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In[«]:=

In[«]:=

In[«]:=

In[«]:=

Pensieve header: An isolated attempt to compute the multiplication tensor of QU.

2026-08-27 06:23:00

The implementation of QU is modified from pensieve://Projects/SL2Portfolio/SL2PortfolioProgram.nb.

Initialization / Utilities

$k=1; $U=QU; $E := {$k};

$trim := {ek—‘ /3 k> $k-0};
SetAttributes[{SS, SST}, HoldAll];
q; :=e'*”;

(» Upper to lower and lower to Upper: x)

U2l = {B?" > e PRYbi pP | @ PRYD gl | @PRY I qP |, @PRY g7

12U = {ec_. bi +d_. B;c/(hr) e, e b g/ (BT od

ec_. ti +d_. o Tg/ﬁ ed, ec_. t+d . o Tc/ﬁ ed,

ca; +d_. c/ d ca+d_. d
ec_ a; +d_ :_)‘ﬂire’ec_ a+d_ :_)ﬁc/xe"
e&_ o5 eExpand@&};

SS[& , op_] :=Collect[NormaleSeries[&, {e€, O, $k}1, €, op];
SS[& ] :=SS[&, Together] ;

SST[& ,0op ] :=SS[& /. U21, op];

Simp[& , op_] :=Collect[&, _CU | _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] := Collect[&, _CU | _QU, SST[#, Expand] &];

K& /:Ké; ,; :=1If[1===7,1,0];

. k+1,
C_Integerk_Integer i= c+0[e]™;

CF[&_ ] := ExpandDenominatore

ExpandNumerator@Together [Expand[&] //. e e’ » e /. e »eFPI];

Unprotect [SeriesData];
SeriesData /: CF[sd_SeriesData] := MapAt[CF, sd, 3];

SeriesData /: Expand[sd_SeriesData] := MapAt[Expand, sd, 3];
SeriesData /: Simplify[sd SeriesData]
SeriesData /: Together[sd SeriesData]

MapAt [Simplify, sd,
MapAt [Together, sd,

315
315

SeriesData /: Collect[sd _SeriesData, specs__] := MapAt[Collect[#, specs] &, sd, 3];

Protect[SeriesData];

Self-Pair (SP):

SPy[P_1 :=P; SP(s ox ,ps. 3} [P_1 := Expand[P // SPps;] /.« f_. €% 5 0p,a) F
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DeclareAlgebra

in[-1:= Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;
NCM[x , v , z ] = (x®y) Bz;
OR_ = RO=0;
(x_Plus)y ®y := (#®y)&/@x; x_ ® (y Plus) := (x® #) &/ey;
B[x_ ,x ]1=0; B[x ,y ] :=x8y-y®&Xx;
B[x_, y_ ,e_]:=B[x,y,e] =B[x, y];

mn[-1-= DeclareAlgebra[U Symbol, opts Rule] := Module[
{gp, sr, g, cp, M, pow, k=9,
gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals - {}
}s
U[Generators] = gs;
(#y=Uexn) &/@gs;
gp = Alternativeseegs; gp=gp|gp ; (+ gens «)
sr = Flatten@Table[{g » ++k, g; - {i, k}}, {g, 85}1;5 (» sorting - «)
cp = Alternativeseecs; (+ cents «)
SetAttributes[M, HoldRest]; M[@, _] =0; M[a_, x_] :=ax;
CE[& ] :=Collect[&, U, Expand] /. e* = e™P2lX]1 / ¢tpim;
Ui [61:=&/.{t:icpsti, u U (#&) /@u};
Ui [NCM[]] =pow[& , @] =Ue@{} =1, =UI[];
B[Ue(x_); , Ue(y_); | :=U;eB[Uex, Uey];
Blue(x_); ,Ue(y_); ] /5 i=1=3 := @;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
x_ ® (c_.1y) :=CE[cx]; (c_.1y) B x :=CE[cx];
(a .U[xx_ __,x 1)® (b .U[y ,yy 1) :=If[OrderedQ[{x, y} /. sr],

CE@eM[ab /. $trim, U[xx, x, vy, yv11,

Uexx R CE@M[ab /. $trim, Uey ® Uex +B[Uex, Uey, $E]] B Ueyy 1;
U@{c_. * (L:gp)", r___} /; FreeQ[c, gp] := CE[cUe@Table[L, {n}] & Ue@{r}l];
ve{c_.xL:gp,r___} :=CE[cU[L] BUe@{r}];
ve{c_,r___}/; FreeQ[c, gp] := CE[cU@{r}];
ve{l Plus, r___} := CE[Ue{#, r}& /e L];
ve{lL_,r___} := Ue{Expand[L], r};

U[ & _NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly 1 := Module[{sp, null, vs, us},

sp = Replace[{specs}, L List: L1, {1}1;

vs = Joinee (First /@ sp);

us=Joinee (sp /. L, » (L/.x_; »x5));

CE[Total]|

CoefficientRules[poly, vs] /. (p_-c_) = cUe (us”)

11 7+ X_pur = x]5
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oy[specs___, E[L_, Q_, P_1] :=0y[specs, SS@eNormal[re"*?]];
pow[& , n_ ] :=pow[&E, n-1] B &;
Syl&_, ss___Rule] := CE@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_ > c_) »» cNCMeeMapThread [pow, {Last /@ {ss}, p}11];
Ors___[c_.%u_U] := (c/. (t:cp)j »tj . (rs3) U[Liste@e (u/.v_; » Vi, rs1)]3
mj e [C_.%u_U] := CE[((c /. (t:cp);~t;) DeleteCases[u, _j]) ®
UeeCases[u, w_;w,| BUeeCases[u, _.]];

U/: c_.xu Uxv_U := CE[cuBV];

Si [c_.%u_U] := CE[((c/.S;[U, Centrals]) DeleteCases[u, _;]) ®
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];

Ai i ,r [c_.%xu U] := CE[((c /. Ai,j,r[U, Centrals]) DeleteCases[u, ;]) ®
(NCM@e Cases [u, X_; = 01,5,2,x@A@U@x] /. NCM[] - U[])]; ]

i1 Squ[ (a®+a) by, a>QULy, x], b>7QU[]]
Out[e]=
(14-7T)QUly, x] +14TeQU[y, a, x] + (7+7€) QU[Y, ¥, X, X]

Meta-Operations

in[-]:=  ©ops__[& Plus] := ops /@&
m; ,; = Identity; m; ., [0] = O;
m; ., [& Plus] := Simp[m;,. /@ &5];
Mis i ,j -k [E.] t=mj,@Mi5 i,;@5;
Si [& Plus] := Simp[S; /@ &];
Ais  [& Plus] := Simp[Ais /@ 5]

Implementing CU = U(sl°)

Verify g and Al Also Generalize Ato 4, j, ...

m[-1-= DeclareAlgebra[CU, Generators » {y, a, x}, Centrals -» {t}];
Blacus Yeul = -¥ Yeus BlXcus acul = -¥ Xcus
B[Xcus Youl =2€acy -t 1cy;
(S@ycy = -Ycus S@acy = -acy; S@Xcy = -Xcus)
S; [CU, Centrals] = {t; » -t;};
A@Rycy = CURY; + CURY,; A@acy = CU@Ra; + CU@Ra,; A@Xcy = CU@x; + CU@X,;
A; 4 ,r [CU, Centrals] = {t; » tj+ ty};
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Implementing QU = U,(sl}")

in[-]:= hA=vy=1;
DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];
B[agus Youl = =¥ Yous B[Xqus aul = -y QUex;
B[Xqu> Youl :=SS[qn - 1] QU@ {y, x} +Og[{a}, SS[(1-Te2%") /n]];
(Seyqu :=0q[{a, y}, SS[-T*e"“?y]]; Seaq = -aq; S@xq :=0q[{a, x}, SS[-e"*?x]];)
S; [QU, Centrals] = {t; » -t;, Ti-T;'};
A@yqu i= Oqu[{y1s A1}1s {Y2}2s SS[y1+Tre 2 y,]];
A@ag = QUea; +QUeay; A@Xq :=Oqu[{a1s X1}1s {X2}zs SS[X1+e ™™ x,]];
A; 4 ,r [QU, Centrals] = {t; » tj+tyx, Ti » Ty Ti};

in[-]:= B[Xqus Youl
Out[e]=
(1-T)QU[] +2TeQU[a] +eQUly, X]

tSW

Logoi from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from Pensieve://Talks/Syd-
ney-1708/ExtraDetails@@.nb.

Goal. In either U, compute F = ™" e e™ e %*. First compute G = eX ye X, a finite sum. Now F satisfies
the ODE 8,,F = 9,,(e™™ e™®) = —yF + FG with initial conditions F(n = 0) = 1. So we set it up and solve:

in[-]:== SWyy [U_, RR_] :=
SW,y [U, kR] =Block[{$U = U, $k = kR, $p = kk}, Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[£“ /k!, {k, @, $k+1}].NestList[Simp[B[x,, # 1] & yu, $k+1]];
fs = FlatteneTable[fy ; 5,k [n], {1, 0, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}1;
F=fs.(bs=Fs/.f_,i,j,e[n]l® e ve {yi, a’, xk});
es = Flatten]|
Table[Coefficient[e, b] =0, {e, {F-1,/.7n->0, FRG-y, ®F-0,F}}, {b, bs}]1;
F=F /.DSolve[es, fs, n][1];
E[O,
ExX+ny+ WU /. {CU>-tn&, QU»> n&E(1-T) /Aa}),
F+0@g /. {e->1, U- Times}
1/7. (vin]&lt|Tlyla|x)->v,
115
tSWyy i ,5 ok i=SWy, [$U, $k] /. {1 &is mi->mys (Vit|T|y|a]|X)y->Vi};
tSWya,i ,5 ok i=E[ajap, €7 & X, 115

tSWay,i ,5 ok =E[a;ar, €% n;y, 11;

Exponentials as needed.

Task. Define Expy, [€, Pl which computes e® to € in the algebra U;, where ¢ is a scalar, X is x; or y,
and Pis an e-dependent near-docile element, giving the answer in E-form. Should satisfy
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U@Expy «[¢, P] == Sy[e**, x > O(P)].
Methodology. If Py := Pe.g and €4 ®P = O(ef" F(£)), then F(§ = 0) = 1 and we have:
O(6f"0(Py F(€) + 8¢F)) = O(0:6% "0 F(§)) = 0: O(6* ™0 F(§)) = 0:64°" = 6 ®P O(P) = O(6*" F(£)) O(P).
This is an ODE for F. Setting inductively Fy = F;_; + €“ ¢ we find that F, = 1 and solve for ¢.
iml-1:=  (+ Bug: The first line is valid only if O(e")==e®®). )
(» Bug: & must be a symbol. «x)
Expy . ,ol[<_, P_] := Module[{LQ = NormaleP /. € » 0},
E[SLQ/. (xX]Yy);»0, £LQ/. (t]a); >0, 1]];
Expy , . [£., P_] :=Block[{$U =U, $k = R},
Module[{Po, o, ¢s, F, j, rhs, ate, at¢},
PO = NormaleP /. € » 0;
@S =
Flatten@Table[¢j1,42,53[<1, {J2, @, R}, {j1, @, 2k +1-32}, {j3, 0, 2k+1-32-3j1}];
F = NormalelLast@Exp, . ,[<, P] + e* ps. ((ps /.0js [£]=»Timesee {y;, a;, xi}{js});
rhs = Normale
Lastem; j,;[E[£PO/. (X|y); >0, £PO/. (t|a); >0, F+0,]m_;@E[0, O, P+0,]];
ate = (# == 0) & /@ Flattene@eCoefficientList[F-1 /. £ -0, {yi, ai, Xi}]1;
at§ = (# =0) & /@ Flatten@CoefficientList[(0-F) + POF -rhs, {y;, ai, X;}1;
E[£PO/. (X|Yy); 20, £PO/. (t|a); >0, F+0,] /.
DSolve[And ee (ateJate), ¢s, £1[1] |]

mi-1:- $k=1
Out[e]=
1

in[-]:= $Basis = {agy, Xqu> Youl}s
Module[{a, b}, Table[{a, b} » CE[B[a, b]], {a, $Basis}, {b, $Basis}]] // MatrixForm

Out[+]//MatrixForm=

{QUfa], QU[a]} —© {QUlal, QU[x]} —» vy QU[X]
{QU[x], QU[a]} » -y QU[x] {QU[x], QU[x]} >0 {QUx],

{QUly], QUal} ¥ QUly] {QUy], QU[x]} = (-3 +;)QU[]-2TeQUlal -yehQUly, x]
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in[-]:= $Basis = {agu, Xqus Youls
Module[{a, b},
DeleteCases |
Flatten[Table[{a, b, c} - CE[B[a, b] +B[b, al], {a, $Basis}, {b, $Basis}]], _ - @]
1
Module[{a, b, c},
DeleteCases [Flatten[Table[{a, b, c} - CE[B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]]11,
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 0]
1
$ABasis = {aq, Xqus Yous QULY, ¥1, QULY, al, QU[y, x], QU[a, a], QU[a, X], QU[X, x]};
Module[{a, b, c},
DeleteCases [Flatten[Table[{a, b, c} s CE[a® CE[b® c] -CE[a® b] ® ],
{a, $ABasis}, {b, $ABasis}, {c, $ABasis}]], _ - 0]

]
Out[«]=

{}
Out[e]=

{}
Out[e]=

{}

in[-]-= Module[{a, b, c},
Table[{a, b, c} > CE[a® CE[b® c]], {a, $ABasis}, {b, $ABasis}, {c, $ABasis}]
1;

in[-]:= B[Xqus Youl // CE

Out[«]=
1 7T
[* 7*) QU[] +2TeQU[a] +yehQUly, Xx]
h hn
in[-]:= B[Xqus B[Xqus Youll 7/ CE
Out[e]=

(ye-3Tye) QUIX]
in[-]:= B[Xqus B[Xqus B[Xqus Yull] 7/ CE
Out[«]=
0
in[-1:= B[Xqus B[Xqus B[Xqus B[Xqu> Youll11l 7/ CE

Out[~]=

iml-1:= B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus Youl1111 // Expand

Out[e]=

In[-]:= B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus B[Xqus Youl1111]1 // Expand
Out[«]=
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in[-]:= adPower[x_, R_, Env_][c_=*y QU] := CE[c adPower[x, kR, Env] [y]];
adPower[x_, k_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;
adPower[_, @, Env_][y ] :=y;
adPower[x_, k_, Env_][0] =0O;
adPower[x_, k_, Env_][y QU] :=

adPower [x, kR, Env] [y] = CE@B[adPower[x, k-1, Env] [y], X];
adPower[x , k_1[y_] := adPower[x, kR, $E][V];

in[-]:= adPower [Xqu, 1] [Yqul

out[«]=
1 7T
[_, +7] QU[]-2TeQU[a] -¥yehQU[y, X]
h h
in[-]:= adPower [Xqu, 2] [Yqul
out[«]=

(ye-3Tye) QU[x]

in[-]:= adPower [Xqu, 3] [Yqul

Out[«]=
%]

in[-]:= adPower [Xqu, 4] [Yqul

Out[e]=

0

in[-]:= adPower [Xqus 5] [Yqul

Out[e]=
0

in[-]:= NilQ[Xqu] = NilQ[yqu] = True; NilQ[ag] = False;
PotQ[c_ . *x QU] := - NilQ[x]; (* Potent Q «)
NilQ[c_#*x QU] :=NilQ[x];
PotQ[x_Plus] := And @@ (PotQ /@ (Listeex));
NilQ[x Plus] := And@e (NilQ /@ (Listee x));

mm[-]:=  Ad[@] = Identity;
Ad[C_. aQU] [Z_] =z /. W_QU s ec~( (Count [w,y]-Count [w,Xx]) w3

Ad[c . QU[]]1[z ] :=2z;

ml-1:= Ad[x_1[y_] /; NilQ[x] := Expand@Module[{k =0, s =0},
While[adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y] /k!;
++k
15
s

1
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in[-1:= Ad [Xqu] [Yqu]

Out[«]=
1 3
-QU[] +TQU[] -2TeQU[a] +£€QU[X} *ETGQU[X] +QUIY] -eQUly, X]
In[«]:= $k
Out[e]=
1
inf-1:= Ad[cagy] /@ {QU[T, Xqus Yous QUIX, ¥1}
Out[«]=

{QU[], e “"QU[x], e QUIy], QU[X, y]}

mi-1= Ad[(al + a2 + e fa[A]) aql /@ {QUI], Xqus You, QUIX, y1}

Out[~]=
{QUH, e—y (al+a2+e fa[A]) QU[X] s (EY (al+a2+e fa[A]) QUD’] s QU[X, y} }
i1~ Normal@Series[e™ (@€l (e 9, $k}|
Out[e]=
e—((oz1+a2) Y) _ e—((oz1+a2) Y) ye fa[A]
ml-1= CE[
Ad[ (ol + a2 + € fa[A]) agu] /@ {QU[], Xqus Yous QU[X, Y1} /. e > NormaleSeries[e”, {e, 0, $k}]]
out[e]=
{QU[T, (e™ Y — e ™Y y e fa[a]) QU[x], (e %Y+ e Y yefa[a]) QUIY], QUIX, y]}
in[-]:= Ad[aqu] [Ad [Xqu] [Yqul]
Out[e]=
QU[] TQUI] 1 3
- + -2TeQUlal +— e yeQU[x] -—e "TyeQU[x] +e"QU[y] ~yehQU[y, X]
h h 2 2
in[-]:=  ATangent[] = 0;
ATangent[xs__ , x_] :=CE[Ad[x] [ATangent[xs]] + 8, x];
ATangent[xs_List] := ATangent @@ xs
In[]:= ATangent [.A Yous Aaqu, AXQU]
Out[e]=
e e*T2 N
- + QU]+ (1-2e""Tea)Qula] +
h h
1 A 2 3 A 2 A A
(1+>{)&+7 etyer-—e"'TyeX | QU[x] +e”" QU[y] —e""vyexhQU[y, X]
2 2
in[-]:=  Seepage, [{}][c_]=c;

Seepage; [¢5_List][P_] :=Module[{gs = U[Generators], 1x},
Ix = gs[[Lengthe £57 ;
Collect [P, 1x, (Ad[Last[<£5] 1xy] [Oy[gs, Seepage,[Most@ecss]@#]] /. U Times) &]
]
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in[-]:= Seepageqy [{n, a, £}11[y]

Out[e]=

1 3
ey-e*E+e’TE-2ae’TeE-e“xyel+—e*xe&-—e*Txe&?
2 2

|| bS] B e =17) hefr The |
b= M DL T -
5[%)ﬁ§/7) 7 M) 07 ¢ SO < OB
L@@@ - R =O) - Sleh)-
AR= OE(r) S(5m)-S(e™)
e PULIY) —2 L/(/g) + QB 3. SleP) \
Ly~ e Serl X} S 10 |
/{I\ :M@//@ BEP( ) +p R>§\Q>: S'\JA‘) (5 ,U' 1S )38 u)
Lyl 215, % L, Sstsie syl
m«/,\ ARy ” )oﬂf) L B J = 9\[9 e = "m,/ comb -
AT % } v UZ)\ =S¢ ) (@ ,/ +9€/’)
EL / ﬂ 1 .:(ﬂ\ ; \
1S e

n[-]:= LA = .A.Tangent [A T]l Yous al aqu, A€l Xqu s A n2 Yous a2 aqu, AE2 XQU]

Out[e]=

1
eI AL+ ™ T I AEL+ 2 A EL -T2 A1+ — e enin2®c1?-2e® Ten1in2®c1?+
2

3
e Tl en1 2 31?2 - 12+ e T I AE2-e® N2 A E2+ ™2 T2 A E2 +
2

e eI 23 E162-4e 2 Ten1n2 36162 +3e™ 2 T2en1n2236162-
1 3
—e®en2?2)¥c182+2ePTen2?2236162- - e@T?en22236162| QU] +
2 2
(-2 Tenla&1+2Ten2a81-2e"?TenlrE2-2eTen221£2) QUla

1 3
€281+ — e Pen1 12— e 2 Ten1?1? v 2+t en1ite162-
2 2
1
3 TenlA?6162-en2226162+3Ten2226162+— ™2 en12?22-
2

1 3
A e 2 T e n1 2% £22 +E e?en2i? 522_E e Ten2A? 22| QU[x] +

a1+a2

nl+e®n2-e?enin2i?c1+3e*?Tenin22el+

1 3
—e®en2?22?e1-—e®Ten2? 2?61 QUy] +
2

(—ea1€T71)k§1+€T72)k§1—ea1+a2€7’]1)§2—ea2€7’]2)&§2> QUY, X]

N
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in[-]:= PO = {fy@[A] + € fyl[A], al +a2 + e fal[A], fXxO[A] + € fX1[A]};
pAr = (ftO[A] + e Ft1[A]) tQU[] + (e fyx1[A]) QU[y, X];
rA = pA+rox.QU /e (QUeGenerators)
Out[~]=
t (FtO[A] +e FEA[A]) QU[] + (a1l + a2 + e fal[A]) QU[a] +
(FXO[A] +e FX1[A]) QU[X] + (fyO[A] +efyl[A]) QU[y] +€ fyx1[A] QU[y, X]

In[-]= Ss[epA/.QU—»Times]

Out[-]=
et FrOM) | T FOIA ¢ (t Ft1[A] + xy fyx1[A])

mi-1:-  Invertey[& 1 := Module[{A, B, B}, (+ &=A QU[]+€ B )
A = Coefficient[&, 1] /. € > 0;
B=CE[e™ (5-Alq)];
sw[ss[(A+em) ], 53]

]

ni- 1= &=0q[{y, a, X}, CF@Seepageq, [rOA] [SS[eP ®°Ti"]] /. e :5 NormaleSeries[e”, {e, 0, $k}]]

Out[«]=
(efFOl 4 e T t e fta[a]) QU] +

(-t T O ¢ fx@ [A] Fyx1[A] + P TFOM T e fxo (2] fyx1[A]) QU[X] +
(ea1+a2+tft0[)t] c 'FyXl[)L} QU[y) X}

in[-]:= Invertg[&]

Out[e]=
(e tFe _ et te ft1[a]) QUI] +
(et ¢ fx@ [A] fyx1[A] - 2O T¢ £x0 (2] fyx1[A]) QU[X] -
eUl+a2-tFto[A] _ Fyx1[A] QUTY, X]
in[-]:= CE[Inverty[&] ® &]
Out[«]=

QU]

i = S O b 2e8)

Out[-]=
(A ) Ja /
= SO - s+ 3¢
in[-]:= PA =
Oq[{y, a, X}, CF@Seepagey, [rOA] [SS[e”/"®>Ti"=]] /., ™ > NormaleSeries[e”, {e, @, $k}]];
Inverty [PA]
Out[~]=

(eftfte[/\] _ e tfter teftl[/\]) QUL +
(e71 02 HFO ¢ g 1] Fyx1[A] - e 2 TFOUI T £x@ (2] Fyxd [A]) QUX] -
o2t FOIA ¢ £yn1 ] QUTY, X]
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imi-1- RA = CE@SS[Inverty [PA] ® Oq[{y, a, X},
Seepagey, [rOA] [ (8, (r@A.QUeGenerators)) (PA /. QU - Times) + 8, (PA /. QU - Times)]]]

Out[e]=
QUIY, x, x] (-e™% e fyx1[A] £x0' [1] + e?T 2% ¢ fyx1[2] fx@'[A]) +

QUIX, x] (-e?T2%2 e £x@[ 1] fyx1[A] fx@'[1] + e 12 Te £x0[ 1] fyx1[A] X0 [1]) +

QUla] (efal [A] -2e™*?Tefx0[1] fy@' [A]) +

QULY, ¥, x] (-e®2%2 e fyx1[a] fy@' [A] +e>?13%% ¢ fyx1[2] fy@'[A]) +

QUIy] (™ fyo'[1] + e e fal[A] fy@' [A] -
@222 ¢ fyx1[ ] Fy@' [A] + €22 Te fyx1[A] fy@' [A] + ™" e fyl [A]) +

QUI] (tFte'[A] +teftl [A] - ™" fx0[A] fy@ [A] + e "> T Fx0[1A] fy@' [1] -
€2 ¢ fa1[A] FxO[A] Fy@' [A] + ™2 Te fal[A] fxO[A] fyo' [A] -
2 c £x1[A] fy@' [A] + ™2 Te fx1[A] fyo' [A] + e?*1 22 c fx@[ 1] fyx1[A] fy@ [A] -
22122 T o fx@ [ 2] Fyx1[A] Ffy@ [A] + @292 T2 c £x@[ ] fyx1[A] fy@' [A] -
e % e fx0[1] fyl [A] + ™2 Te fx0[A] fyl' [A]) +

QULY, x] (-e™ 2 tefyx1[A] ftO' [1] + €22 te fyx1[A] ftO'[A] - e e fx0[2] fy@' [A] +
21202 ¢ £y [ 0] Fyx1[A] Ffy@ [A] - 23392 c £x@ [ 2] fyx1[A] fy@' [A] - €222 T e fx0[ 1]

Fyx1[A] fy@' [A] +2e> 22 Te fx0[A] fyx1[A] fy@' [A] + € 2% e fyx1'[A]) + QU[X]

e fx0[A] fal [A] - 29122 t ¢ £xB[ 1] Fyx1[A] FtO' [A] + **T 292 ¢ T fxO[A] Fyx1[A] FtO'[A] +

X0 [A] - ™ e Fyx1[A] Fx0'[A] + ™2 T e fyx1[A] £x0' [A] +
1 1+02 2 3 1+02 2
efxL [A] + — ™" e fx0[A]“fyd [A] - — ™" Tefx0[A]° fyQ' [A] +
2 2
132 ¢ £xQ [ A]2 fyx1[A] fy@' [A] -2e> 392 T e fx@[ ]2 fyx1[A] fy@' [A] +
391302 12 ¢ £y@ [ A]2 Ffyx1[A] fyo [A] - e*T % e £x@ [ ] Fyx1 [A] -

291202 c £y A] Fyx1 [A] + ™2 Te £fx0[A] fyx1' [A] + €M 292 T ¢ £x0[ ] fyx1' [A]
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in[-]:= diff = CE[LA - RA]

Out[«]=
QILY, x, x] (™ e fyx1[A] fx0'[1] - e**12*% e fyx1[1] fx@' [1]) +

QUIX, x] (€227 ¢ fx@[1] fyx1[2] X0 [A] - €292 Te fx@[A] fyx1[A] fx@'[1]) +
Qlal (-2e™Tenlagl+2Ten2aél-2e?Tenlae2-

2@ Ten21éE2-efal’ [2] +2e™*? Tefxo[1] fy@' [1]) +
QUIY, y, x] (229 e fyx1[a] fy@' [1] - ®“13%% e fyx1[A] fy@' [1]) +

e nlie™®n2-e™Pen1n2 A2 E1+3e ™ Tenin2 A1+

QUIYy]
1 2 2 52 3 2 2 52 1+02 1+02
T ePen2?a?61- = e Ten2? 21 -2 fy0' (] - ™2 e fal[A] fy@' [A] +
2 2

1292 ¢ fyx1 (2] fy@' [A] - 2T 22 Te fyx1[A] fy@' [A] - ™™ e fyl' [A] | +

1
QU] |- nIacl+e™TnlA&l+n2AEL-Tn2A&l+— e enin2i361?-2e?Tenin22361?+
2

e T2en1n2 31— 1 a2+ e T NI E2 - e 21 E2+eP2Tn2AE2+

N w

0102 c p1 236162 -4e T2 Tenin2236162+3e T2 T2en1n2236162-

(0]

3
e®en2? A 3E162+2ePTen2?36162-—ePT2en22)36162-tFto[A] -teftl [A] +
2

N R

a02 £x@[A] fy@' [A] - ™2 T fx0[A] fy@ [A] + ™2 c fal[A] fxO[A] fyo' [A] -
olv02 T ¢ fa1[A] FxO[A] Fy@ [A] + ™2 e Fx1[A] fy@' [A] - €2 T e fx1[A] fyo' [A] -
2od202 ¢ £y ] fyx1[A] fy@ [A] + 2?22 Te fx0[A] fyx1[A] fy@' [A] -

o O 0

2202 12 c £y (] fyx1[A] fy@ [A] + ™™ e £x@[A] fyl' [A] - * 2 Te fx0[A] fyl [A] | +

QIY, x] (-eeniagl+en2aél-ePenlré2-e?en2a&2+ e te fyx1[a] fto'[2] -
2292 ¢ ¢ Fyx1[A] FLO' [A] + ™2 e FxB[A] fyQ' [A] - e® 1292 c £x0[A] Fyx1[A] fy@ [A] +
2391392 ¢ £y@ [ A] Fyx1[A] Ffy0' [A] + 291292 T e fx@[ 1] fyx1[A] fyo' [A] -

23292 Te fxa[2] fyx1[A] fy@' [1] - 2% ¢ fyx1'[A] ) +

e P Ten1A?e1?+2+een1ate1e2-

N w

1
QUIx] e &1+ - e Pen1a?el’ -
2
1
3 TenlA?€162-en2226162+3Ten2226162+— ™2 en12?22-
2
3 1+a2 2 2 1 2 2 2 3 2 2 2
— e Tenl A 82+ —e™en2 A2 - — e Ten2 A2 -efx0[A] fal’' [A] +
2 2 2
20292 ¢ ¢ £x@ [ ] Fyx1[A] FtO' [A] - 22t Te fx0O[A] Fyx1[A] FtO'[A] - Fx@'[A] +

1
™2 ¢ Fyx1[A] FXO' [A] - e T e Fyx1[A] FXO' [A] - € X1 [A] - — e ¢ £fxO[A]2 FyQ' [A] +
2

3
— e T e fx0[ 1] fyo [A] -3 3% c £x@[A]% Fyx1[A] fy@' [A] +2e> 32 Te fxo[1]?
2

fyx1 (] Fy@ [A] - 391392 T2 ¢ £x@ [ ]2 Fyx1[A] Fy0' [A] + ™ e £xO[A] Fyx1 [A] +

2292 ¢ £y (2] fyx1' [A] - e Te fx0[A] fyx1' [A] - 2% T fx0[A] fyx1' [A]
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in[-]:- diff /. e >0

Out[«]=
QUIx] (e E1+&2-Fx0'[A]) +QULY] (e nl+e™n2-e ™ fyo [1]) +

QUI] (-e™n1aél+e™ TnlAEL+n2AE1-TN2AEl-e™ 12 E2+e™?Tnle2 -
e 22+ e Tn2a62-tFtO [A] + ™% £x0[ 1] fy@' [A] - ™2 T Fx0[ 1] fy@' [1])
in[-]:= {soll} = DSolve[Coefficient [diff /. e » 0, Xg] == 0 A fx0[0] == 0, fx0, A]
Out[e]=

H-Fx@ - Function [ (A}, e 2 (§1 + e*? 52) ] }}

in[-]:= CE[diff /. soll /. € » @]

out[e]=
QU [y} (eozlm(z 771 i eaZ 02 _ eal+a2 fy@' [l] > +
QUIT (-e™n1aél+e™ TNl Al +n2AEL-Tn2aE1-e 2 n1ag2+
€T TNIANE2- e N2 A E2+ePTn2AE2-tFto' [A] + e A &1 fyo [A] -
et TAELFyl [A] + ™2 A £2 Fy@' [A] - ™ T £2 Fy@' [1])
in[-]:= {s0l2} = DSolve[Coefficient[CE[diff /. soll /. e > 0], yu] ==0Afy0[0] =0, fyo, A]
Out[«]=

{{fye > Function[ {2}, e (e™ n1+n2) 1] }}

in[-]:= CE[diff /. soll /. sol2 /. e » 9]

Out[«]=
QU[] (27m2AE1-2TnN2AEL-tFto'[A])

in[-]:= {s0l13} = DSolve [Coefficient [CE[diff /. soll /. s0l2 /. e -»0], QU[]] ==0A fto[0] ==0, fto, A]

Out[e]=

(-1+T) n2 22 51}}}

{{ft@eFunction (A}, - .

in[-]:= CE[diff /. so0ll/.so0l2/.s0l3] /.e—->0

Out[e]=
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in[-]:= CE[diff /. soll /. sol2 /. so0l3]

Out[«]=
(2T en&1® fyx1 (2] - Te x 1% fyx1[A] + 2“2 e 1 €1 £2 fyx1[A] -

222 Te 2162 Fyx1[A] + 122 e 1 €22 Fyx1[A] - ® 1?2 Te 222 fyx1[A]) QUIX, X] +
(e™eclfyx1[a] - e?™ e g1 fyx1[A] + e P e £2Ffyx1[A] - 2% e £2 fyx1[A]) QUIY, X, X] +
<62a1+2a2 enlfyxi[a] - >3 e nl fyx1[A] + e 2% e n2 fyx1[A] - 3% ¢ n2 fyx1[A] )

QUIY, y, Xx] +QU[a] (ATen2 A &El-efal [A]) +

1
QUIY] |-e™™2en1n2x?1+3e™2Ten1in2a®cl+- e?en2®1?61-
2

3
— e Ten2? 21 -eM 2 en1fal[a] -e®@en2fal[a] + €122 ¢ n1 fyx1[A] -
2

e? 22 Tenl fyx1[A] + €22 en2 fyx1[A] - €22 Ten2 fyx1[A] - e e fyl' [A] | +

1 3
QU[T |- ePentn®ec1?-2e™ Ten1n23€1?+ — e T?enin2® €1+
2 2

e en1in23€162-4eM P Tenin223€162+3e™ T2 en1in22®c162-
1 3

—e®en2?®E162+2e®Ten2?223€162- - e T?en2? 3162+ e ent il fal(n] -

2 2

e Tenla&Elfal[a] +en2aélfal[A] -Ten2x&lfal[a] + e en1lag2fal[a] -
e Teniag2fal(A] +e™2en2aE2fal[A] —e®?Ten2a&2fal[a] + e enlfx1[A] -
e Tenl fx1[A] +e®2en2 fX1[A] - e Ten2 fx1[A] - 212 c n1 A €1 fyx1[A] +
222 Ten1 A1 Ffyx1[A] - 22 T2 e n1 A 1 Ffyx1[A] - e e n2 A E1 Fyx1[A] +
22 Ten2 A1 Fyx1[A] - e T2 e n2 A E1 Fyx1[A] - 291292 e n1 A €2 Ffyx1[A] +
2?1202 T e n1 X E2 Ffyx1[A] - 29122 T2 e 1 A 2 Fyx1[A] - 22 e n2 A £2 Fyx1[A] +
2e22 Ten2 A2 Fyx1[A] - ™22 T2 n2 X E2Fyx1[A] —teFtl [A] + e e X E1Ffyl [A] -

e TedE1Fyl [A] + ™2 e X E2Fy1 [A] - e Ten2Fyl [A] | +QU[Y, X]

(2en2n&1-e e n1 a1 Fyx1[A] +2e> 2P e nl A E1Fyx1[A] + P Tenl A €1 fyx1 ] -
2322 T e n1 A ELFyx1[A] + e en2 A E1Fyx1[A] - e Ten2 A 1 Ffyx1[A] -
2202 ¢ 11 A E2Fyx1[A] +2e3 3P e 1 A E2 Fyx1[A] + €222 Ten1 A £2 Ffyx1[A] -
23132 T e n1 A E2 Fyx1[A] - e 2P e 2 A E2Fyx1[A] +2e® 32 e n2 X 2 Fyx1[A] +
e 22 Ten2 1 £2Fyx1[A] -2e® P2 Ten2 1 2 Fyx1[A] - 2% e fyx1'[A]) +

1 3
m e P en2 1 - e P Ten2 26122222612 +6Ten2226162+
2 2

el e s1fyx1[A] - e Te E1Ffyx1[A] - 22 e n1 2% €12 Ffyx1[A] +

232 Ten1 2% €12 Ffyx1[A] - 32 T2 1 2% €17 Fyx1 [ 1] + 2% € n2 A% €12 Fyx1 [A] -
222 T e n2 2 €12 Fyx1[A] + €212 T2 e n2 22 €12 fyx1[ 1] + €™ e £2 fyx1[ ] -

e Te 2 Ffyx1[N] 23122 c 1221 £2Fyx1[A] +4e 122 Tenl A% £1 62 fyx1[ ] -
2301292 12 2 n1 2% €1 2 Fyx1[A] - 291392 ¢ 1 A% €22 Fyx1[A] +

231302 T e n1 A% €22 Fyxa[A] - 3132 T2 n1 2% €22 Fyx1 [A] - €132 ¢ 2 22 2% Fyx1 ] +
2?1302 T e 2 A2 €22 Fyx1[A] - 23R T2 2 22 €22 Fyx1[A] -e P e &l fal [A] -
ex&2fal’ [A] —eFX1U [A] + € e XA E1 Ffyx1' [A] + 292 e X €1 Fyx1' [A] -

e Ten&lfyx1 [A] - 22 Te A g1 fyx1' [A] + e %% e X 2 fyx1' [A] +

QU[x]

1292 ¢ X £2 fyx1' [A] - ™2 Te X €2 Ffyx1' [A] - €222 T e X £2 fyx1' [1]
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in[-]:= {sold} =
DSolve [Coefficient [CE[diff /. soll /. s0l2 /. sol3], QU[y, x]] == @ A fyx1[@] == 0, fyxl, A]
Out[e]=

nyxl - Function [ {2},

(2 e—alf(xZ—; e 2 (214T) 22 (-e™ N1 £1+2 M2 1 £1402 E1-eM72 1 242 271272 1 £2-e? N2 £2+2 €127 2 £2)

(_1 . e; e 02 (_1.T) A2 (76011 N1 E142 2102 N1 £14n2 £1-e71*92 11 £242 291292 1 £2_e%2 12 £242 °1292 172 52)

772§1)/ ((-1+T) (e nig1+2e**2n1e1+n261-

e 1 £2 42 2912 1 £ - 212 £2 12 12 2 £2) ) ] }}

in[-]1:= CE[diff /. soll /. s0l2 /. sol3 /. sol4]

Out[e]=
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