22 (tl+ess (1] k) n1,203] 11,3031 &1,2[11% &304

]
£1,2[11% &,311] -
e? 23l X3,3[K] 11,3[3] n2,3[3]
N2,3[3] &1,3[1] &2,3([1] +

[SFRER )

k] 771,2[3] N1, 3[
[J) €1,3[1] &,3(1
111,203 n1,303]

j]3 §1’3[1}2 f§11[J] &2,2[1]+2&3,3[1]
312 02,3030 E1,3081% +
312 €1,2[4] €1,3 0117 - €52y, 5 (K] n1,303]7 &1,2 (4
1] m2,3031% &2,3 (1] + @225 8 ey 1K) 14,5 [3)
€2,2[1]+&,3 1] X2,2[K] 11,2031 n2,303] &1,2[1] &2,5[1] -
k] 771,2[]] N2,303]1 &1,2[1] &2,3[1] -
(31 12,3[3] €1,201] &2,301] - 25“”*@’““

[

]

]+

2 S 380y, 1K) 1y,3 (317 0, 3[ 31 €1,3[1] &3,3[1] -

-\511[ 1-82,2[1]+2 &3,3[1]

X1,2 [K] 12,3(] 12 51 3[i] &,3[1] +

2 2201350y 51K 1,303 12,3[31% €1,3 (1] &, 3['] ef22 128y o [k]

€1,2[1] &1,3[1] &,3[1] +

46*511[5-]*2522[ 1+2&3,3[1] Yi,2

§11[ 1+2&3,3[1] X1, S [k] 13l

e 128y, z[k] N1,3[31% €1,2[1] €1,3 1] &,3[1]
(k] M1,203] 11,3037 1,201 &1,3[1) &,301] +
31 n2,303] €1,201] &1,3[1] &2,3[1] -

2e3‘f“ P y2,31k] 11,3031% M2,303] €1,2[1] €1,301] &5,3[1] + '
31 1M2,303] €1,203] €1,3[1] &2,3[1] - €21 xq 5 [k] 11,3312

*521[ 1+2&3,3[1] Xl,Z[kl ]71)3[
€1,2[1] &1,213] &1,3[1] &,

—e
2

- +3
51 1[1]+3 &3,3[1] Y1,3[k1 771)3[

3[i] + e‘gl,l[i]+§z,z[']+3§3 3[1]

. 1 .
263 x5 [K] 1m2,3[31% £2,3 (1] +E€2§3’3m X3,3 (k] 1m2,3[31% E2,3[11% +

31 n2,3031% &2,3[1]2 + @ 2211380l y) STk n, 515]°
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y1,20K] 171,3031° &1,3[112

eb2.2[1]+65,3[1] X1,1[K] n1,2[3]

E1,3[1] -
12 61,3117+
12 81,3117+

X1,2 (k] n1,303] 12,3031 €1,3[11% +

1] &1,301)%+

X1 1[k] 11,2071

1+

€1,3[1] &2,3[1] -

n1,3031°

+

Er,3[1] -

§2,3[i]2 -
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Ze*§1,1[']+2§zz[1]+2§33 ]1 §1,2[il §2,3[i12_

2§zz[ ]+2 &3,3[1] X1 1[k]

Vy1,20K1 21,2031 11,3031 7

3§33

]l
1
YZs[k} N1,303) N2,3[31% &1,2[1] &2,3[1]2 _E

1 . .
N1,3031%&1,2[11% &304 }2+£@2§2‘2[1]+2§3’3[1] X2,2[K] N1,3031% €1,2[11% &2,3[11% +

3 faltli3&a )26, ylzik] N1,2031 N1,3031% €1,2011% &,3[11° +

e f22 112850y, 1K) 15,3037 €1,2[3] Ea,3[1]% - @252l ]xlz[k] N1,3031 N2,303] E1,2[1]
£1,2[3] E2,3[1]1% + 2 e 02821386500y, 1) g 31512 61,5 (1] £1,3[1] &5,3[11% +

e fralil3 621361 Pya,o (k) m1,3 03017 €1,2011% &5,5140° + e sl Xz,3[k] &,3[F] +

e (~e 2 lHresltly) S 1k] ny,p (1] na,3 (3] + €22l X1 1[K] m1,203] '51 2[1] -

ef22l1] X2,2 [K] 11,2037 &1,2[1] - e falile28, 0 Vya,20k] m1,2031% &1,2 (] +

e Y1 3[K) 11,2 (1] 11,3031 €1,2[1] + Xq,2[K] M1,2[3] €1,2[1] €1,2[T] -

e 22005 3 (k] 01,2 [3] €1,3040 + €21 xq 1 (K] 1,303 €a,3 (3] - @521 xg 5 (k] 71,3031 61,3041 -
ettt B2 lily, 5 (K] 11,2 (3] ma,3(3] €1,3(4) - e 282 By 51k 150302 61,5 4]

e fralil-Gaa MGt 5 k] 1y 5[F] Ep,3[1] - e S22 E# 26y, S1k] g 3[j] N2,3[3] €1,3[1] -

e S35 (k) n1,3 (3] €n,211) €308 + €52y, 5 (K] 1,3 (317 €1,2 (1] €3] +

x1,3 (k] 11,2 13) €1,2[3] €1,3[3] +xa,3[k]) 11,3(3] &, 3[ ] €1,303] + €2 x5 5 (K] 12,3031 &2,3([1] -

e x5 31k] 1y,3[3] E5,3[1] + @ SmrlHlaa il lily, oy 771 2131 n2,303] &, 3['1 -
*«511[ 1+2&5,3[1]

y1,3[k] n1,3 03] 12,3[3] &2,3[0] —e 22312530y, 1)y 51512 &5,35[4] +
ez [T e iy, ) k) 7713['] €1,2[1] &2,3 (1] - ™2 53 5, 5 1K) 1,3 (3] &1,2[4] &304 -
2 e a2zl y) o1k 0y 5 (3] 01,3 (3] €1,2[4] 2,3 (4] +
e yy 3 1k) n1,3030 n2,303) €1,211] &304 -

e 22l 1]y, z[k} N2,3[3] €1,2[3 ] £3,3[1] + M xq 5 (k] 01,3 (3] €1,2[4] &1,2[F] &2,3[4] -

e fralilbazlil26s,5 ylz[k] n,3031° 513[ 1 &2,301) + x1,3(K] m2,303] €1,3[3] &2,3[1] -

e fualil282 (12650 y, (K] 1y 3§12 €1,2 (1] E2,3[1]% + Xo,3[K] n1,3[3] &1,3[1] &2,303] +
X2,3[k] 12,3031 £2,3[1] &2,31(] ]) +X3,3[K] &3,3[1) +X3,3[k] &3,3[7]

in[-]:- s01@

Out[«]=
{f1,2[2] > e 1 X €1y 5+ e "2 X621 5, B2,3[A] > A (Nly,3+ €552 (752212, 3 - An2y 3 €1 ,) ),

f1,3[A] - A (‘Eﬂgzl’l Ely3-A &1, 38215+ et 521,3> > Fo,3[A] - e %22 ) Ely 3+ et £2;,3,
g1,2[A] > A (N1, + e tharelaz (124, + e An2y 5 €la,3) )5 81,3[A) > A (nlg 3+ e tlurelas n21,3) }
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in[-]:= CF[soll /. A= 1]

out[-]=
- {fi,1[1] > e™22 N2y 5 €1y 5+ @52 N2y 3 €1y 3+ @228 2y 5 €1y 5 €1,y 3,
f2,2[1] 5 -e™22 02, , €1y 5 + 2 12, 3 €1, 3 - 22 N2, S 61y 5 €1y,
F3,3[1] » -e"2 N2y 5 €1y 5 - e 2 N2, 5 €1, 3,
Fi,2[1] » e “t2reh 2 N2;,3E11,3 - etss N2y,3E611,5 811 3+

N21,5, 11,2821, - e lazttlss N2y,3E815,3821 5+ etts N21,3 611,52 €15,3 6212,
f2,3[1] » -e “%22 N2y,5 11,3+ 12y,3811,382;3+1N2;,3E81;382; 3,
f1,3[1] =125, EL1,3821,5+ 12 ,3E11,3E21,3+ 12,315,321 3,
g1,3[1] » e “tuarele: nl,,3N2y,5 - e Fluartlaerilss N21,5N24,3814,5 - e tluir2 el 772%,3 €ly,3 +
@ Fluartlaertlss nl;,3121,3E1;,3 - e Florrlazr2 el 772%,3 €11,5 15,3, 81,2[(1] -
PR TR e AT PUPR ¥ IE D R e L I PIPR P IUCR - PP PYPR
e fluartlaerZ il o 61y 3 61, 5 - e Sttt a2 a1, 5 €13 .,
82,3[1] > @™ 2y 312, 3 6Ly, - e Tl 2, SN2, 61y 4 e® T 2] 5 €1y, €1y -
e tla2r2 el Uzi3 Elp,3+ €3 N2y 312y 361, §12,3}

e*§11,1+2 [P

in[-]:= Coefficient[osol, x;,1[K] €]

Out[«]=

e§z,2[i] ~§3 3

N1,203] €1,2[1] + €2 1y 313] 1,317 + e®22 M5y 515] &9 514 &5,3(4]

mi-1- CF[ (Expand@sol[$k].$Basis /. {€1,, = E.s[1], nl,, = nas[il,
§2,5 o Eas[31s N2,5 »nas[3ls A>1}) - (050l /. v_[k] = V)]
out[-]=
sol[1].{y,, 25 Y1 35 ¥2,35 X1,15 X1,25 X2,25 X1,35 X2,35 X3, 3} - V1,2 M1,2[1] -
e turltlse iy oy 53] ~ya,3 e, (i) —e s s ily) o 5131y 3 ma,3 (1] -

Vya,an2,3 (3] v e 2By sy 51 n,3 (3] - Xa,1 E1,1 (1] - Xa,1 €1,1 (5] -
X1, z§1 2[1] - etz €X1 17M1,2[3] §1 2['] e 22 e x; 3n1,,03] €121 +
e fvlll 28l oy oy 51312 61,2 01] + €2y, 3y 3(F] 1,204 -

e-§z,2 [1]+&3,3(
e*§1,1 [3]

el €VY1,3M1,2[1]1 n1,3[3] &1,2[1] - e f22li] X1,2 €1,2[F]1 —€Xq,2n1,2[3] €1,2[1] &€1,2031 -
e 13y 36 30i] +e 2 exy 31,5 (3] &1, 3[’} —e M exg 1 n1,303] &1,301] +
e e xy 5 771 3[3] &1,3[1] + e oalilreazlilneslil ey oy 5 15] 11,30F) &1,3[1] +

_ 2 . .
e lil2&,0 Veyi,an,sld 1? &1,3[1] - e fralil-Galil s ld] € X1,2M2,3[J] &€1,3[1] +

e 222l cy, 771 331 m2,3[7] 51,3[1] ve s e ) 53 (3) 1,24 €13 010 -
e? %22l €Y2,37M1,3[] 12 €1,2[1] &1,3[1] - €Xq,3M1,2[F) &1,2[3] &1,3[1) - g faall] X1,3 81,371 -
€X1,37M1,3[3] &1, 3[ ] 1,331 ~X2,2 £2,2[1] - X2,2 &2,2[F] —e 220 x5 3 &5 3[4] -

e o (HreaalHebas iy oy 319 &5,304] - 2 € xp,0 12,33 &2,304] +

e e xy g = 3031 &5,301] —e e lllrasllcy, |,y z[j] 72,3 13) €234 -

e 28l ey sy 53] m2,303] &a,3 ] +e 2281255 e yy sy 51512 &5,5(4] -

efz2lil (i) € X1,1M1,3[3] &1,2[1] &2,3[1] + efazlilréasli] €X2,2M1,3[3] &1,2[1] &2,3[1] +

2 el liss ey oy 5131 N1,303] €1,204] €2,3[40 -

€Y2,37N1,3[3] M2,3[3] €1,2[1] &2,3[1] +X1,3 €1,2[F] &2,3[1] +

e 2218t e ) 515503 €1,2(3 ] £3,3[1] — e M e xq 3 n1,303] €1,2[4] €1,2[3] &2,3[4] +

ey1,2m,3031° 51 3[1] &2,3[1] ~€Xa,3M2,3[7] &£1,3[F] &2,3[1] +
€y1,2M1,3[317 €1,2[4] &2,3[11% - e 2 H %y 365 3037 -

€X2,37M1,3[3] €1,3[1] £2,3[F] ~€Xa,3M2,3[3] £2,3[1] &2,3[] ~ X3,3 €3,3[1] — X3,3 £3,3[J]

2533 [i]

(e’gl,l [11+&2,2[1]+2 &3,3(1]
(e*§1,1 [1]+2 &5,2[1]+2 &3,3 (1]
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gly c Experiments

i1~ SetAlgebra[gl, .|;
$k =1
$PBWRule
MatrixForm@Table[{bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
MatrixForme
Table[{bl, b2} » (DefRep[bl].DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{b1, $Basis}, {b2, $Basis}]
DeleteCases [Flatten[Table[{a, b, ¢} - B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]

Out[e]=

Out[e]=
{¥1,2>1, ¥1,3>2, ¥2,3>3, Y1,4 >4, ¥2,4>5, ¥3,4> 6, X1,1 > 7, X1,2 > 8,

X2)2%9, X1)3%1@, X2)3%11, X3,3 - 12, X1,4% 13, X2,4%14, X3’4%15, X4J4%16}

Out[+]//MatrixForm=

{Y1,25 ¥Y1,2} > © {¥1,2> ¥1,3} > © {Y1,25 ¥2,3} > -€Y1,3 {Y1,25 Y1,4
{Y1,35 ¥Y1,2} > © {¥1,3> ¥1,3} > © {¥1,3, ¥2,3} > © {Y1,35 Y1,4
{Y2,35 Y1,2} > €Y1,3 {y2,35 Y1,3} > © {Y2,3 ¥2,3} > 0 {Y2,35 Y1,4
{Y1,45 ¥Y1,2} > © {Y1,45> Y1,3} > © {Y1,45 ¥2,3} >0 {Y1,45 Y1,4
{Y¥2,45 Y1,2} 2 €Y1,4 {Y2,45 ¥1,3} »>© {Y2,45 ¥2,31 > © {Y2,45 Y1,4
{Y3,45 ¥1,21 > © {¥3,45> Y1,3} 2 €Y1,4 {Y3,45 ¥2,3} 2 €Y2,4 {Y3,45 Y1,4
{X1,15 Y1,2} = -Y1,2 {X1,1, ¥1,3} =2 -Y1,3 {X1,15 ¥2,3} > © {X1,1, Y1,4}
{X1,25 Y1,2} 2 €X1,1 - € X2,2 {X1,25 ¥1,3} = —Y2,3 {X1,25 ¥2,31 > © {X1,25 Y1,4}
{X2,25 ¥1,2} 2 ¥1,2 {X2,25 ¥1,3} > © {X2,25 ¥2,3} © -Y2,3 {X2,25 Y1,4
{X1,35 ¥Y1,2} © —€X2,3 {X1,35 ¥1,3} » € X1,1 - € X3,3 {X1,35 ¥2,3} 2 €Xq,2 {X1,35 Y1,4}
{X2,3, ¥1,2} > © {X2,35 ¥1,3} 2 Y1,2 {X2,35 ¥2,3} » €X2,2 - € X3,3 {X2,35 Y1,4
{X3,35 ¥1,2} > © {X3,35 ¥1,3} = Y1,3 {X3,3, ¥2,3} > ¥2,3 {X3,3, Y1,4
{X1,45 Y1,2} > -€X2,4 {X1,45 Y1,3} > € X34 {X1,45 ¥2,3} > 0 {X1,45 Y1,4} > €:
{X2,45 ¥1,2} > © {X2,45 Y1,3} > © {X2,45 ¥2,3} > € X34 {X2,45 Y1,4}
{X3,45 ¥1,21 > © {X3,45 ¥1,3} > © {X3,45 ¥2,3} > © {X3,45 Y1,4}
{X4,45 Y1,21 > © {Xa,45 ¥1,3} »>© {X4,45 ¥2,31 > © {Xa,45 Y1,4}
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Out[-]//MatrixForm=

Out[e]=

{y1,25
{Y1,3,
{y2,3)
{Y1,4,
{Y2,4,
{Y3,4,
{X1,1,
{X1,2,
{X2,2,
{X1,35
{X2,35
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa,a,

{}

Y1,2} —» True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} — True
Y1,2} = True
Y1,2} = True
Y1,2} —» True
Y1,2} —» True
Y1,2} —» True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True

: Projects:

{y1,25
{y1,3,
{y2,3:
{Y1,4,
{y2,4,
{y3,4,
{X1,1»
{X1,2,
{X2,2,
{X1,35
{X2,35
{X3,35
{X1,4,
{X2,4,
{X3,4,

{Xa,4,

SolvablePBW: gin-260707.nb

Y1,3} > True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} — True
Y1,3} - True
Y1,3} » True
Y1,3} =» True
Y1,3} —» True
Y1,3} —» True
Y1,3} > True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} — True
y1,3} » True

{y1,25
{y1,3,
{y2,3:
{Y1,4,
{y2,4,
{ys3,4
{X1,1,
{X1,2,
{X2,25
{X1,35
{X2,35
{X3,3
{X1,4,
{X2,4,
{X3,4,
{X4,4,

Y2,3} > True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} » True
Y2,3} » True
Y2,3} » True
Y2,3} » True
Y2,3} > True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} » True

{y1,25
{Y1,3,
{y2,3:
{Y1,4,
{Y2,4,
{Y3,4,
{X1,1,
{X1,2,
{X2,2,
{X1,3,
{X2,3,5
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa,a,

Y1,4} > True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} — True
Y1,4} » True
Y1,4} - True
Y1,a} » True
Y1,a4} > True
Y1,4} > True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} - True
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{y1,25
{¥1,3,
{y2,3)
{Y1,4,
{y2,4,
{y3,4,
{X1,1,
{X1,2,
{X2,2,
{X1,35
{X2,35
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa,a,

Y2,4} > True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} — True
Y2,4} — True
Y2,a} » True
Y2,a} » True
Y2,4} » True
Y2,4} » True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} — True
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in-]:- {sol@} = Block[{$k = 0},
lhs = ATangent [Join[
Table[If[SSQ[b1], (bl /.x - £1) bl, A (bl/. {x~> €1, y»n1}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, A (b2 /. {X~> £2, y »n2}) b2], {b2, $Basis}]
115
rhs = ATangent [

Table[If[SSQ[b], b /. Xo ,a » (§1l,,,+ 82, ,+€ fo,a[A]) Xo,as
(b /. {Xas = FoglA]ls Yap = 8aglAl}) b]l, {b, $Basis}]
15
Simplify@DSolve [
And @@ Join[
(Coefficient[CF[lhs - rhs], #] == 0) & /@ $Basis,
Select[$Basis, NilQ] /. {X,s = f,;[0] =0, y,; :>8,5[0] =0}
])
Select[$Basis, NilQ] /. {X,s - ToaglA], Yoy - 8aslA]},
A
11

o [{f1,2[0] > e 21 X1y 5+ e *122 262 ,

F,3[A] > e 22 081, 3+ e P2 N2, F13[A] 5 A (@520 €1y 3 - A&y 3 621 5+ e P10 £2y 5,
F3,a[A] > e B0 A&l 4+ @ M N E23 4, a0 [A] 5 A (@522 €15 4 - A E13,4 €253+ @ *144 £2, 4,
fi1,a[2] - A (@{21’1 Elia-AELy 48215 - A EL3,4 8293+ e tlas 521,4) > 81,2[A] =

A (7711,2 + e Fhiatehn (7721,2 +ef3An2 3 €1 5+ et N2, , (512,4 refh Al €13,4) ) ) )
81,3[A] > A (nly,3+ e T (n2) s u et An2y 4 E154) ), 82,3 (0] &

A (N5 + e Sl (n2a,3 - @122 A N2y 3 £y 5 + @510 2 (n22,4 - e122 A N2y 4 €l1,5) €13,4) ),
82,4[1] > A (Nl + efles (‘9{12'2 N2, - AN21,4 E11,2) )
83,4[A] - A (7713,4 + e thaarelan n23,4 - ethe ) (N21,4 11,3+ N2;,4 €15,3) ) s
81,4[A] > A (nly,4+ e Fuatee 2, 1)1}
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in[-]:- $k = 1; SBasis = SortBy[$Basis, If[#[1] === x, {0, #[3] - #[21}, {1, #[2] - #031}] &1;
lhs = ATangent [Join[
Table [If[SSQ[b1l], (bl /.Xx - £1) bl, A (bl /. {x- €1, y»nl}) b1l], {bl, $Basis}],

Table [If[SSQ[b2], (b2 /. X > £2) b2, A (b2 /. {x - £2, y »n2}) b2], {b2, $Basis}]

115
rhs = ATangent[

Echo@Table[If[SSQ[b],
b/.Xs,0 » (1., +82, +ef, o[A]) Xza,0s
(b/. {Xaﬁ__—rFaB[A], Yosr = 8aglAl}) b /. (s0l@/. ((v_»s_)=>» (vo>€eV+s)))
1, {b, $Basis}]

15

eqns = Transposee {
(Coefficient [CF[1lhs - rhs], #] == @) & /@ SBasis,
SBasis /. {X,s »f,;[0] =0, y,; :>8,:[0] =0}

}s

unknowns = SBasis /. {X,; - fos[A], Yor - BaglAl};

(x{soll}=DSolve[Flatten@egns,unknowns, ] )

soll = TriangularDSolve [egqns, unknowns, A];

{yn,2 (2 (n1q,,+ e thartla: (n24,5 + e An2; 5 €1y 3+ e An2, , (E1p,4 + e 1 €1, 5 €l3,4))) +€g1,2[1]),

A (1,3 + e Flearelas (n21,5 + et A2 , El34)) +eg1,3[2]),
A (Nl + e Fla2ttlss <n22,3 - efha ) N2y,3&11,5 + et <n22,4 - ety N2q,4 §11)2) 513,4) ) +€82,3[A] ) »
A Ehartlae o) e g1,4l0]),

A Hlas (@212, 4 - An2y,4 EL1,5) ) +€82,a[0])

A (13,4 + ettt oy @ A (024 E11,3 + N2y,4 £15,3) ) +€83,4[2]),
Ely,0+ &2 1+ € F1[A]), Xg,2 (€51 X €Ly, + e T2 162y, +ef1 o [0]),
3
e
A
A

X3,4 (@{23’3 A &Lz 4+ e i 2 E23,4+€ F3,4[ 2] ) s Xa,a (Elg,a+ 824,40+ € Faa[]) }

1,,+82,+ef,5[A]), X1,3 (7\ (@7521’1 Ely,3-A &L 3829 5+ et 521,3) +efy3[A] ) s

%22 ) Ely 3+ et £2;,3+€fy,3[A] ) » X3,3 (§13,3+ 825 3+€f33[A]),
(€581 &1y 4 - N E15,4 €215 - X EL3,4 E21 3+ € T4 €2y 4) +eF1 5[N] ),
(6{22'2 €1y, - A E13,4 8253 + € “tos 522,4) +€fy 4[] ) s

{'Fl,l [A] » et22 22 N2y, 11,0 + et 22 n2y,3&11,3 + efles 22 N2y, 11,4 + eflaailas 33 N2y,3E811,2 8153 +
el2aila )3 Vi21,4 511,2 512,4 +ettaarilas )3 r]21,4 511,3 513,4 + @ttt arilas )4 W21,4 511,2 512,3 513,4}

{'Fz,z [A] = —etter )2 n21,5 &1, + et 32 n23,3 15,3 - ettarrelss )3 N2q,3811,5 815 3+ ette N23,4 15,4 -
ett22rtlan )3 N21,4 11,2 815 4 + ettaartlas 33 N2y,4 815,313 4 - etla2rflaatelaa )4 N21,4 11,2 €153 §13,4}

{f3,3[0] > -e™3 2% N2y 5 €1y 5 - "2 A2 12, 5 €1y 5 +
eﬁla,a AZ 7723,4 §13)4 _ e§13)3+§14)4 )&3 ’721,4 §11,3 §13,4 _ e§13,3+«§14,a )L3 7722,4 §12)3 §13)4}

[fa,a[A] > -4 2202y 4 E1y,4 - €4 X212, 4 €15 - €704 X2 125 4 €154}

{fl)z (] » e tearélaatha 2 N2;,3 11,3 - ettt 33 N21,3811,5 14,3 +
e—§12)2+§14j47§21,1 )LZ ]722,4 511)4 _ eﬁla,a’§21,1 )kS 7721,4 511,2 §11,4 n e*\flz,z+~§13,3+§14,4’§21,1 )\3 ’722,4 §11,3 513,4 _
@%laarElaat 34 N21,4 11,2 E11,3 13 4 + 2 N2y, 11,2 821,5 - e ttaztilas )3 N2;,3815,3821,5+
et )t W21,3 511,2 §12,3 §21,2 - e tlaartlee 3 7722,4 512,4 521,2 + et )t 7721,4 §11,2 §12,4 §21,2 -

e lzatthiartlas 34 N2;,4 15,3 E13,4 821 5 + eflaateles 33 N2y,4 11,2 81538134 521,2}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gln-260707.nb 2026-08-11 07:37:03

{'Fz,3 (2] - _e*§22,z }2 U21,2 511’3 I e*§13,3+§14,4’§22,2 }2 7723,4 §12’4 _

eftaet22 )3 N2y,4 11,3815 4 - eflee8222 33 25,415,381 4+ 22 N2y,3E811,382;,3 + 2 N2;,3815,382;,3 -

e laateles )3 7723,4 134825 5+ ettes 2t 7721,4 €11,3813482; 3+ et 2t 7722,4 €1,3€815 4 522,3}
{f3,4[2] -

-€233 42 -£23,3 42 3 3 3
—@ TP ATN2 38 4 - € PP AT N2, 3Ly 4+ AT N2y ,4 11,4 23,4+ A7 N2y 4 E15,4 E23,4+ A7 N23,4 E13 4 §23,4}

{1’.‘1)3 [A] - e’§13,3+§14,4’§21,1 AZ 7723,4 §11,4 _ e§14,r§21,1 )&3 U21,4 §11’3 §11,4 _

eflaetha )3 N23,4817,4 8153 + 2 N2y,5,&11,3821,5 - e thaartlas 33 N23,4815,4 21,5 +

eftas 3t N21,4 11,3 615,54 E21 5 + elae )t N23,4 15,3815 48215 + 2 N2y,3E611,3821 3+ b N2;,3815,3821,3~

e laatelas )3 7723,4 1348215+ et 2t 7721,4 €11,3813,4 821 3+ et 2t 7722,4 €1,3€815 4 §21,3}
{fz,4 [A] » —e %22 2 N2y,5 17,4 + 2 N2y,3E11,4 25,3 +

2’ N25,3615,4825,3 + 2 N21,4811,4 €254 + 23 N25,4 12,4 €25, + 2 N23,4&13,4 §22,4}
{TC1,4 (A] » A N21,5811,4821,5 + 2 N2y,3811,4 8213 +

2 N2;,3815,4821 3 + 2’ N2y, 11,4 E21,4 + b N2;,4 15,4821 ,4 + X N23,4 13,4 521,4}

{31,4 [A] > e st 32 n1)  n2y , + ettt 321y 02, 5 -

-&1 1 1, 3 -&1 1 1, 3 -&1 2¢£1 3
e €11,1+E15,2+E14 4 2 7721)2 }721)4 511)2 e €11,1+E13,3+E814 4 2 7721)3 7721)4 511)3 e €11,1+2 144 A

®_§11'1+§12’2+§13’3 )L3 7712,4 7,]21)3 §12)3 _ (e—§11,1+§12,2+§13,3+£14,4 A4 n21’3 7721,4 §11)2 §12)3 +
e tloarlaarélas 33 N1;,4M21,4 €154 - @ Slarflaa2Eles 34 U2§,4 11,5814+
e tharilaarilas )3 Nl3,4 21,4 E13,4 - e Flatila a2 elas 54 U2§,4 €113 8134+

€1yl 565546y, 54 ~E13,1+61,5+615,3+2 E1a 4 45 52
e thartlaar il tlaa 38 1, 12y E1p,3 E15,4 - @ TR L2 55 ol 61y 5 €155 €154}

n23 4 €114 +

{g1,3 [A] » e lorrélaz 32 nly 3125 - e Florrlazélas 53 N2y,,N21,3811,5 -
e el 33 a2 eq e sl 33 g ety
e tloarlaarélas 33 nl; 3n24,581;3~ e Slarflaa2 el 54 772%,3 €1y, 81, 5+
e tluartlaartlas )3 Nly,31M21,4 E15,4 - e Fluartlaartlastclas 34 N21,3M21,4 €11,2 E15,4 -
e tluartlaarelaatilas 4 N21,,M21,4 11,2 E13,4 - 2 e Flo1r2Elaarcla )4 N21,3N21,4 11,3 13,4 -
e Sttt 28las 34 pol | €11,4 13,4 + @ tluarélaarelaariles 34 Nl,,3N21,4 €13,3 E13,4 -
2 @ Fluarela a2 el 5rily ,7\5 N21,3 1214 E11,5 E15,3 E13,4 - @ F10a7 8227803572800 33 772%,4 €11, 15,4 813, 4 -
e El172E13592 E1ay 55 Wzi,z; €1, 5 §1§,4 e ElarElype2 613552 £1au 36 772%,4 €1y, 61,5 §1§)4}

{32,4 [A] > e #1223 32 n1y 12, 5 - e PNl 4 n2y,3 €10 +
etee 33 N21,,N25,4 11,5 - e laarflaartlas 53 N21,4M25,3 11,3 + eftaarelaa ) N2y,3M21,4 11,2 E14,3 -
@ S22t 2800 )3 ) N2y 4 Elg g+ @ A 2] L £y, E1y 4 - @ TRttt e 33 g, 02, L 615 5+
el 0 2 02y 302y 4 E1y,5 Elp,3 - @ TR 07 02 4 €1, 44 @ T AT 12, 41254 E11,5 ELp 0+
@ Haarthartlas 33 n1, 12, E15 4 - e X 1y N2y 4 €145 €154 -
e tl2arehiar2iles 4 N21,4M25,4 11,3 E13 4 + efla728las 35 7725,4 €11, 611,3813,4 -
e t1227hsar2 e 4 W2§,4 €1ly,3815,4 + @121 f1aa 33 7721,4 r]22)4 €l1,,¢1, 5 513,4}

{g1,2[1] > —e Fhar2 el )3 7725,2 E1y,, - @ Tt the 33 g N2y 5 &1y - e et ea 33 g 02y, 61, -
2 @ Florr2ehaarilys 34 N21,,N21,3 11,5 15,3 - e tluarelaar2 el 4 rlzig €1y,381;,3 -
e Tt Rl 4% 12y 3 024,0 Elya S5 - @ TR T 2] L el p €15 -
2@ a2 tlaartlas )8 N21,,N21,4 11,2 13,4 - e tluartlaartlaanilas 54 N21,3N21,4 11,3 15,4 -
D I P PR P AR XU PR PP PR PP
e 117261542 E1as 55 ’72%,4 €15, 51%)4 B Ly N S T T
2 e thuar2tlaartlaatilas 3 N21,5N21,4 E11,2 15,313 4 -2 e tluartlaar2 flaanlas )3 N21,3N21,4 11,3 15,3 813, 4 -
@ Fluartlaartlssr2 flaa ) ’72%,4 E11,4 E1p,3 E13,4 - 2 @ F1ot2 8t 28t las 538 g Sy L €Ly, §1§,3 €l3,4 -
e Lt Ely,prEls 342 6100 5 772%,4 €113 Elp,0 £15 4 - 2 @ L1 26l el3e2 610 56 )7214 €1y, €155 €15, 150 -
e El1+E1y,2+2 613542 E1us 6 772%)4 115 €155 51;4 e Sliav2E1y 342 63542 Elag 57 772%14 €1, 51313 51;4}
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{32,3 [A] » e 22 N21,2M25,3 11,2 - e tlazt2ehis 53 N21,3M25,3 11,3 +
ettt 772%,3 €11,, 8143 - e tteerelaarelag 3 N2y,3M25,4 11,4 + eftaariles 34 N21,3N21,4 11,52 11,4 -
e 2220 33 22 61y 3+ @2 A% 02y 312, 5610, E1p 3 - @ TRttt e 33 g, 02, L E1p 4+
ettt 2 N2y 40253 E14,5 Elp,a + @2 A 12, 512y 4 €145 €34
e 1227253 el 4 N2y,4M25,3 11,3 13,4 - e t122725ha3E e 4 N21,3N2;5,4 11,3 E13,4 +
21 s 0 12 312y 4 61y 5 Ey 3 813, - @ T2t ea 38 ) 2, 4 81 4 E13 4+
efla728les 35 Uzi,4 €11,,81,,4E134-2 e 222 8aavelen 4 N2;,3M25,4 E15,3 E13 4+
@?faarelaa 35 7721,4 Vizz,s €l1,,81, 38134+ e thaartlas )3 7721,3 7722,4 €1l1,, 81538154 -
e tl22rflaar28les 34 7723,4 15,4 8134 + @172 flea 33 N21,4M25,4 11,5 15,4 13,4 -
e a2l 2El 35 1y a1y L €12, 4 @22l 08 02 o1 L1y el -
R R L T L L NP A= T TN §1§)4}

{83,4 [A] > e P02y 512, 4 E1p3+ 0 P02y 3125 4 €1y 3 - e S 2 302, 102y 4 E1y 4+
et 2 n2] 4 E1y,3 €Ly e+ @ X0 02y 3125 4 Elgn + @ T A0 N2y 40250 €11, €153 -
et fla 53 N23,41M23,4 15,4 + e e ) N21,4N23,4 €11,3 15, 4 + e fles )t W2§,4 €15,381;,4 -
ettt 8lae 3 772§,4 El3 4+ e*flea 3t N21,4N23,4 11,3 13,4 + et )4 N2;,41M23,4 €133 513,4}

in[-]:= em[i_, j_->k_] :=E(, j3-¢r; [CF@SUM[IF[SSQ[b],
b/eXy 0 » (Ela,0+E24,4) Xa,u[R] s
b[kR] (b /. {Xss - faglA]s Yus - 8Bag[A1} /. s010)
1, {b, $Basis}],
CFesum[b[R] (b /. {Xos - fag[A]5 Yap - Bag[A1} /. soll), {b, $Basis}]
1/.{80p »Eaplils Nl o Nuslily €205 = Eapldls 1245 4531, A 1);
Short[cm[i, j -» k], 10]
Out[-]//Short=

E(1,§)50k) | Y1, 2[ ] 1,2 (3] + e oy o (k) g 5 (3] +ya, 3 (k] m,3 (4] +
e_§1,1[~]+§33 Dy1,30k] 01,3030 +y1,alk] nya[d] + e furltrcasld U y1,a (k] n1,a[3] +y2,30k) m2,5 0] +
e f22ltlvesl Vya,31k] n2,3[3] +)/2 a[K] n2,ali] + e cr2ltlvdasld 'ya,alK] n2,403] +
y3,a[k] N34 (1] + e o3 Hrfasld y3 alk] M3,403] +xq,1[K] E1,1 [ ] +Xq,1 (K] E1,1[3] +
e €2 ld] X1,2 [K] §1,2[1] el YZ 3[k) 11,3031 &1,2[1 ] efeslt YZ 4kl n1,4[3] &1,201] +
e 22 x5 (k] &1,2(F] + e ) x5 k] &1,304] - e ys 4 (k] 7714['] €1,3[1] + «<11> +
e 2 %, 3[k] &3,3[F] + e 21 x24[k1 2,a[1] + @ ot fan B taslil gy, k] 0y 4[] &p,4 (4] -
X1,4 (K] €1,203) S2,a(i] + e 1 xy 4 [K] E5,4[F] +X3,3(K] E3,3[1] +x3,3[k] &£3,3[F] +
e 200 x5 4[k] 53,4[1] v S (M Cas iy (k] 0y 4 (3] €3,4[1] +
Vrtaslily) S 1K) N2, (3] E3,a (1] - 2oty S1K) 01,4 (3] 1,24 €3,0 1) -

e*‘gz,z [1]+&3,3(

X1,4[K] €1,3[F] &3,4[1] + e tualilrfaaltletss [ vtaald] Y1,2[K1 11,4[3] &2,3[1] &3,4[1] -
Xz,4[K] &3, 3[ 31 E3,a01) + e %M X3 4 (K] E3,4[F] + Xa,a(K] Ea,a[1] + Xa,a (K] Ea,a[F],
ettty k) ny,o (3] n2,3 (1] + <2645 +X3,4 (K] n3,4[3] €3,4[1] £3,4[F] ]
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Short[cm[1l, 2 2] // cm[2, 3> 1], 10]

Out[~]//Short=

In[«]:=

E(1,2,315(1) [Y1,2[1] N,2[1] + e surltlreaz iy, 11y, 512] +

e Cr T E B e By 511 10,2 [3] +ya,3[1) 1,31 v @ 2002 yy 511y 512) +
e S s B So By 5 (1] 01,3 (3] +y1,a[1] M1,a (1] + e 22y 4[] g 4 (2] +
e*‘fl’“”fm”“‘5“’“””@"“” Y1,4[1] 71,4 (3] +Y2,3[1] m2,3[1] + e 22 52y, 5 (1] 0y 5127 +
ettt 21ress (e 21y, 117 1y 3[3] +y,4[1] 12,4 (1] + @ S22 5l gy 1117 1, 4127 +
<935 + @ 3Bl g 117 &5 4 [2] + @ eI ]+§3’3[2]+§4’4[ Vy1,301] 11,403] &3,4(2] +
e*~§2,z[1]*52,2[2]+§3,3[1]+§3,3[2]+§4,4[2] y2,3[1] 12,4[3] €3,4[2] -

e tni2lrSs e 2Ivasl2ly, ST g (3] €1,5[1] €3,4[2] -

e 2O s 252l y, 511] n1,a13] €1,202] €5,4[2] - 41 xq,4 (1] €1,3(3] &5,4[2] +
e S0 (1620080 (1146, (165214804 20y 11 1y 4 (3] E.3(1] €3,4[2] +

e ot T Bl (T 216 20050 2]y 5 (1] 1,4 (3] €2,312) E3,002] -

e 0 x4 [1] £2,3(3] €3,a[2] + e "t o0el2 s 4 [1] £5,4(3] +

Xg,4[1] E4,4[1] + Xa,4[1] €4,4[2] +Xa,4[1] £4,4[3],

e fraltittazllly, 5110 01,5[2] 02,3[1] + <«<1981>> + e 71 <35> €4 (3]

In[]:=

Out[e]=
True

(ecm[1, 2-2] // cm[2, 3 1]) =

(cm[2, 3>2] // cm[1, 2> 1])
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