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Pensieve header: An isolated attempt to compute the multiplication tensor of QU.

The implementation of QU is modified from pensieve://Projects/SL2Portfolio/SL2PortfolioProgram.nb.
Initialization / Utilities

mf-1=  $k =15 $U=QU; $E := {$k};
$trim := {ek—‘ /3 k> $k-0};
SetAttributes[{SS, SST}, HoldAll];
an = e’ <7
(x Upper to lower and lower to Upper: x)
U2l = {Bg:' - e PR¥bi gP- _, g PRYD, Ti-’:' - ePBt TP ePRE 5{?:' > eP¥%, gP- -)@’”a};

.b; +d_. -c/(n . . =
12U = {ec_ bi+d . BiC/( ¥) e, e b pc/ (B T) d

e t; +d_. oy Tg/h ed, e-- t+d_. 2oy Tc/h ed,
. . c . 0

e a; +d_ o~ ‘ﬂih{ ed" e a+d_ os mc/r ed,

eé‘_ asy eExpand@&};

SS[& , op_] :=Collect[Normale@Series[&, {e€, O, $k}]1, €, op];
SS[& ] :=SS[&, Together];

SST[& ,0p ] :=SS[& /. U21, op];

Simp[& , op_] :=Collect[&, _CU | _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] := Collect[&, _CU | _QU, SST[#, Expand] &];

K& /:Ké; ,; :=If[i===7,1,0];

. k+1,
c_Integery rnteger := C+0[€] 75

mm[-1:= CF[&_]1 := ExpandDenominatore
ExpandNumerator@Together [Expand[5] //. e e~ » e /. e » e ];

in-1-=  Unprotect [SeriesData];
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];
SeriesData /: Expand[sd SeriesData] := MapAt[Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData] MapAt [Simplify, sd, 3];
SeriesData /: Together[sd SeriesData] MapAt [Together, sd, 3];
SeriesData /: Collect[sd _SeriesData, specs__] := MapAt[Collect[#, specs] &, sd, 3];
Protect [SeriesData];

Self-Pair (SP):

In[«]:= SP{} [P_] = P; SP{§_->X_,pS___} [P_] = EXpand[P // Sp{ps}] /. f_. fd_. = a{x,d}f
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DeclareAlgebra

in[-1:= Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;
NCM[x , v , z ] = (x®y) Bz;
OR_ = RO=0;
(x_Plus)y ®y := (#®y)&/@x; x_ ® (y Plus) := (x® #) &/ey;
B[x_ ,x ]1=0; B[x ,y ] :=x8y-y®&Xx;
B[x_, y_ ,e_]:=B[x,y,e] =B[x, y];

mn[-1-= DeclareAlgebra[U Symbol, opts Rule] := Module[{gp, sr, g, cp, M, pow, k =9,

gs = Generators /. {opts},

cs = Centrals /. {opts} /. Centrals » {}},

(#y =Uexn) &/@gs;

gp = Alternatives @@ gs; gp = gp | gp 5 (x gens =)

sr = FlatteneTable[{g » ++k, g; - {i, k}}, {8, 85}]; (» sorting - =)
cp = Alternatives@@cs; (» cents )

SetAttributes[M, HoldRest]; M[@, ] =0; M[a_, x_] :=ax;

CE[& ] :=Collect[&, U, Expand] /. e* » e™PlX]1 / gtpim;

Ui [61:=&/.{t:icpsty, u U (# &) /@u};

Ui [NCM[]] = pow[& , @] =Ue@{} =1,=U[];

B[Uue(x_ ); , Ue(y_); | :=U;eB[Uex, Uey];

B[ue(x_); ,Ue(y_); ] /5 i=1=3 := 0;

B[Uey , Uex_ ] :=CE[-B[Uex, Uey]];

x_ ® (c_.1y) :=CE[cx]; (c_.1y) ®x :=CE[cx];

(a_.U[xx___,x 1)® (b_.U[y ,yy 1) :=If[OrderedQ[{x, y} /. sr],

CE@M[ab /. $trim, U[xx, x, Vv, yv11,

Uexx ® CE@M[ab /. $trim, Uey B Uex +B[Uex, Uey, $E]] B Ueyy ];
ve{c_.x(L:gp)™, r___}/;FreeQ[c, gp] := CE[cUe@Table[L, {n}] BU@{r}];
ve{c_.xL:gp,r___} :=CE[cU[L] ®Ue@{r}];

Ue{c ,r___}/; FreeQ[c, gp] := CE[cU@{r}];

ve{l Plus, r___} := CE[Ue{#, r}& /e L];

ve{lL_,r___} := Ue{Expand[L], r};

U[ & _NonCommutativeMultiply] :=U /@ &;

Oy [specs

» poly_] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L _List L1, {1}];
vs = Joinee (First /@ sp);
us=Joinee (sp /. L, » (L/.x_; »x));
CE[Total]
CoefficientRules[poly, vs] /. (p_->c_) = cUe (us”)
11 7+ *_pun1 = x]
Oy[specs___, E[L_, Q_, P_1] := Oy[specs, SS@Normal [P e"*o] ]
pow[& , n_] :=pow[&, n-1] B &;
Syl[& , ss___Rule] := CE@Total[
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In[«]:=

In[«]:=

In[«]:=

CoefficientRules[&, First /@ {ss}] /.
(p_ > c_) »» cNCMee MapThread [pow, {Last /@ {ss}, p}11];

Ops___[c_.%u_U] := (c/. (t:cp)j »tj . (rs) U[Listee (u/.v_; » Vi, rs1)]3

m; ,p [c_.*u U]

CE[((c /- (t:cp);—t,) DeleteCases[u, _j.]) ®
UeeCases[u, w_; = w,| ®Ue@eCases[u, _r]];
U/: c_.xuUxv U := CE[cu®V];
Si [c_.*u U] := CE[((c/.S;[U, Centrals]) DeleteCases[u, ;]) ®
U; [NCM @@ Reverse@Cases [u, x_; » SeUex]]];

Ai 45 ,r [€_.%u U] := CE[((c /. Ai,j,r[U, Centrals]) DeleteCases[u, _;]) ®
(NCMe@e Cases [u, x_; = 01,5,2,x@A@U@x] /. NCM[]1 - U[])]; ]

Meta-Operations

ors [& Plus] := ops /@55

m; ,; = Identity; m; ., [0] = O;
m; ., [& Plus] := Simp[m;,. /@ &5];
Mis  ,i,j -k [E.] t=mj,@Mi5 i,;@5;
Si [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[Ais /@ 5] ;

Implementing CU = U(sl}")

Verify o and A! Also Generalize Ato A, j,....-

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals » {t}];

Blacus Yeul = -¥ Yeus B[Xcus acul = -¥ Xcus

B[Xcus Yaul =2€acy - tlq;

(S@Ycy = -Ycu5; S@acy = -Acy; S@Xcy = -Xcu3)

S; [CU, Centrals] = {t; » -t;};

A@Rycy = CURY; + CURY,; A@acy = CU@a; + CURa,; A@Xcy = CU@Xx; + CU@X,;
A; 4 ,r [CU, Centrals] = {t; » tj+ ty};

Implementing QU = ’Uq(Slxz/E)

DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
Blagu, Youl = -¥ You; B[Xqus aqu]l = -y QUex;
B[Xqus Youl :=SS[an-1] QUe{y, x} +0q[{a}, SS[(1 -Te‘“”) /a]];

(Seyqu :=0qu[{a, y}, SS[-T*e"“?y]]; Seaq = -aw; S@xq :=Oq[{a, x}, SS[-e”

S: [QU, Centrals] = {t; » -t;, T;- T;l};

A@Yqu := Oqu[{Y1s a1}1s {Y2}2s SS[y1+Tre ™ y,]];

A@aQU =QUe@a; + QUea,; A@XQU = Oqu[{al, X1}1: {XZ}ZJ SS [X]_ + e'heai Xz] ];
A 55,k [QU, Centrals] = {t; » tj +t, Ty > Tj Tkl
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In[«]:=

tSW

Logoi from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from Pensieve://Talks/Syd-
ney-1708/ExtraDetails@@.nb.

Goal. In either U, compute F =™ e e™ e %*. First compute G = eX ye X, a finite sum. Now F satisfies
the ODE 8,,F = 9,,(e™™ e™®) = —yF + FG with initial conditions F(n = 0) = 1. So we set it up and solve:

SWyy [U_, kk_] :=
SW,y [U, kR] =Block[{$U = U, $k = kR, $p = kk}, Module[{G, F, fs, f, bs, e, b, es},
G =Simp[Table[£“ /k!, {k, @, $k+1}].NestList[Simp[B[x,, # 1] & yu, $k+11];
fs = FlatteneTable[f; ; j,«[n], {1, @, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}];
F=fs.(bs=Fs/.f i ,j,e[n]l® e ve {yi, a’, xk});
es = Flatten]|
Table[Coefficient[e, b] =0, {e, {F-1,/.n>0, FRG-y,®F-0,F}}, {b, bs}]];
F=F /.DSolve[es, fs, n][1];
E[O,
Ex+ny+ U /. {CU>-tné&, QU-n& (1-T) /A}),
F+0@g /. {e->1, U-> Times}
1 7. (vin|€1t|Tlyla|x)->v
115
tSWyy ,i 5 ok 2= SWy [$U, $K] /. {E1>&is m-»nj, (Vit|Ty|a]|Xx);->Ve};
tSWya,i ,5 ok i=E[ajap, €7 & X, 115

tSWay,i ,5 ok =E[a;ar, €% n;y, 11;

Exponentials as needed.

Task. Define Expy, [€, Pl which computes e® to € in the algebra U;, where ¢ is a scalar, X is x; or y,
and Pis an e-dependent near-docile element, giving the answer in E-form. Should satisfy

U@Expy ¢, Pl == Sy[e*”, x » O(P)].

Methodology. If Py := P..q and & ®" = O(e*™ F(£)), then F(£ = 0) = 1 and we have:

O(ef"0(Py F(€) + 8¢F)) = O(0:6% "0 F(§)) = 0. O(64 ™0 F(§)) = 0:64°" = 6 ®P O(P) = O(6* " F(€)) O(P).

This is an ODE for F. Setting inductively Fy = F;_; + € ¢ we find that F, = 1 and solve for ¢.
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in[-]:= (% Bug: The first line is valid only if 0 (ePe)==e®®) . )

Po)
(» Bug: & must be a symbol. «)
Exp,  ,ol<_, P_1 := Module[{LQ = NormaleP /. € » 0},
E[SLQ/. (x|y)i»0, SLQ/. (t]a);»>0,1]];
EXpy . [£, P ] := Block[{$U = U, $k = k},
Module[{Pe, o, os, F, j, rhs, ate, at¢},
PO = NormaleP /. € » 0;
¢s =
FlatteneTable[¢41,42,53[ <1, {32, @, R}, {1, @, 2k +1-32}, {33, 0, 2k+1-32-31}];
F = NormaleLast@Exp,, ,1[<, P]1 +€ s, (05 /. 055 [£] > Timesee {y;, a;, x;}°);
rhs = Normale
Lastem;, i, [E[£PO/. (x|y); =0, £PO/. (t|a); >0, F+0,1m;@E[0, O, P+0,]];
atd = (# == 0) & /@ FlatteneCoefficientList[F-1 /. &£ -0, {yi, @i, Xi}1;
até = (# =0) & /@ Flatten@CoefficientList[(6-F) + POF -rhs, {yi, ai, X;}1;
E[£PO/. (X|Yy);»0, £PO/. (t|a); >0, F+0,] /.
DSolve[And @e (ateJats), os, £1011 |]

1= $k=1

Out[e]=

in[-]:= $Basis = {aqu, Xqus You};
Module[{a, b}, Table[{a, b} » CE[B[a, b]], {a, $Basis}, {b, $Basis}]] // MatrixForm

Out[+]//MatrixForm=

{QU[a], QU[a]} »@ {QUlal, QU[x]} » ¥y QU[x]
{QUx], QU[a]} » -¥yQU[X] {QUIx], QU[x]} ~© {QUIx],

{QUly], QUlal} ¥ QUIY] {QUIy], QU[x]} = (-7 +7)QU[]-2TeQulal -¥ehQUly, x]
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in[-]:= $Basis = {agu, Xqus Youls
Module[{a, b},
DeleteCases |
Flatten[Table[{a, b, c} - CE[B[a, b] +B[b, al], {a, $Basis}, {b, $Basis}]], _ - @]
1
Module[{a, b, c},
DeleteCases [Flatten[Table[{a, b, c} - CE[B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]]11,
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 0]
1
$ABasis = {aq, Xqus Yous QULY, ¥1, QULY, al, QU[y, x], QU[a, a], QU[a, X], QU[X, x]};
Module[{a, b, c},
DeleteCases [Flatten[Table[{a, b, c} s CE[a® CE[b® c] -CE[a® b] ® ],
{a, $ABasis}, {b, $ABasis}, {c, $ABasis}]], _ - 0]

]
Out[«]=

{}
Out[e]=

{}
Out[e]=

{}

in[-]-= Module[{a, b, c},
Table[{a, b, c} > CE[a® CE[b® c]], {a, $ABasis}, {b, $ABasis}, {c, $ABasis}]
1;

in[-]:= B[Xqus Youl // CE

Out[«]=
1 7T
[* 7*) QU[] +2TeQU[a] +yehQUly, Xx]
h hn
in[-]:= B[Xqus B[Xqus Youll 7/ CE
Out[e]=

(ye-3Tye) QUIX]
in[-]:= B[Xqus B[Xqus B[Xqus Yull] 7/ CE
Out[«]=
0
in[-1:= B[Xqus B[Xqus B[Xqus B[Xqu> Youll11l 7/ CE

Out[~]=

iml-1:= B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus Youl1111 // Expand

Out[e]=

In[-]:= B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus Youl1111]1 // Expand
Out[«]=
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in[-]:- adPower[x_, kR_, Env_][c_=+y QU] :=CE[c adPower[x, kR, Env][y]];
adPower[x_, k_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;
adPower[_, @, Env_][y_ ] :=y;
adPower[x_, k_, Env_][0] =0O;
adPower[x_, k_, Env_][y QU] :=
adPower [x, k, Env] [y] = CE@B[adPower[x, k-1, Env][y], X];
adPower[x_, k_1[y_] := adPower[x, k, $E][V];

inl[-]:= adPower [Xoy, 11 [Yqul

out[«]=
1 7T
[_, +7] QU[]-2TeQU[a] -¥yehQU[y, X]
h h
inl[-]:= adPower [Xoy, 2] [Yqul
out[«]=
(ye-3Tye) QU[X]
in[-]:= adPower [Xqu, 3] [Yqul
out[«]=

0

in[-]:= adPower [Xqu, 4] [Yqul

Out[e]=

0

in[-]:= adPower [Xqu, 5] [Yqul

Out[e]=
0

in[-]:= NilQ[Xqu] = NilQ[yqu] = True; NilQ[ag] = False;
PotQ[c_. *x QU] := - NilQ[x]; (+ Potent Q =)
NilQ[c_#x QU] :=NilQ[x];
PotQ[x_Plus] := Ande@e (PotQ /@ (Listeex));
NilQ[x Plus] := Andee (NilQ /@ (Listee x));

)= Ad[C_. agul [Z_] i= 2 /. w_QU = @ ¥ (COUntivyl-Count,xl)

im[-]:= Ad[x_1[y_]1 /; NilQ[x] := Expand@Module[{k =0, s = 0},
While[adPower[x, k] [y] =!=0,
s += adPower [x, k] [y] /k1!;

++k
1;
S
1
in[-1:= Ad [Xqu] [Yqu]
Out[«]=
QUI] TQU[] 1 3
_ + -2TeQUlal + —yeQU[x] - - TyeQU[x] +QU[y] ~¥yehQU[y, X]
n n 2 2
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inf-]:= Ad[cagy] /@ {QU[1, Xqus Yous QU[X, ¥1}
Out[«]=

{QU[], e “"QUx], e QUIy], QU[X, y]}

mi-1= Ad[(al + a2 + e fa[A]) agl /@ {QUI], Xqus You> QUIX, y1}

Out[e]=
{QUH) e—y (al+a2+e fa[A]) QU[X] s (EY (al+a2+e fa[A]) QUD’] s QU[X, y}}
il - Normal@Series[e™ (“**a2+¢falMD (e 9, $k}|
Out[e]=
e—((a1+o¢2) Y) _ e—((oz1+a2) Y) ye fa[A]
In[-]:= CE[
Ad[ (a1 + a2+ € fa[A]) agu] /@ {QU[], Xqus Yous QU[X, Y1} /. @™ > NormaleSeries[e”, {e, 0, $k}]]
Out[e]=
{QU[T, (e ™Y e ™Y y e fa[a]) QU[x], (e %Y+ e %Y yefa[a]) QUlY], QUIX, y]}
inf-]:= Ad[agu] [Ad [Xqu] [Youl]
Out[«]=
QU[] TQU[] 1 3
- + -2TeQUal +—e"yeQU[x] -—e " TyeQU[x] +e"QU[y] -vehQUly, x]
h h 2 2

in[-]:= ATangent[] = 0;
ATangent[xs__ , x_] :=CE[Ad[x] [ATangent[xs]] + 8, x];
ATangent[xs_List] := ATangent @@ xs

In[]:= ATangent [.A yQU) Aaqu, -AXQU]

Out[e]=
e e*T2 .
- + QU[] + (1-2e""Ten)Qula] +
h h
1 . 2 3 2 2 2
(1+>{)&+7e7 yeX - — e’ TY€)&)QU[X]+@Y QU[Yy] -—e""yexhQUly, X]
2 2
1= $k=1
Out[«]=
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In[«]:= lhs =.ATangent [.AT]]. yqu, al aQu, )\fl Xqu, .AT]Z yqu, a2 aqu, Afz XQU]

Out[«]=
eV n1aEl Y TnIAEl n2AEl Tn2aél e ¥yenin2d&1?
+ + - +

ol i g ol 2h
2 Tyenin2a3€1?2 3e™YTPyenin2ade1?2 a2y n1 &2
n ! 2h ) n :

eIVRY Tl A2 eV N2 &2 e®YTn2a&2 ey yenin2ad&le2

g . g : g ' gl -
42V Tyen1n2A361862 3e72YT2yenin2ade1&2

g : g )

eV yen22236182 2e@¥Tyen22A3€1&62 3e™¥T?yen22i3&182

2h : g ) 2h :

(-2e™"Tenlaél+2Ten2a61-2e" " TenlE2-2e " Ten2262) QUla) +

1 3
€2V El+ — e yen1 261 - - Y Ty enl 212+ 2+ eV yenl 2162 -
2 2

ol y 2 2 2 } ol y+a2 y 2 2
3e TyenlA®E1lE2-vyen2 A E1E2+3Tyen2A 8182+ —e YeENLA® £2° -
2

3 1 3
— YO Ty e 1 A2 €22k — e yen2 A2 22 - — eV Tyen22?£2%| QUIX] +
2 2 2

Y ng 4 @Y 12— @Y v e 12 02 €143 Y Ty enln2 2?1+

1 3
— e yen22 %1 -—- e Tyen222?€1| QUly] +
2 2

(-e™Yyeniaélh+yen2a&ln-e® " yenla&2n-e?Y yen2182n) Qy, x]

mn[-]:= rhs = CE [ (ftO[A] + e ft1[A]) QU[] + ATangent [ (fy@[A] + € fyl[A]) yqu, (al +a2 + e fal[A]) ag,
(fx@[A] + € fX1[A]) Xw] /. @™ > NormaleSeries[e”, {e, 0, $k}]]

Out[-]=
—e®YO2Y e pFXO[A] QULY, X] Fy®'[A] +

vy e fx0[ ] fal [A] + fx0' [A] +

QU[a] (efal [A] -2e™ "™V Te fx0[2] fyo'[1]) +QU[x]

1 1 2 2 3 1 2 2
efx1 [A] + — eV Yy e FXO[A]“FyQ' [A] - — e VY Ty e fxO[A]° fyQ' [A] | +
2 2
QUIY] (e 27 fy@' [A] + ™ "2 Y y e fal[A] fy@ [A] +e™ " e fyl [A]) +
e v+02Y £xa 1] fy@' [A]

QU[] |fto[A] +eftl[A] - +
h

MY T £x@[ 2] fy@' [A] ™Yy e fal[a] fx@[A] fye' [A]

- +
n il
eV Ty e fal[A] fx@ (2] fy@' [A] e Y e £x1[2] fy@' [A]
- +

h h
MY Te fx1[2] fy@' [A] eV e fx0[2] fyl' [A] ™Y Te fxo[A] fyl' [A]

- +

h h h
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in[-]:= diff = CE[lhs - rhs]
Out[«]=
QUla] (-2e™"Tenlagl+2Ten2a&l-2e""? Tenlarg2-
2" Ten2a&2-efal’ [A] +2e™ 7?7  Tefxa[1] fy@' [1]) +
QUIY, x] (e yenlaélh+yen2aéln-e™ " yenlag2n-
e?Vyen2a&2nh+ e yenfx0 (1] fyo' [A]) +
QU [x]

€Yl — e yen1 A1 - — T Ty en1 261+ 2+ e yenl 182 -
2 2

ol y 2 2 2 } ol y+a2y 2 2
3e TyenlA®E1lE2-vyen2 A E1E2+3Tyen2A 8182+ —e YeENLA® £2° -

3
e Y Ty en1 A 2%+ — eV yen2 A2 €22 - — ™V Tyen2 2822 - yefx0[A] fal' [A] -
2 2 2

X0 [A] - e Fx1'[A] -

NP

al y+a2 2 ’ 3 al y+a2 2 ’
eV vy e X0 [ AT FYQ [A] + — TV Ty e X0 [A] Ffy0 [A] | + QU[Y]
2

(eal Y+o2y

1
nl+e®"n2-e" %Y yen1n2 2?2 €1+3e™ Y Tyenln2a®&El+

E eV yen2> A’ €1 -
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in[-]- diff /. e >0

Out[«]=
QUIX] (@7 &1+ E2-Fx0 [A]) +QU[y] (€Y nl+e™ ¥ n2-e™ 27 fy@' (1] ) +

" eV nInEl ™Y TnIAEl n2xé&l Tn2aé&l ™2y niae2
_ . N _ _
gl gl

MY T n1 A £2
. -
e h n

1Y o2y £xg (1] fy@' [1]

gl
e@Yn21E2 e®YTn2a&2
+

eV T £x@ [ 1] fye' [1]
- fte[a] +
h h

h h

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: QU-Experiments.nb 2026-08-19 09:21:28

in[-]:= {soll} = DSolve [Coefficient[diff /. e >0, xq] =0 A fx0[0] == 0, fx0, A]
Out[«]=
{{fx@ > Function[ {2}, e ™Y A (£1+e™Y £2)]}}

in[-]:= CE[diff /. soll /. € » @]

Out[«]=
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in[-]:= {s0l2} = DSolve[Coefficient [CE[diff /. soll /. e » 0], yu] ==0Afyo[0] =0, fyo, 2]

Out[e]=
{{fy® > Function[ {2}, e ™ (™" n1+n2) A]}}

in[-]-- {s0l3} = Solve[CE[diff /. soll /. so0l2/.e-»0] ==0, fto[A]]

Out[e]=
2 (-n2AEL+TN22E1)
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in[-]:= CE[diff /. soll /. sol2 /. so0l3]
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