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Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the $\lambda$-tangent
formalism. Some material from pensieve://Projects/UEA.

in[-1:=  SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Prolog

m[-1:= BeginPackage["UEA™ "];

Print["UEA" does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"x+", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U,
UB, UProducts, USimp, UU, $Basis, $PBWRule, 5, adPower, adExp},
"

Begin[" Private "];

UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA" implements / extends {«*, adExp, adPower, B, CF, m, NilQ,
SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities
In[«]:= 51:_’]'_ o= If['i ==j_' 1, 0]}

in[-1:=  SSQ[c_. %*x_] /; MemberQ[$Basis, x] := - NilQ[x]; (» Semi-Simple Q «)
NilQ[c_ =*x_] /; MemberQ[$Basis, x] := NilQ[x];
SSQ[x _Plus] :=Andee (SSQ /e (Listeex)) ;
NilQ[x Plus] := Andee (NilQ /e (Listee x));

inf-1:=  $k =13

i 1= CF[&.] :=Expand[& /. e = e®®MI] /. [ /5 k> $k > 0} ;
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Implementing general universal enveloping algebras

ml-1:= B[@, _] =0; B[_, 0] =0;
B[c_%*x _, y ] /; MemberQ[$Basis, x] :=CF[cB[x, y11;
B[y , ¢ _xx_] /; MemberQ[$Basis, x] :=CF[cB[y, x]11;
B[x Plus, y 1 := B[#, y] & /@ x;
B[x , y Plus] := B[x, #] & /@ y;
B[x_, x_] =0;
B[y_, x_] := CF[-B[x, y]11;

in[-]:= x_=sy :=0rderedQ[{x, v} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];
Uu; [1] := U;[];
UU; [x_"-] :=Uu; eeTable[x, {p}];
U; [&1 = & /. {
U[xs_ ] = U;[xs],
X_ /; MemberQ[$Basis, x] > U; [x]
}s
UU; [x_, xs__ 1 := UUgy[x] UUgp[xs] // Expand // Mig 2,5
USimp[& ] := Collect[&, Times[U [__]1..], Expand];
USimp[& ] := Expand[&];

mn[-]:= ms [@] =05
ms [x Plus] :=m/@x;
m; [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m; ,; [&]1 =& /. Ui ->Uj;

in[-]:= My 5 5 [€_oU; [X___TU; [1] :=cUg[x];
mi ,j e [€_-Ui [1U; [y___1] :=cUe[yl;
mi ik [€_U; [xx___ ,x 1U; [y ,yy 1]1:=If[x=sy,
CUk[XxJ Xy Vs yy]:
(Ui [xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) Uj[yy] // Expand // m; j,.)
c // USimp

15

mn[-1:=  UProducts[{}, @] = {1}; UProducts[{}, d Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte
Flattene@eTable[ (U; @@@ Subsets [$Basis, {j}]) u, {j, @, d}, {u, UProducts[{is}, d-3j]1}1;

in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, =];
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in[-]:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X_%%*y = Module[{is =Supp[x] N Supp[V], o, 2},
z=x; DO[Z =My 0ei[2], {1, is5}];
z = Expand[y z]; DO[Z =Myei,i i [2], {i, is}]; z]1;
UB[Xx , vy ] := USimp[x %%y -y %% X];

Epilog

m[-]:= End[]s; EndPackage[];

Predefined Algebras

sl(2)

in[-]:=  Print["UEA" SetAlgebra knows \"sl12\"."];

UEA" SetAlgebra knows "sl12".

mm[-1-=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Algebra = "s12";
$Basis = {e, h, f};
$PBWRule = {e > 1, h> 2, f- 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

Blne
(- Print["UEA"SetAlgebra knows the e-nilpotent algebra gl,.."];

UEA" SetAlgebra knows the e-nilpotent algebra gl, .
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SetAlgebra[gl, .| := (
$Algebra =gl _;
$Basis = Flattene{
Table[y,,z, {B, 2, n}, {a, 1, B-1}1,
Table[X,,5, {B, 1, n}, {a, 1, B}]
}s
NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q )
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,i 5 Xe ,0. ] t=085,rXi,1 =61,iXg,55
BLYi ,j s Yo ,0. ] :=CF[€ & rYi,. ~€6.,iYr,i]5
B[Xi ,7 » ¥,k 1 :=CF[8rXi,i -61,iXp,j/«Xo,5 »IF[a< B, €Xs 55 Y5,2113

)
SetAlgebra[gl, .|;
$PBWRule

MatrixForm@Table[ {bl1, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]

{¥1,2>1, y1,3>2, ¥2,3> 3, X1,1 >4, X1,2>5, X2,2 26, X1,3>7, X3,3>8, X3,3>9}

Out[+]//MatrixForm=

{y1,2> ¥1,2} > © {y1,2> ¥1,3} > © {Y1,25 ¥2,3} > © {y1,25 X1,1} > ¥1,2 {Y1,25 X1,2} > ©
{y1,3> ¥1,2} > © {y1,3> ¥1,3} > © {Y1,3, ¥2,3} > © {¥1,3> X1,1} =2 ¥1,3  {¥1,3, X1,2} 2 ¥2,3
{¥2,3, ¥1,2} > © {y2,3> ¥1,3} > © {Y2,3, ¥2,3} > © {Y2,3, X1,1} > © {Y2,3, X1,2} >0
{X1,15 ¥Y1,2} > =Y1,2 {X1,15 Y1,3} 2> -¥1,3  {X1,1, ¥2,3} > © {X1,15 X1,1} > © {X1,15 X1,2} = X1,2
{X1,25 Y1,2} 20 {X1,25, ¥1,3} > -Y2,3  {X1,25 ¥2,3} 20  {X1,2, X13,1} > -X1,2  {X1,2, X1,2} > @
{X2,25 Y1,2} 2> ¥1,2 {X2,25 Y1,3} > 0@ {X2,25 ¥2,3} = -¥Y2,3 {X2,2, X1,1} > © {X2,25 X1,2} = —X1,2
{X1,35 Y1,2} > © {X1,35 ¥1,3} > ©@ {X1,3, ¥2,3} 20 {X1,3, X3,1} > -X1,3  {X1,3, X1,2} > @
{X2,35 ¥1,2} > © {X2,3, ¥1,3} = Y1,2 {X2,35 ¥2,31 > © {X2,35 X1,1} 20 {X2,3, X1,2} = —X1,3
{X3,35 ¥1,21 > © {X3,35 ¥1,3} 2 ¥1,3 {X3,3, ¥Y2,3} 2 ¥2,3 {X3,35 X1,1} > © {X3,35 X1,2} > ©

adPower[x , kR , Env_]1[c_=*y 1 /; MemberQ[$Basis, y] := CF[c adPower[x, k, Env][y]];
adPower[x_, k_, Env_][y Plus] := adPower[x, k, Env] /@ y;
adPower[_, @, Env_1[y_] :=V;
adPower[x , k , Env_][0] =0;
adPower[x , Rk _, Env_1[y 1 /; MemberQ[$Basis, y] :=
adPower [x, kR, Env] [y] = B[adPower [x, k-1, Env] [y], X];
adPower[x , kR ][y 1 := adPower[x, k, {$Algebra, $k}1[V];

in[-]:= X0 = ($Basis /. {x > 0, y » nO}) .$Basis

x1 = ($Basis /. {x-» &1, y » nl}) .$Basis

Y1,2101,2 + X1,1 01,1 + X1,2 01,5 + X2,2 £0;

Y1,2 M1 ,0 + X1,1 E11,1 + X1,2 11,0 + X2,2 €15
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In[«]:=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

In[«]:=

Out[e]=

In[«]:=

In[]:=

Out[«]=

In[«]:=

Out[«]=

In[«]:=

Out[«]=

adExp[x_1[y_]1 /5 SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, 0, $k}]].
Table[Coefficient[y, b], {b, $Basis}]]

SSQ[&01,1 X1,1]
True
adEXp[£0;,1 X1,1] [x1]

£0 -&o.
e try1only o+ X1 Ly e T Xy €1y 5+ X0,2 815

adExp[x_1[y_] /; NilQ[x] := Expand@Module[{k =0, s =0},
While [adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y] /k!;
++k
15
s

1

adEXp[£0;,; X1,,] [x1]

Y1,2N11,0 - €X1,1N11,2 601,20+ €Xp,2N11,5 601,20 - € X121y §@i,2 +

X1,1 19,1 +X1,2601,2 ELq 1 +X1,0EL 0+ X0 ELy 5 —Xq,20601,5 EL

ATangent[] = 0;
ATangent[xs__ , x_] :=adExp[x] [ATangent[xs]] + 0, X;
ATangent[xs_List] := ATangent @@ xs

$Basis ($Basis /. {x > &, y-»n})

{Y1,2 11,25 X1,1 €1,15 X1,2 $1,25 X2,2 £2,2}
ATangente (A $Basis ($Basis /. {Xx» &, y-»n}))

A€1,1-A &, A&y, A,
@ SRy h 1,2+ X1,1 81,1+ €@ PP X 0810 - @ TP e AXy 11,2 E1,0 F

2E AE AEraed € 2 2
e "l eAXy,2M1,281,2+€ PP AXy, 281,181, - € TR e AT X 2 11,2 87,0+ X2,2 62,2

$Basis

{¥Y1,25 X1,15 X1,25 X2,2}
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in[-1:= lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y » nl}), A$Basis ($Basis /. {x > £2, y->n2})]

]

Out[~]=
A ELy =N ELy 242 €24 1-1 £2 A E2y 1-A €2
@ ST Yy oLy o+ @ TRy N2 5+ Xe,1 ELy 1 -

ettt iy, N2y, E11,1 + et At tha y, el et e Axg g Ny, E1q 5 +

e’ e Ax, N1y, 11,5 + e 22 e Axq N2y, 11,2 - et 22 e A Xy, N2y, E11,5 +

2t S A g 52y N1y 52y, E1y, - @ SR T S g R2y 772%,2 Ely o +

e 2 et A% piy 81y 3 Ey et 2 e A% xg N2y, 11,1 €115 - et e 2 xy,, N2y, 11,1 €115 -
el e S At ¢ B3y, 772%,2 £11,1 E1y,, - @' ot Sl A SR ¢ 32y Nl , §1i,2 +X2,2 8150 +
e Pt iy N21,5 E1p,5 + X1,1 21,1 + ey 5 £2y , - e Tl e g iy nly,, 21,5 +
ettt A g iy, nly,5621,2 - e e Axg N21,5821,5 + et e A Xy, N2y, 21,2 +

€722 Axy 5 E1y,1 29 5 + @ Pt e A% x4 N2y, E11,1 6215 - et e %y, N2y, 611,162, -

2t hatteha g 32 X1,2N11,5 11,2621, +2 e’ a2t t2 ¢ 2 X1,2M21,2 €11,2 E21 5 +

2t e 3k , N21,5, 11,1 611,562 5 - e %22 %, 1,5, 824,5 -

e e % xg g N21,5&15,5821,5 + e e % x,,, N21,5815,5821,5 + e %2 %, £21,1 8215 -

NELy1-A ELy 24X E29,1+X E2 2 2 NE2y,140 E2;,5 2 2
e EA"X1,2n1y,,827 ,-€ €A X1,2N2y 5 E27 5 +

XE2y 40 E2 3 2 A2 140 E2 3 2
@ T2 € AT Xy 9 N2y 5 E11,1 27 5, - @ BT EB2 e AT Xy 512y 5 €155 €21 5+ X2,2 €222

in[-]:= rhs = ATangent@ ($Basis ($Basis /. {X, ,, = CF[f, ,[A1], Xop - Ffag[A], Yor - Bag[A1}))

out[«]=
, Fra[A , £,5[0 ,
X1,1 F1,1" [A] + €220 xq 5 1 5 [A] Fa,0 [A] + €22 xq 5y 5 (4] +

’ T Al -f A ’ f A ’
X2, F2,0" [A] + e vt T2ty g 2 a] — et e xq g Fao [A] 81,07 [A] +
f A ’ f Al +F A 2 ’
et ex, 5 F1o (] 81,0  [A] — e ey o fy 5 1A% 81,0 [A]

in[-]:= SSBasis = Select [$Basis, SSQ]

out[e]=
{X1,15 X2,2}
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in[-]:- eqns = Simplify[ (Coefficient[lhs - rhs, #] == 9) & /@ $Basis]
Out[«]=
{eh (Fharthaarttathn n 5 (1427522 € 2% 12y, €14,5) =

et (F12re2117e22) ¢ 32 a2 L (14 A E1y,q) E1y,5 +
et (Fame2) N2, (m1+A&811 1 -A&1,,) + efr M fzlilg, 1o,
€211+ Ely1 (1+ €% N2y, (522 61y 5 + @21 82y ) ) + e e f 5[] g1,2/ [A] =
et (Fluathn) ¢ 5 nly,» (e) s Ely o+ e’ e §21,2) +
eAn2;, (-e Har g1y 5+ @t P (14 1€l ,) £21,5) +f1,1' (2],
et (E12,2+821,0) (—e)‘ (€11,1+2815,24€22,2) ¢ 2 7711)2 §1i,2 + et (612,24622,2) 511)2 (72 et (El,1+820,1) ¢ 52 7711)2
£+ 22 (14221 €202y, 62;,) +e 22 01y (142" e 2?02y, 62:,5)) -
e Shur (@ IRl (11X €Ly s+ ALy p - AE2,) E21,0+
e (S2areh2) g 32 (eh a1y s v et 202 5 (1- A8l + A EL,,) ) €275+
et e (f) 5[] F1,0 (4] + Fuo (A —efr P e fi 5 (0% 81,0 140 )) ) = o,
€1y, +eAnly, (!l ,+e (Flaa-élaore2iy) £21,5) + E25,2 =
€EAN2y, (eﬂélz'z (1+XE1y,1) €1y, + @ 00 (m1 4 A &Ly 1 - A €Dy ) £21,5) +
fa,0/ [A] + e M e fy 5[] 1,0 [A] |

in[-]-= Lengtheeqns

Out[e]=
4

in[-]:= unknowns = $Basis /. {X,; - fas[Al, Yos - BaplA]}

Out[«]=
{81,2[A], F1,1[A], F1,2[A], F2,2[ 2]}

in[-]:= $Basis /. {X,s > f,5[0] =0, y,s 8,s[0] =0}
Out[«]=
{81,2[0] =0, f1,1[0] =0, f1,,[0] =0, f,,,[0] == 0}

in[-1:= {so0l@} = Block[{$k = @}, Simplify@DSolve[
lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y » nl}), A$Basis ($Basis /. {x > £2, y->n2})]
15
rhs = ATangente@ ($Basis ($Basis /. {X, ,, = CF[f, ,[A]], Xo5 - Fag[A]s Yor - 8ap[A1}));
Join]|
(Coefficient [CF[lhs - rhs], #] == 9) & /@ $Basis,
$Basis /. {x,5 »f,5[0] =0, y,; >g,;[0] =0}
1,
$Basis /. {Xap - 'Faﬁ [Als Yap = 8aplAl},
A
11

Out[«]=
{{f1,1[0] > X (E1,1+ E21,1) 5 F2,2[ 0] 5 A (E1a,2+ €22,2) 5
Fi,2[A] 5@ P EL e e R 82y 5, 81,2 (] 5 A (7711,2 + et (el 7721,2) }}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gin-260612.nb 2026-06-12 08:52:29

in[-1:= {sol1l} = Block[{$k = 1}, Simplify@DSolve [
lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y»nl}), A$Basis ($Basis /. {x > £2, y->n2})]
15
rhs = ATangent[
$Basis ($Basis /. {X, ,, » CF[f, ,[A]], Xop > FaplA]l, You > 8BaplAl}) /.
(sole /. ((a_-»b ) =» (a»ea+b)))
15
Join][
(Coefficient [CF[lhs - rhs], #] == @) & /@ $Basis,
$Basis /. {Xos = f.s[0] =0, Yop > 8os[0] =0}
1,
$Basis /. {X,5 - Ffopg[A]s Yap - 8as[A]1},
A
11

Out[~]=
{{F1l0] > 22 0% 12y 5 €1y 5, 2,2 (2] > —e* 22 %02y 5 €14 5,

F1,2[A] > 2302y 5 €105 €215, 81,2[A] » —e MR A2 33 o2 ey L1

in[-]-- SetAlgebra [gls,e]3

$k =1

$PBWRule

MatrixForm@Table[ {bl1, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
Out[e]=

1
Out[e]=

{¥1,2>1, Y1,3>2, ¥2,3 >3, X1,1 >4, X1, 25, X2,2 26, X1,3>7, X3,3> 8, X3,3>9}

Out[-]//MatrixForm=

{Y1,25 ¥1,2} > © {Y1,25 Y1,3} > © {Y1,25 ¥2,3} > €VY1,3 {Y1,25 X1,1} =Y
{Y1,35 ¥1,21 > © {y1,35 ¥1,3} »>© {Y1,35 ¥2,31 ~>© {¥1,3, X1,1} =Y
{¥2,3, ¥1,2} > -€ V1,3 {y2,35 ¥1,3} »>© {Y2,35 ¥2,31 > © {y2,35 X1,1} =
{X1,15 ¥1,2} » -Y1,2 {X1,15 ¥1,3} © —Y1,3 {X1,15 ¥2,3} > © {X1,15 X1,1} =
{X1,25 Y1,2} 2 €X1,1 - € X2,2 {X1,25 ¥1,3} = —Y2,3 {X1,25 ¥2,3} > © {X1,25 X1,1} = ->
{X2,25 ¥Y1,2} = Y1,2 {X2,25 ¥1,3} > © {X2,25 ¥2,3} > -¥2,3 {X2,25 X1,1} =
{X1,35 ¥Y1,2} = —€X2,3 {X1,35 ¥1,3} 2 € X1,1 - € X3,3 {X1,35 ¥2,3} 2 €Xq,2 {X1,35 X1,1} = >
{X2,3, ¥1,2} > © {X2,35 Y1,3} 2> ¥Y1,2 {X2,35 ¥2,3} 2 EX2,2-€ X33 {X2,35 X1,1} =
{X3,3, ¥1,2} > © {X3,35 Y1,3} 2> Y1,3 {X3,35 ¥2,3} > ¥2,3 {X3,35 X1,1} =
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in[-]:= s01[-1] = @ $Basis;
Do [
Block[{$k = k},
s0 = Thread[$Basis -» sol[k-1]];
lhs = ATangent[
Join[A $Basis ($Basis /. {x-» 1, y »nl}), A $Basis ($Basis /. {x-» 2, y-»n2})]
15
rhs = ATangent [
$Basis ($Basis /. {X.z > (Xu5 /. 50) + € Fog[Al, Yop > (Yas /. 50) +€“gs[21})
B
Echo@"computed lhs and rhs";
eqns = EchoLabel["egns"] @Join[
(Coefficient[CF[lhs - rhs], #] = 0) & /@ $Basis,
$Basis /. {X,5 >f,;[0] =0, y,; >8,5[0] =0}
15
unknowns = $Basis /. {X,s - fog[A], Yapr - BaglAl};
{s} = DSolve[eqns, unknowns, A];
sol[k] = CF[sol[k-1] + e ($Basis /. (X5 - Fag[A]s Yop = BaplA1} /. s) ]
B
{k, 0, $k}
|
sol[$k] .$Basis

computed lhs and rhs

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: gin-260612.nb 2026-06-12 08:52:29

[@MEla Lo h a6 g L @A A s @A A g el
B T T T T L P A Ty
e A et Re 32 ) 3 €1y 5 €Ly 3 - @ TS 1 62, 5 - et TR N2y 362, 5+
e )2 N21,3811,1 25,3 - et fha ) n2y,3 13,3 82;,3 - efra (M- (4] 81,2 [A] + efral2 f2,3[] 81,3 [A] =0,

A Elaa A 2 A0 g L @A A s ) AR ARs g el
e Ehs ) n2q,3 13,3 - efa sl g1,3' [A] =0,

@l A Ela s A 20 A5 L A A L @ ElarA Slaa A et A §2a A 2 5 g e
T S N O TR P A I Gl (V IYP S PP PIPIE U L PP PP
B B AN T D Lt I ML L L R N H
@) Fharh 22 e )2 N21,3E11,1 621, + @t Pt R A iR 52 N2y,3 813,362y, -
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@27 El3,3 A 62,100 62,3 53 255 €113 E1p,3 €15 5 + ) Ela 22 N EL A €210 £33 54 245 €1y, E1p,3 E1p 5 €15 +
@2 ELy 212 A ELy 32 621,140 €253 & 55 n2.5 §1§,2 51%)3 E13,3+2 M Ela e o 52 N2y €113 €215+
el B e 23 02y 5 €13 €1y €215 + 2@ TR A B € 03 D, €1y 5 €15 3 62y 5 +
1SR € P02y 5 €103 E1p,3 €205 + @ TR ER0 € 20 02, 5 €1y 5 €155 €153 €200 +
@Ml Ehs ¢ pf f721,3 €11,381,5,81,,3821,5 @Ml Ehs g 33 7722,3 515,3 2,5 +
3 ) Lot 2 A ELy 30 h 25 o 4 N2y 5 €11, 51%)3 £2, 5+ 21 €Lt E2 o 54 n2,.5 €1a,, 515’3 £2, 5+
e T2t 2L B ¢ 25 02y 3 E11,5 €1y, €153 621,5 - €7 BB € 0¥ 2, 5 615 56153621 5 +
e Sl AL B ¢ 05 12y 5 €1y 5 €15 3 E13,3 21,5 + 2@ 2 B e 2202y 5 61y 5 €295+
4ttt g 2 W21,3 €ly,3821,3+ ettt fhs ¢ 33 7721,2 €1,,,81,,5,821 3+
202 e 32 02y S 61y 3821 3+ 3@ TR s g 03 )y L £y 5 €1, 5620 3+
@ a2t a3t E0as ¢ 4 N21,3811,2615,2E815,3821,3+2 ettt g 33 N2y,3 811,313,382 3+
e et e ¢ )3 r]22,3 512,3 513,3 521,3 + @t thaat A Elaa A2 g 8 W21,3 511,2 512,3 513,3 §21,3 +
2XELy, N E21,1 0K E2,,0 00 6235 o 53 N2, ‘51%,2 £2,5 - @22 ELy 0 A E21, 100 E2 500 E2 s o 54 N2y €11, §1§,z 2,5+
) El3a A 620,100 E2 040 €233 52 255 €113 €253 + ) El3,37 A 62,150 E2,040 €233 53 25,3 €111 €1y 3 6255 -
A E1y,342 €13,3-2 €21,140 €25,2+4 €233 ¢ 33 243 €115 €1y 3 6255 -
AElaa A Ela 3 A 820000 E2220 4 6203 ¢ N2y,3811,1 813,581,382 3+
201,00 62,100 E2,040 E23,3 4 2., §1i,2 €152 625 - €13 A E20,100 E2 040 €233 53 255 €113 €150 €255 +

(E)\ €1y 5+ A EL3 3-A E21 14X E2; 3+ A E23 3 e KB 7722,3 §11)2 §12,3 §22)3 +

e)\§12,2+)\513,3*)\521,1+7k§22,2+7\§23,3 c A4 n22’3 511)1 §11,2 §12)3 §22)3 +2 62)\512,2")\513,3*1521,1+)\§22,z+7\523,3

O 6 6 N 6

et n2q,3 fli,z €1,382; 3~ @24 122 A el A ER 1 A ER p A e ¢ 35 n2y,3&11,1 51%,2 €1,382; 3+
62/\§1z,2+7\ E13,3-AE27 1+A E2; 5+ A E23 3 e 15 7721,3 51%,2 §12,2 §12)3 §22)3 n e/\ E13,3-XE2) 14X E25 5+ A E23 3 e

JE 25,3 €113 €133 62,5 + @2 ELy ot A ELy 3R £21,1 4R 2,540 23,3 o 35 N2 5 5112 1,515,362, +
4 et tl2att S22t i ¢ )3 fl21,2 €11,2,821,5825 3+2 @ tlaat A 22t e ¢ )3 rl21,3 €11,3821,5 8253+
2’ a2t 22270805 ¢ 34 N21,5E11,2 15,2621, 625,3-2 e t1a3 A 22274825 ¢ )3 N2;,3E615,3821,5 8253+
6 ' Flaat Sl AR e ¢ Q8 2y 5 €15 E15,3 621,20 E25,3 +
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2@ttt Elaath et 8 ¢ )3 N21,3E811,2 615,20 615,3821,2 82,3+

" 13,372 822,202 8233 ¢ 4 N21,3811,3 8133821 582,53~ " Elaa A 6222 A E2as ¢ 4 N2;,3E815,3 81338215825 3+

2 M a2 A el ER A ek ¢ 35 r]21,3 §11)2 512,3 513,3 521,2 522,3 T L RN} 511,1 512,3 'F1,2 [A] -
e sl B ¢ ) 61, 362y 1 F1 5 [A]) - T R e e a6y 4 €2, 35[0 -

e ARt B ¢ 62y 1 €2y 3 F1 o [A] - @ B B e €1y fy 5[] - et TR B e €2y fy 5 (0] -

@’ Fla2t A el A 821102 6055 ¢ €1y, &1, 5, [A] - ettt Sl A th it e o 2 11,181,581, 3, 5[] -

@ 13t e ¢ €1;,382, 5 5[] - e flaat i ¢ 2 14,1 615,5821,, F2,0[ 2] +

el B e 22 €1, 5 6153 €21, F2,0 [A] - @ BB e 02 61, 5 €2y 1 62,5 F5,5 (2] -

et A €21t A 82,200 655 ¢ €1y, 82,3, A] - @ 122 A 2,1 822,000 8055 ¢ 52 €11,1 81,582, 3, 5( 2] -
et s ¢ ) £21,,82;,5F2 5[] - et B2t e ¢ 32 €11,1 821,20 82; 3F5,5[ 2] +

et chathehs ¢ )2 €15, 821,20 82;,3F,,5 (] - @22t e ¢ 2 £29,1 621,20 82;,3F,,2( ] -
@)\ €1y 5+ A EL3 3-A E21 1+ A E25 3+ A E23 3 e 511,2 f2,3 [A] - e)\ E1y,5+ A E13 3-A 21 1+ A E2; 5+ A E23 3 e 511,1 511,2 {:2,3 [A]

e st et B g €0y 5 Fy3[A] - @ Tl R B e j g1y ) €21 5 Fp 5 (A0

@’ Elaat A E22,00 085 ¢ €1y, 8215 o3[ 2] - ettt e Ehs ¢ ) €21,1821,5Fo3[A] -

et el tchardcs o £ly,5f3,3[A] - R R €1ly,1 811,53 F5,3[A] -

el Al A R B ¢ ) 61y 5 €1y 3 F3,3 (0] - @ R e A B s ¢ 02 a1y €1y 5 61, 335 [ 2]

el B e 261y 3621, F,3[A] @t B e A2 61, 5 €1, 3621 5 Fa 5[] -

€ B e €2y 33 5[N] - @ B e N ELy,1 62,3 F3,3 (0] v @t B e A€y 36213 F3 5[] -

et B3 e ) £21,1 821,53 F5,3[A] - @ 122 B21 A 20,202 8003 ¢ £y, 82, 3 F3,3[A] -

@ 122 A 21 822,000 855 ¢ 52 E14,1614,282;5,3F3,3[A] - e E2at 8% ¢ ) £29,5 825,35 F3,3[A] -

e 2B e 02 €1y 1 621 5 €2, 3 F3,3[ ] + @ PR B e 02 61, 5 €2y 5 62, 5 F3,3([ 0] -

e’ f22t A8 ¢ )2 £21,1 21,5825 3F3,3[ 2] - ettt e tha ¢ ) E1ly,3F1,1 [A] -

e Flaat Al AR s € 22 €1y 5 €1,,3 F1,0 ] - @B e A €2y 5 F1,0 (4] -

e Flaa SR SRt AR ¢ 92 €1y 5 €2, 3 F1,0  [A] - @ TR B e 0% €2y 5 €2, 3 F1,07 (4] -

ol LA D g1, fy (] - @ S A s ¢ g2, Ly L 4] et s B e £y (0] — 0,
—2@) a2 s € apd, £y 5 - @t T AR B e 32 g, 61y 5 €6, , -

P T L T T I L N T T

R e P N2y,5 11,2 €155 15 3 - @2 A 202t A 25 ¢ 53 N2y,3 11,3815 5,815 3+

2}l A2 d s ¢ 32y §1§)3 3l Al i g 33y ey §1§)3 ~

2L A s 53y 1, ) £12 ) - @F ST A Sl A ekt g 4y o1 e, L €12, 4

2 Elas A2 A 605 ¢ 33 1y §1§)3 £13,5 - a2 Al Aihah s c 30 e 51%)3 £, -

2t Ehs g 2 N2y,5 11,2 6253+ 2 et 1t g 32 N2y,3811,362;,3 -

et tleath B ¢ )3 N2y,,811,, 815,82, 3+4 Mttt ¢ 2 N2;,3815,382;,3 -

3@ttt flattean ¢ 33 N21,3E11,2 15,3623 - et tlaat A flaatthn ¢ 4 N21,3811,2 815,25 615,3 6253+

e et e ¢ 53 N21,3611,3E6133E62;3+2 ettt e ¢ 33 N2;,3 815,313,382, 3

e A N V)21,3 511,2 512,3 513,3 522,3 -t thathha e 512,2 'F2,3 [A] -

R > PP R PP PR RN 3 PR Y PR I

e Tl AR B e 61y 5 €1y 3 Fa 3 [A] - @ B e €2,,5 F3 5[] -

et tB3 e €1;,, 82, 5F33[A] + e B €13,382; 5 F3,3[A] - e B e £25,2 8253 F3,3[A] -

@ 1337822272 835 ¢ ) €1,,5 5,0 [A] - e %3 e £2;,5F,,2 [A] - e’ et 2 ¢ f,,3°[A] =0,
—2e' e n2y,3&11,3-2 et b e n2y,3&15,3 - el e ? N2q,3&11,3 8133~

ettt e 22 N2;,3815,38133-€ef3,3"[A] =0,
81,2(0] =0, 81,3(0] =0, g,,3[0] =0, f,,;1[0] =0, f;,[0] =0, f,,[0] =0,
fi1,3[0] =0, f,,3[0] =0, f33[0] == 9}

Set: Part 7 of Asymptotics AsymptoticRSolveValueDump'c$ 15938 Asymptotics’AsymptoticRSolveValueDump'i$15938] does not

exist.
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Out[e]=

Out[«]=

Set: Part 8 of Asymptotics AsymptoticRSolveValueDump'c$15938[Asymptotics’AsymptoticRSolveValueDump'i$15938] does not

exist.

Set: Part 9 of Asymptotics AsymptoticRSolveValueDump'c$15938[Asymptotics’AsymptoticRSolveValueDump'i$15938] does not

exist.
General: Further output of will be suppressed during this calculation.
Part: Part 7 of {0, 0, 0, 0, 0, 0} does not exist.
Part: Part 8 of {0, 0, 0, 0, 0, 0} does not exist.
Part: Part 9 of {0, 0, 0, 0, 0, 0} does not exist.

General: Further output of will be suppressed during this calculation.

$Aborted

Dot: Tensors
(Al + et hie A, o @M Eht2M ez € A3 2 1, Gy + 022 €AP 21, 611, + A8, @ P AT +e M2 A 82,5+

€N N2, E115 8215 —€" 122 €A% 021, €14, + AET,, + A §2;,) and {y12, Y13, V2,3 X1,10 X1,2 X2,2 X1,3, X2,3, X3,3}
have incompatible shapes.

{an1y,+ e Fhuarteher ynp, e ettt ¢ 33 ol £1y 5, ALy et TR e AP N2y, €1y 5 + A E2y 1,
e S Ly v e M N2y hr e A2y 5 E11 5 E21,0, —€ B2 e NP N2y 5 ELy A ELy 2+ A E2p 0.

{Y1,25 Y1,35 ¥2,35 X1,15 X1,25 X2,25 X1,35 X2,3, X3,3}

050l = E i 435k [y1,z[k] n1,2[1] + @ 5 [i1+822 1] Y1,2[K] n1,2[3]1 +y1,3[K] n1,3[1] +

e sl e lily) K] 01,5031 +Y2,3[K] n2,3[1] + @ 2B+l y, [k 1y 5[5 +

X1,1[K] &1,2[1] + Xq,1[K] &1,2[]] + @ il X1,2 [K] §1,2[1] - efei Y2,3[K] 11,3031 &€1,2[1] +

e 20 xy 5 [K] £1,2[3] + @ 200 xq 3 [K] &1,3[4] + @ &2 xq 3[K] €1,3[3] + Xz,2[K] &2,2[1] +
X2,2[K] €2,2[3] + €201 x5 3[K] &3,3[1] + @ SurlH*ea2BIv6slil y, o 1k] 1y 3] &2,314] -

X1,3[K] €1,2[3] &2,3[1] + @ 21 x; 3[K] £3,3[3] + X3,3[K] €3,3[1] + X3,3[K] €3,3[3],
—e S22l 6l y) 1K) 0,2 [4] m2,3 03] + @225 xq 1 [K] 11,2 [3] &1,2[4] -

e®221) x; 5 [K] M1,2[3] &1,2[8] - e &2 1028200y, o 1k] g 5 [317 &1,2[4] +

ey 1K1 M1,2[4] 11,3031 €1,2[4] + Xa,2[K] 12,2[F] €1,2[4] &1,2[3] -

e %22(d] X2,3[K] 11,2[3] &1,3[1] + @5l X1,1[KI 11,3[3] &1,3[1] - e5elil X3,3[K] 11,3031 &€1,3[1] -
e fralil+Ea2[11+63 1] Y1,2 [KI 11,2031 11,3031 &1,3[1] - e s [H1+26,5 ] y1,3[K] 771,3[j]2 §1,3[1] +

@ 512 131-822 [11+6,5 1] X1,2[K] 12,3031 &1,3[1] - e f22lil+26,: 1) Y2,3[K1 11,3031 12,3031 &1,3[1] -

e 20108 1 5 (K] 11,3031 &1,2[4] €1,3[1] + &2y, 3[k] 0130317 €1,2[1] &1,3[4] +

X1,3[K] 1,2 [3] E1,2[3] E1,3[4] + Xa,3[k] M1,3[F] €1,3[1] &1,3[3] + 1) x5 5 [k] m3,3[F] €2,3[1] -
@521 x5 3[K] m2,3[3] &2,3[0] + @S2 [H+822 63y, 1K) iy 5151 12,3131 €2,3[4] -

e 12650y 1K) 11,3131 12,3131 €2,3[1] - @ 5228122800y, 1K) 1y 31317 &2,3[4] +
@226l ) k] 01,3031 €1,2[4] &2,3[4] - 2201830 5, 5 [K] 11,3031 &1,2[4] &2,3[4] -

2@ S 028200600y, K] 1y 1G] 01,3 03] E1,2[4] &5,3[4] +

e?&n(i] Y2,3[K] 11,3031 12,331 &€1,2[1] &2,3[1] -

e 22ll+&5 1) X1,2[K] 12,3031 §1,2[31 &2,3[1] + @®nli] X1,2 [K1 n1,3[3] €1,2[1] &€1,2[31 &2,3[1] -

e &2 1026500y, 1K) 1y,3[31% €1,3[4] €2,3[1] + Xa,3[K] 02,3 [3] &1,3[3] &2,3[4] -

e 12822651y, 1K) 1y 31317 &1,2[1] &5,3 0017 +
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X2,3[K]1 n1,3[3] §1,3[1] &2,3[3] + X2,3[k] n2,3[J] &2,3[1] &2,3[3]>

1 . 1 .
-5 @22 x, 1 [k] m1,2[31% &1,2[11% + > @2 x, 5 [K] m1,2[31% €1,2[11% +

e il Gallly, (k] 01,5 [31° €1,2 1417 + 2 xq 1 [K] 71,2131 72,3131 €1,3[4] -
e 5 2 [K] 11,2 [31 72,3131 €1,3[1] - e Szl Galily, (k] 0y 51517 1,3 [3] €1,3[4] +
e f22[i1+265,5 1] Y1,3[K] 11,211 11,3031 n2,3[3] &1,3[1] - @821+l X1,1[K] m1,2[3]
M1,3[31 &1,2[4] &1,3[1] + %2153 0 5, 5 (K] 11,2031 M1,3[F] €1,2[1] &1,3[4] +
2@ Sl 28216y, K] 1y 51317 11,3031 €2,2[4] &1,3[4] - €282 yy 5 [k]

M1,2041 M1,3031% E1,2[1] &1,3[1] + @ 22015308 5 1K1 m1,2 131 m2,3[3] €1,203] &1,3[4] -

. 1 .
@2 x4 5 [k1 11,2031 M1,3[3] E1,2[4] €1,2[F] &1,3[1] - ; @ &3 x 1 [K] n1,3[31% £1,3[1]1% +

1 . . . .
; e? &l X3,3[K] TI1,3[j]2 §1,3[i]2 + @t lilEa2 1142 65,5 1] Y1,2 [K1 n1,2[3] TI1,3[j]2 §1,3[i]2 +

e frli+3 &6l y S 1K) 1y 3[§13 61,3117 - @ 218228102 &6a 0] o) 1k Y 1y 5[] M2,3[F] €1,3[11% +

e 22 111+365311] Y2,3[K1 m1,3[31% 12,3031 &1,3[11% +

e a2 6l oy 1K 01,3031% €1,2[4] €1,3[31% - @52y, 5 [k1 11,3031° €1,2[4] &1,5[41° +

e 2285y, 1K) 11,2111 12,3[31% €2,3[4]1 + @211+ 83 0 5y 1 [K] 11,5 [5]
N2,3[31 &1,2[1]1 &,3[1] - %210+ 18 x; (K] 11,231 M2,3[F] €1,2[1] &2,3[4] -

2 282 s iy, 1K) my 51317 02,303 €1,2[4] &2,3[4] -

e? &3y 31k1 11,2 (41 11,3031 M2,3[3] €1,2[1] £2,3[11 - @ &2 11+8a Ll 5y | [k 11,5 [5]
M1,3[3] €1,2[11% &2,3[1] + @22 B8l 5, 5 1K) 11,5 (3] 11,3031 €1,2[41% &2,3[4] +

3l faalllveanlil y, 5 (K] 11,2131% 11,3031 €1,2[11% &,3[4] -

21 x5 [K] 11,3131 m2,313] €1,3[1] 2,3 141 + @21 x3,5 K] 11,3131 m2,313] €1,3[1] €2,3[4] -

2 fuillren 1260y, 5 1KY 01,5031 01,3031 M2,3[F] €1,3[1] E2,3[4] +

2e 82650y, 1K) 11,3 0131% 02,3 (3] €3,3[4] &2,314] -

e foa L6212 603l o, 5 [K] 1,3 (317 €1,3[1] &,3[4] +

2 e f22lil+3 6,10 ¥2,3[K] n1,3[3]1 n2,3[31% €1,3[1] &2,3[1] - ef2li]*2 8601 x1,1[k1 n1,3[31°
E1,2[1] &1,3[1] &2,3[1] + @®22[11+28:511] X2,2 [K] T71,3[j]2 §1,2[1] &1,3[1] &2,3[1] +

4 @ 61alil+2822[1142 85,3 [] Y1,2[k] n1,2[3] 771,3[j]2 €1,2[1] &1,3[1] &2,3[1] +

e sl 280 5 5 (K] M1,3 031 02,3031 €1,2[1] &1,3[1] &2,3[4] -

2353y, 5 1k1 71,3031% 02,3131 €1,2[11 €1,3[] &2,3[4] +

e 622[114285,304] X1,2 [K] 11,3[3]1 12,3[3] &1,2[3] £1,3[1] &2,3[1] -

@28l X1,2[K]1 11,3[31% 1,2 [1] &1,2[F] &1,3[1] &,3[1] +

e S [H+8 1936500y, 1K) 0y 31313 &1,3[81% &5,3[4] -

1 . 1 .
; e? &l Xa,2 [K] 7’12,3[3']2 §2,3[i]2 + ; e? &l X3,3 [K] 772,3[j]2 §2,3[i]2 +

-&1,1[11+43 &;,3[1] -&2,2[11+3 &3,3[1]

Y1,3[K1 11,3031 12,3[31% &2,3[11% + e y2,3[K1 12,3[31° &2,3[117 -
2@ L2802 102650y, ) 1KY 1y 5 [F] 11,3031 12,3 (3] €1,2[1] &2,3[117 -

@

. 1 . .
eS8 yy 3 1K1 01,3031 n2,3[31% €1,2[1] &2,3[1]1°% - 2 e? el & x4 [K]

1 . .
N1,3[31% &1,2[11% &,3[11% + B @2 8221128511 5, ) [K] n1,3[31% €1,2[11% &2,3[117 +

3e Sl a6y, (k] 01,5031 n1,3031° €1,2[11% &2,3[117 +
e S22l 28 5 5 [K] 112,3131% 61,2131 &2,3011% - @® &2 x5 [K] 11,3031 72,3031 &1,2[4]
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£1,2[3] &2,3[1]1% + 2 a2 G2l &5l y, k] 0y 51512 €1,5[] €1,3[4] &2,3[81% +
e o [H03 82013650y, 1K) 11,3031 £1,2[117 &3,3 [1]3]3
osol = (List @@ osol) .Table[ek, {k, 9, Length[oso0l] -1}]
Out[-]=
y1,2[k] n1,2 (1] + e ooty o k) g 517 +
x1,1[K] €1,2 (1] + 1,1 (k] E1,2 (3] + e 0 xq 5 (k] £1,5[1] +

1 .
2 (Ez &2,2[1]
2

1 .
2 (Ez &2,2[1]

€ x1,1[k] N1,2[31% &1,2[1] +£ X2,2[k] N1,2[31% &1,2[11% +

e fralil3 ety k] 0y 5513 él,z[iﬁ) ety k] &1,205] +

€ (e§z,z[i] x1,1 (K] N1,2(3] €1,2[1] - 221 x5 5 [K] 11,2 [F] 1,2 (3] - e alHr2e2 iy, (k)

N1,2[31% €1,2 (1] +x0,2[K] 01,2 [F] €1,2[1] €1,2[F]) +Xa,2[K] E2,2[1] + X2,2[K] 2,2 (3]

i1~ CF[ (Expand@sol[$k].$Basis /. {€1,, = E.s[1], nl,, = nas[il,
§2,5 o Eas[315 N2,5 »Maslils A>1}) - (0sol /. v_[k] V)]

Out[«]=
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