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Hidden TgX
A Timing Game

Headers

Pensieve header: An isolated attempt to compute the multiplication tensor of ${\mathcal U}_q(s-
[A+_{3,\epslion})$. Continues SjabboQUSL3Seepage.nb.

The implementation of QU is modified from pensieve://Projects/SL2Portfolio/SL2PortfolioProgram.nb.

mn[-1:= SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory"

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

nb2tex

in[-1:= Get["../nb2tex/nb2tex.m"];
nb2tex["Qs13+eps", PDFWidth » 7.5, PDFFolder - "Snips/Qsl3+eps”];
texfile = OpenAppend["Qsl3+eps.tex"];
WriteLine[texfile, "\\end{document}"]; Close[texfile];
Rune
"\"C:\\Users\\drorb\\AppData\\Local\\Programs\\MiKTeX\\miktex\\bin\\x64\\pdflatex.exe\"
Qsl3+eps.tex";
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pdf

In[«]:=

pdf

In[«]:=

pdf

In[«]:=

Initialization / Utilities

$k=1; $U=QU; $E := {$k};

$trim := {ek—' /3R> $k->e};

SetAttributes[{SS, SST}, HoldAll];

q, =e"*’;

(» Upper to lower and lower to Upper: =«)

U2l = {B?:' - e PR¥bi gP- , g PRYD, Ti-’:' - Pt TP ePRY .ﬂ?:' > eP¥u, g#P- —)ep"a};

q - h o
12U = {ec_.b17+d_. osy BiC/( ¥) ed, eC_.b+d_. B c/(avy) ed’

ec_. t; +d_. oy Tg/h ed’ ec_. t+d . oy TC/h ed,
- . c . .
e°- a; +d_ 85y 'ﬂih{ ed, e’ a+d_ o ‘ﬂc/r ed’

ea_ asy eExpand@&};

SS[& , op_] :=Collect[Normale@eSeries[&, {e, 0, $k}1, €, op];
SS[& ] :=SS[&, Together];

SST[& ,0op_ ] :=SS[& /.U21, op];

Simp[& , op_ ] :=Collect[&, _CU | _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] := Collect[&, _CU | _QU, SST[#, Expand] &];

Ké /:Ké; ,; :=If[l===37,1,0];

. k+1,
c_Integery rpteger = C+0[e]7;

DeclareAlgebra

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;

NCM[x , v ,z ] := (x®y) Rz

R = RO=0;

(X _Plus)y 8y := (#®y) &/@x; x_ ® (y Plus) := (x® ) &/ey;

B[x , x ]1]=0; B[x ,y ] :=x8y-y®x;

B[X_: y_se_]:= B[x, vy, e] =B[x, V];

DeclareAlgebra[U_Symbol, opts _Rule] := Module[
{8p, sr, g, cp, M, pow, k=0,
gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals » {}

})

U[Generators] = gs;

(#y =Uexn) &/@gs;

gp = Alternatives@eegs; gp=gp | gp ; (+ gens «)

sr = FlatteneTable[{g » ++k, g; - {i, k}}, {g, 85}]; (» sorting - )
cp = Alternatives@@cs; (» cents )
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SetAttributes [M, HoldRest]; M[O, _] =0; M[a_, x_] :=ax;

CE[& ] :=Collect[&, U, Expand] /. e* = e™PlX] / gtpim;

Ui [61:=&/. {t:icpsti, u U (#&) /@eu};

Ui [NCM[]] =pow[& , @] =Ue{} =1,=U[];

B[ue(x_); , Ue(y_); | :=U;eB[Uex, Uey];

Blue(x_); ,Ue(y_); ] /5 i=t=3 := @;

B[U@y , Uex ] :=CE[-B[Ue@x, Uey]];

x_ ®(c_.1y) :=CE[cx]; (c_.1y) ®x :=CE[cx];

(a .U[xx_ __,x 1)® (b .U[y ,yy 1) :=If[OrderedQ[{x, y} /. sr],

CE@eM[ab /. $trim, U[xx, x, y, yv11,

Uexx R CE@M[ab /. $trim, Uey ® Uex +B[Uex, Uey, $E]] B Ueyy 1;
ve{c_.x(L:gp)™, r___}/;FreeQ[c, gp] := CE[cU@Table[L, {n}] BU@{r}];
ve{c_.xL:gp,r___} :=CE[cU[L] ®Ue{r}];
ve{c_,r___}/; FreeQ[c, gp] := CE[cU@{r}];
ve{l Plus, r___} := CE[Ue{#, r}& /e L];
ve{lL_,r_ __} := Ue{Expand[L], r};

U[ & _NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly ] := Module[{sp, null, vs, us},

sp = Replace[{specs}, L List: L1, {1}1;

vs = Joinee (First /@ sp);

us=Joinee (sp /. L, » (L/.x_; »x));

CE[Total]

CoefficientRules[poly, vs] /. (p_-c_) = cUe (us”)

11 7+ X_pu1 = x]5
Oy[specs___, E[L_, Q_, P_1] := Oy[specs, SS@Normal [P e“Q] [E
pow[& , n_] :=pow[&E, n-1] ® &;

Syl&_, ss___Rule] := CE@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ > c_) »» cNCMeeMapThread [pow, {Last /@ {ss}, p}11];
Ors__[C_.#u_U] := (c/. (t:cp); = tj/ (rsy) U[Liste@e (u/.v_; »Vj/ . (rsy)]5
mj e [C_.%u_U] := CE[((c /. (t:cp);~t;) DeleteCases[u, _j.]) ®
UeeCases[u, w_;w,| BUeeCases[u, _.]];

U/: c_.xu Uxv_U := CE[cuBV];

Si [c_.%u_U] := CE[((c/.S;[U, Centrals]) DeleteCases[u, _;]) ®
U; [NCM @@ Reverse@Cases [u, x_; :»SeUex]]];

Ai i ,r [c_.%xu U] := CE[((c /. Ai,j,r[U, Centrals]) DeleteCases[u, ;]) ®
(NCM@e Cases [u, X_; = 01,j,2,x@A@U@x] /. NCM[] - U[])]; ]

pdf
mi-1=  Inverty [&] := Module[{A, B, B}, (» &=A U[]+€ B )
A = Coefficient[&, 1,] /. € » 0;
B=CE[e™ (6-AL))];
sy[sS[(A+eB)™], B-B]

]
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pdf

Implementing QU = Uy(sl3 )
pdf

Greek - Latin duality:
pdf

XY, Y, 20, bty A%, 20, YT, XU, B, T, 0, B, at, B, nty £°)
{8, Y,Q,B,a, 8 n, E,X,Y,2Z, b, a, z, y, X};
(U_gg )" t= (U*) g
((u:(yIxInl& | (yIxInl&_))ri1)" :=u"[il;

(vs_List)* := (v > V*) /@vs;
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pdf
mf-].= h=y=1;
DeclareAlgebra[QU, Generators -» {X, Y, Z, b, a, z, y, x}, Centrals » {s, t}];
B[agu, Xqul = -2 QUex;
B[bgu, Xqul = QUe@Xx;
B[bgu, Yul = -2QUey;
B[ag, Yul = QUey;
B[agu, zZeu] = -QUez;
B[bg, zqul = -QUez;
B[Yqu,> Xqul = -Zqu + € AQULY, X];
B[Zq, Xqul = -€ BQU[Z, X];
B[bgu, agul = 9;
B[z, Yul =€ 2QU[Z, y];
B[agus Xqul = 2 Xqus
B[bous Xqul = -Xqus
Blagu, Youl = -Yqus
B[bgu, Youl =2 Yqu;
B[agus Zqul = Zqus
B[bgus Zqul = Zgu;
(1-s)QU[]
B[Xqus Xqul = -2 € AQUe{X, X} + — +2seQU[a];
(1-1t) QUI]
B[Yqus Youl = -2€ehQuUe{Y, y} + T +2teqQU[b];
(1-st) QU[]
B[zqu, Ze] = -2€ hQU@{Z, z} + f +2steqQU[a] +2steqQU[b];
B[Yqus Zu] = Xqu-€e aQUe@{Z, y};
B[Xqus Zu] = —e AQU@{Z, X} - (s+seh) QU[Y] +2se hQUI[Y, a];
B[Zqu, Xqul =2€yq - € B QU@ {X, z};
B[Zqu, Yul = -2teQU[X] -ehQULY, z];
Blyou, Xqul =€ 2 QU[X, y];
B[Xqus Youl =€ AQULY, Xx];
B[Xqus Yul =2€Zyy-€hQU[X, Y];
B[Xqus Zqul = € A QU[X, Z];
B[Zqu, Youl =€ 2 QULY, Z];
in[-]:= QU@Generators

Time: 0.02 seconds Out[=

{XJ YJ Z) b) a) Z) yJ X}
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in[-]:= $Basis = QU /@ QUe@Generators;
Module[{a, b}, Table[{a, b} » CE[B[a, b]], {a, $Basis}, {b, $Basis}]] // MatrixForm

Time: 0.02 seconds Out[=

{QU[X], QU[X]} >0 {QU[X], QUIY]} »2eQU[Z] -eQ
{QUIY], QU[X]} »-2€QU[Z] +€QU[X, Y] {QUIY], QU[Y]} —©
{QU[Z], QU[X]} » -e QU[X, Z] {QU[Z], QU[Y]} »€eQULY, Z
{QU[b], QU[X]} » -QU[X] {QU[b], QU[Y]} - 2QU[Y]
{QUla], QU[X]} - 2QU[X] {QUfal, QUIY]} - -QU[Y]
{QU[z], QU[X]} »2eQU[y] -€QU[X, Z] {QU[z], QU[Y]} »-2teQU[x] -€
{QUY], QU[X]} - e QU[X, Y] {QU[y], QU[Y]} > (1-t)QU[] +2teQU[t
{QU[x], QU[X]} » (1-s)QU[] +2seQU[a] -2 QU[X, Xx] {QU[x], QU[Y]} » € QULY, x

in[-]:= Module[{a, b, c},
DeleteCases[Flatten[Table[{a, b, ¢} - CE[B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 0]

]
Time: 0.80 seconds Out[=
{}
pdf
The Multiplication Tensor
pdf
in[-]:= adPower[x_, R_, Env_][c_=+y QU] :=CE[c adPower[x, kR, Env][y]1];
adPower[x_, k_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;
adPower[_, @, Env_1[y_] :=V;
adPower[x_, k_, Env_][0] =0O;
adPower[x_, k , Env_][y QU] :=
adPower [x, k, Env] [y] = CE@B[adPower[x, k-1, Env] [y], X];
adPower[x , kR _1[y_1 := adPower[x, kR, $E][V];
pdf
in[-]:= NilQ[Zgy] = NilQ[Zqy] = NilQ[Xqu] = NilQ[Yqu] = NilQ[Xgqy] = NilQ[yqu] = True; NilQ[agy] = False;
NilQ[bg] = False;
PotQ[c_. *x QU] :=-NilQ[x]; (* Potent Q =)
NilQ[c_*x QU] :=NilQ[x];
PotQ[x Plus] := Andee (PotQ /@ (Listeex));
NilQ[x Plus] := Andee (NilQ /e (Listee x));
pdf

in[-1:= Ad[@] = Identity;

Bgqu>aqu]
Sum| ———— Count[w,g], {g,QUeGenerators
Ad[c_. a@l[z_] :=2/.w_QU:» o ¥ ([T count 11, e, ),

B [gou, bou]
Sum| —22- count [w,g] , {g,QUeG t
Ad[c . bQU] [2]:=2/.w QUs ecv( um[ o ount[w,g], {g,QUeGenera ors}]) w3

Ad[c_.QU[]1][z_] :=2z;
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in[-]:- Table[SeriesCoefficient [Ad[c ag] [gqul, {C, O, 1}] -
B[gqs aqul, {8, Generators // QU}]

Table[SeriesCoefficient [Ad[c bgy] [geul, {C, O, 1}] -
B[gqus beul, {8, Generators // QU}]

Time: 0.06 seconds Qut[=

{0,0,0,0,0,0,0, 0}
Out[e]=
{0,0,0,0,0,0,0, 0}
pdf
mmf-1:= Ad[x_1[y_]1 /; NilQ[x] := Expand@Module[{k =0, s = 9},
While [adPower[x, k] [y] =!1=0
s += adPower [x, k] [y] /k1!;

++k

15

S

1

pdf

inf+]:=  TT, [1 =03 (x Translated Tangent )
TT, [xs___, x_] :=CE[Ad[x] [TT,[xs]] +9,x];
TT, [xs_List] :=TT, @@ xs

in[-]:=  Seepage, [{}, c_] =¢;
Seepage, [¢5_List, P_] :=Module[{gs = U[Generators], 1x},
Ix = gs[[Lengthe £57;
Collect[P, 1x, (Ad[Last[<£s] 1xy] [Oy[gS, Seepage,[Moste@<s, #]]] /. U Times) &]

1
L. QB GEON)  Scepe oty GG () OfSp{ 1) O *‘A)
T (Ly) =LAl S(r)- Seepye (1£),
Re@E(fu) ) 429200 drone Roome af Faf
TR -F.0R,)- OF6] OF0) - SI6)0F OIF (a6 +36))- SElSe+36)
1= $k=1
Time: 0.00 seconds Out[=

1
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pdf
mn[-]:= TTL = CE[TT, @@ (Flatten@Table[

(If[PotQ[#ul, 1, A] #”[k] #y) & /@QUe@Generators,
{k, {i, j}}

Time: 12.36 seconds Out]=
pdf
pdf

in[-]:= mons[k_] :=Union@Cases [Coefficient[TTL, €, k], _QU, «];
mons /@ Range [0, $k]

Time: 0.071 seconds OQut[=

pdf
{{QU[], QU[x], QU[X], QU[y], QU[Y], QU[z], QU[Z]},
{QU[], QU[a], QU[b], QU[x], QU[X], QU[y], QU[Y], QU[z], QU[Z], QU[X, x], QU[X, X],
QU[X, y], QU[X, Y], QU[X, z], QU[X, Z], QU[y, x], QU[Y, a], QU[Y, x], QU[Y, y], QULY, Y],
QULY, z], QU[Y, Z], QU[z, x], QU[z, y], QU[z, z], QU[Z, x], QU[Z, y], QU[Z, z]}}
pdf

mi-1- Ff = Table|
sum[e" fi,u[2], {k, 0, $k}],
{u, QUeGenerators}
] 7. fo,u [A] /5 PotQ[ugu] = u* [i] +u* []]

Time: 0.00 seconds Out[=
pdf
{fo,x[A] + € f1,x[A], fo,y[A] + € F1,v[A], Fo,z[A] + € F1,z[A], B[1] +B[J] +€fi,p[A],

afi] +alj] +efialAl, fo,2[A] +€f1,,[A], Fo,y[A] +€Fy y [A], Fo x[A] +€F1 x[A]}

>

pdf
in[-]:= Short [fs = Flatten[Table[

'Fk,Times@@m:
{k, @, $k}, {m, mons[k]}
11, 10]

Time: 0.05 seconds Out[=
pdf

{-FO,l) -FO,X) -FO,X) 'FO,yJ 'FB,Y: f@,z; 'FO,Z; -F1,1) fl,a) -Fl,b) -Fl,X) -Fl,X)

'Fl,y: 'Fl,Y) 'Fl,z.v 'Fl,ZJ 'Fl,xXJ 'F1,X2) 'Fl,Xy: 'Fl,XY: 'Fl,Xz: 'Fl,XZ) 'Fl,xy_v 'Fl,aY:

'Fl,xY: 'Fl,yY.v 'Fl,Yz) 'Fl,Yz.v 'Fl,YZJ 'Fl,xz: 'Fl,yZ) 'Fl,zzz 'Fl,xZ: 'Fl,yZ: 'Fl,zZ}
pdf

iml-1- gg = Sum|
ek 'Fk,Times@@u [A] Times e@ u,
{k, @, $k}, {u, Complement[mons[k], QU /@QUe@Generators]}

]

Time: 0.03 seconds Qut[=
pdf

fo,1[A] +€Fr,1[A] +xXeFpux[A] + X € fy e[ 2] +XyeFrxy[A] +XyeFyxy[A] +
aYefiav[A] +xYefyxy[A] +XYeFrxy[A] +yYeFryy[A] + Y efy 2 [A] +
Xzefyy, [A]l +Xzefyx (Al +yzefyy,[A]l +Yzefyy,[A] +22€'F1)22[)k] +
XZefixz[A] +XZeFixz[A] +yZefiyz[A] +YZeFiyz[A] +2Ze 1 ,7[A]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: QsI3+eps.nb 2026-09-02 09:37:48

pdf
nf-]= G= SS[egg]

Time: 0.11 seconds Outf=

pdf
eferlt 4 gforldl ¢
(f1,1[/\} +x X fpxx[A] + X fixe[A] + XY Foxy [A] + Xy fixy[A] +@Y Frav[A] + XY Fyxv[A] +
XY o xy[A] +yYFiyylA] +Y? fove[A] +XZFy 3 [A] +XZFy x, [A] +yz2Fy,y, [A] +YZF v, [A] +
z? 'Fl,zz[)\] +XZFy 3z [A] +XZFy xz[A) +YZF1,yz[A] +YZFy vz [A] +ZZ'F1,ZZ[X]>
pdf

imi-1= S[B_] := CE[SS@Oq [QUe@Generators, Seepagey, [ff, SS@CEeB] | ];
pdf

in[-1:= Short[SG = S[G], 10]
Time: 23.88 seconds Out]=

pdf

eforl e QUIy, x] f1,xy[A] + <255 +QU[Z]

(e 20l11-2alI-BIIBUIIFar ) ¢ £, [A]2F; o [A] - @ 2001 2aI1BIIBUI sl g ¢ £ 1212 £ (0] +
e [HsaldI-2 82800 For M ¢ £ [A] Fo,y (112 F1,av[A] -
e 111+al31-28 1128131 Fo1 (M t ¢ £, [ 1] Fo y [A]% Fray[A] + <185 + @ @11 a3 -BUI BT +fonl]
€ fo,x [1] Fo,y [A] f1, zzm — e W BIRIIEE oM g ¢ L [0] o, y[ ] f1,22[A] -
e*a[i]*a[j]*ﬁ[ 1-B[3]+fe,1[2 e'Fe Z[ ] 'Fl,zz[)‘] +e*a[i]*a[j]*/3[ 1-B[3]+Fe,1 [ Ste‘Fe Z[ ] 'Fl,zZ[AJ>

inl[-]:= Short[Invertgy [SG], 10]
Time: 0.03 seconds Outf[=

e il e Quly, x] 1y 2] -

et lHalil2 B2 B0 Forl) ¢ Quy, a} Fiav[A] + <<28>> + QU[X, z] (<<1>>) +

QU[z] (,e—zfx[i]—Za[jMB[i]%[ j1-fo,1 (A c—:f P }Zﬂ Xy[N + @ 20li]-2al3]1+B1E1+B[3] Fo,1 [A]
sefo,x[1]2F1xy (2] - e H ol 260412613) foa Ve Fo,x[A] fo,y[1]% F1,av[2] +
21 + efa[i]fa[j]fﬁ[i]fﬁ[j]ffmm s € Fo,x [ ] Fo,y [A] F1,22[2] +
e—a[i]—a[j]—ﬁ[i] -B[3]-Fe,1 (2 E'Fe 2 [ 'Fl,ZZ[)k] _e—a[i]—a[j]—B[i]—B[j]—fa)1[/\] Ste'f:g,z [A] -Fl,ZZ[A}>

in[-]:= CE[Invertgy [SG] ® SG]

Time: 1.95 seconds Out[=

QU[]
Lo CEONI CGEWLY) ety CERIOISI1A] O ‘A)
- (Ly) =LAl S(B)- Sapse( 161,
‘Tix@%( fr), ffmgZam dreie Roowe) aF Fa

Iid)

TR -F.0R,)- OF6] OF0) - SI6)0F OIF (a6 +30))- SElSe+36)
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in[-]:= Short [CE[ (0, (ff.QU@Generators) G+ 0,G)], 10]
Time: 0.03 seconds Out[=
™t fo,0 [A] + ™11 e 1,1 (2] Fo,0 [A] + et x X e i x [A] Fo,1'[A] +
efr X2 e £ 2 (1] fo,1  [A] + @™t xy e fy iy [A] Fo,0" [A] + €™ Xy e fyxy[A] Fo,u [A] +
aef M ye £ Ly[A] Fo, i [A] + et xYefy v [A] Fo,1 [A] + et XY efy xy[A] Fo,1 [A] +
«<158>> + et yz e fiv [A] + eferll 72 ¢ f1,.2" [A] + eferlM z ¢ f1,7 [A] + eferlM xz e f1,xz [A] +

eferxzefy x/ [(A] vefor M yzefy (A et yZefy v, [(A] refrM zzefy,, (2]

in[-]:= Length@CE[ (9, (ff.QU@Generators) G + 9,G) ]

Time: 0.02 seconds Out[=

175

in[-1:= S[CE[ (8, (ff.QU@Generators) G+ 8,G) ]]

Time: 140.48 seconds Out]=

$Aborted

pdf
in[-]:= TTR = CE[Invertg [SG] ® S[ (9, (ff.QUeGenerators) G+ 8,G) 1]

Time: 90.617 seconds Out|=
pdf

in[-]:= Cases[TTR, x_QU, Infinity] // Sort
Cases[TTL, x_QU, Infinity] // Sort

Time: 0.071 seconds Out[=

{QU[], QU[a], QU[b], QU[x], QU[X], QU[y], QU[Y], QU[z], QU[Z], QU[X, x], QU[X, X],

QUX, y], QU[X, Y], QU[X, z], QU[X, Z], QU[y, x], QU[Y, a], QU[Y, x], QU[Y, y], QU[Y, Y],
QUIY, z], QU[Y, Z], QU[z, x], QU[z, y], QU[z, z], QU[Z, x], QU[Z, y], QU[Z, z]}

Out[e]=
{QU[], QU[a], QU[b], QU[x], QU[X], QU[y], QU[Y], QU[z], QU[Z], QU[X, X], QU[X, X],
QU[X, y], QU[X, Y], QU[X, z], QU[X, Z], QU[y, x], QU[Y, a], QU[Y, x], QU[Y, y], QU[Y, Y],
QUIY, z], QU[Y, Z], QU[z, x], QU[z, y], QU[z, z], QU[Z, x], QU[Z, y], QU[Z, z]}

pdf

inl-]:- Short[diff = CE[TTL - TTR], 10];
pdf
in[-1:= Short[eqns = Flatten[Table[
Coefficient [Coefficient [diff, m], €, k] == 0,
{k, @, $k}, {m, mons[k]}
11, 10];

pdf

in[-]1:= Short[inits = (#[@] == 0) & /@ fs, 10];
pdf

in[-]:- DSolve[eqns |Jinits, fs, A]

Time: 101.66 seconds Out]=
pdf

{{fo,x = Function[ (1}, e 1 (%19 cpi) + & £137) ],
fo,y » Function[ (A}, e *F 2 (2P0 (i) + e ni31) ],

fo,x » Function[ {1}, e ®H 1 (") =[i] + 21

[t

(3] +e**H anri) e(il) ],

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: QsI3+eps.nb 2026-09-02 09:37:48

fo,v - Function[ {1}, e ™ a ("™ (i) + 2P y[j] - 2P sag[i) a[]])],

fo,, - Function[ {1}, e (e“[j“zmﬂ cri] +ef3 erj] + 293 £[i1) ],

faﬁFunctlon[u},A E[i) B[] -s AP E[Q] 2[F] + A2 n[i] Y[J) -t X° n[ 1Y)+
A Clil Qi) -stA’eli JQ[J‘]—sfn[i}§[i}Q[jJ+stA3n[ i) ri]ejl],

fo,z » Function[ (A}, A (Q[i] +e*M M 3] ], 1,

Function[{2}, -2s 2% (-€[i] B[] -t C[i] Q[J] -An[i] £[1) Q[F] +tan[i] £[i]Q(F])],

1,6 - Function[ {1}, —2tA2< n[i] Y[j] -sCli) Q[F) +san(i) €111 Q3] ],

fi,xy » Function[ (1}, -e**3 P31 22 ni37 €141],

fi,xx = Function[ (1}, —e*® M 2P0 32 o1y (225 + an(i] Q(F]) ],

fi,xy » Function[ (a3}, @ @I RI2B01 32 h 131 =151 ],

i, > Function[ (1}, e[t -2F 1 )@n[ 12031 2031,

fi,ay > Function|[ (1}, 2e @H 2811 g 52 5[] [31],

f1,xy > Function[ {1}, e @t/ 2a (31200 ”A E[1] (Y31 +2sa&li] (i) ],

'FlyyaFunctlon[{)\},—Ze'a 32 BRI2B0) 32 i) Y (3],

flxyeFunctlon{{)\} 1-B11) 52 (e“mE[j}Y['}+2<e PRV s gri) 23] Q7] +
n(ily(i) o[j) - M an(i] v(j) Qi) +2e*PH s A n(i) gi) @(31%) ],

1‘=1,YHFunctlon[{A},—<e*2f*”*“B s)3 M1 Y[ QU31],

'FllxzeFunction{{}\},ezam’/j[ 22131 €141],

f1,x > Function[ (A}, -e®*FI P32 (A g[i)? 23] -3sag[i]? (] + 2t C[i] Y ([§] -

An[i] E[4] Y] +tan([i] £[4] Y[]) +A§[ ] £[i] Q[j) -3stAg[i] £[i] Q[]] -
2s 2% n[i] £[i1%Q(F] +2stA*n[i] £[i]1%*Q[F])], fi,yz - Function[ (A}, -e @1 P1) 2
(e2P1] c[j] n[i] +@@B12B0) 5o 1iy ng) £14) + 2P An[j12 €[4]) ], f1,y - Function|
{1}, T2BO) 3% (2¢[i] 23] +2sAn[i] £[4] (3] +An[i]? Y (] -3tan(i)®Y([]] -
ACliI il il -stag[i) n[i] @[] +sA%n[i)*€lilQ [‘J+stk2n[i]2§[im[j}>},
f1,xz - Function[ {1}, - aIIPIIZAET 52 (2801 i) =2(§] + 2" An(j] €11 2(3] +
POI X e(i) nii) Q[j} “”]Azn['} n(3l €1i1 il ],

f1,x » Function[ {1}, -e®*M P 33 (£1i] =2(31% -3 s £[1] 2(F1% - n(i] 23] Y[F] +
tn[i] 8[3] Y[J] - C[i] B3] Q[F] -stE[i] 2[F] Q[]] —3sm[ ] (i) 23] @[] +
stanli] £[i] 8[F] Q) +Anlil?Y[J] Qi) -t an[il®Y[F] Q[]] -
2stac[ilnlil [l -2s A% n[il? €[i] Qi1 +2st A nlil? g(i) Q[§1?) ],

fi,vz - Function[ {2}, e @H @ BI2BRIBE1 52 (2P0 pri) v (] + 3 An(j) (4] Y] +
3P s gl £li] e(j] +2e*I s n(g) €1ir% Q1) ],

1,y » Function[ (A}, e *H 2P 02 (L2 s A (i) E[3) Y[F] - An[i] Y[JI1>+3tan(i] Y[)° -
SE[L] Q[F] +s A2 E[A12E[F) Q[F] - s A €112 2[F] Q[F] - AC[i] Y[J] @[] +
3stAC[i] Y[J]Q[F] -4stA®n[i] £[i) Y[J] Q] +2sA2Cl[i] £[i] Q[F]%-
4s?t 2’ C[i] £14] Q[j12 s nli] €[i)12 Qi1+ 37t AP n[i] £1i1%Q[31%) ],

i) ZHFunctlon[{A} e2ld 13 g[ ] [31 £1i1], f1,, » Function[ {2}, -3 1)

(-2e* s cri] i1 8lj] + e A 03] 1417813 -3 s * n(g) €[i1%2[5) +
2"t P ¢[i) n[31 Y (3] - N (i) n(d] £14) Y () + Pt X nd) n(]] £14) Y(F) +

POT X erir?aljl -3e* 3 st cri?aj) -2 sa* (i) nii) §[iJQ[jJ +
2&2P0 st g[i) (i) €] @) +e* P At ¢[i] n(f) £[4] Q[j) -3 "D stA“gm n(j]
glir el -2e*3 s X n(i] (il (i’ (il +2e B st X nii] n(3] 5[112 i,
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-Fl,leFunction{{)L}, z (-2*e€ri?a[ji?+asatgril?e(ji?-3s2 At i)’ =g+
42X ¢[i1 231 Y[F) -4t P (i) () Y(I] -4s A n[i] £[1) E[F] Y]] +
Ast A n[i] €111 23] Y[F) -2 012 Y (1% +4t 2 n[d)? Y ([1% -3 A (i)Y [§1° -
2s % nli] il il +2st A n(i] £[i) Q[F) +4stA* i) €] =[] Q[F) -
4s*t2a*c[i) €[i) E[J) Q(F] +2s A n[i] £[1)12E[F) Q[F) -2s* A®° n[i] 1412 E(F) @[] -
2st°n[i) £[11° =) Q] +2s*t X% (i) £[11%E[F] Q] +
4sttcli 12[11 [(31Q[3] -4st?* i1 n(i] Y[) Q[F) -4stXA®°n[i)? (1) Y[F) QF] +

Y ]

4st> X°n[i)®gi)v(jl il -1t crir’ e’ +astxtcrir’jr® -

322 2% c[i)? Q1% +2sA° C[i) nli] £[i] @[f]1?-2stA°Cli] nli] £[i] Q[]]%-
6s’tA°Ci] n[i] £[1]Q[j1*+6s° 2 X°C[i] n[i] £[1] Q[F1°-
sZAGn[1125[1129[j12+4s2u‘5 ['12§[1129[j12—3s2t2f\6n[i]25[i]29[j12)],

f1,xz > Function| (A}, —e*[Hr2aBIBRIZE0HI 32 e14) a5 ],

'Fl,yzeFunction[{/\}, - a31BII2B0] 32 n1i) ar1],

f1,xz - Function| (A}, -e®* P2 (23] Q[i] + An[i] Q[i] Q[F] + e PP Mi['J (31%) ],
fivz > Function[ (A}, e 2P 02 (y§) (i) -sag[i] (i) o[f] + " P sagri)a[31%) ],
1,22 > Function[ {1}, - HraBIBRITEEI 32 (5 e2P0) pri) + B an(j) £11]) Q(3]],

1,7 > Function| {1},

—e“[“*m“xz (2e"™ =) v[d] - ZeZB[“sxﬂ'r[jm[j}+2e“[“xmiw[im[j}+
2e*"M aniryjr il -2e2" M tan(i) v(jr o(j) + M agri o(jr’-
3’ stac(i] o) -3 M s a2 n(i] £[d] @317+ 3e* M st n(i] €14 2(31%) ] }]
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