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in[-]:= SetDirectory["C:\\Users\\T15Roland\\Wiskunde\\Bn\\HigherRank"]
Once[<< KnotTheory" ] ;

Out[e]=
C:\Users\T15Roland\Wiskunde\Bn\HigherRank

ParentDirectory: The argument File should be a positive machine-sized integer, a nonempty string or a File specification.
ParentDirectory: The argument File should be a positive machine-sized integer, a nonempty string or a File specification.
ToFileName: A string or list of strings is expected at position 1 in ToFileName[{File, WikiLink, mathematica}].
ToFileName: A string or list of strings is expected at position 1 in ToFileName[{File, QuantumGroups}].

Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.
Read more at http://katlas.org/wiki/KnotTheory.

SetDelayed: Tag Diff in Diff[K_PD, rut_, ag_, n_, m_] is Protected.

Internal Utilities
inf-]:= $k=13y=1; A=1;
Canonical Form:

ml-1:= CCF[& ] := ExpandDenominator@ExpandNumerator@Together[
Expand[5] //. e~ e’ » e /. e » e FM];

CF[& List] :=CF /@ &;

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[&_ ] := Module|
{vs=cases[s, (y|b|t]a|x|n|B|Tt|a|& ,o]U{y,b,t,a,x,n, B, t, a £}},
Total[CoefficientRules[Expand[&], vs] /. (ps_-c_) = CCF[c] (Times @@ vs™)]
];

CF[s E] :=CF/@&; CF[Es, [&5__ 1] :=CF/@E,,[55];
The Kronecker ¢:
inf-1:= K& /:Ké; 5 :=If[i===7,1,0];
Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e**? P:
nf-]- E/:E[LI_,Q1 ,P1 ]1=E[L2 ,Q2 ,P2 ] :=
CF[L1 == L2] ACF[QI == Q2] A CF[Normal[P1 - P2] == 0] ;

E/:E[L1 ,Q1 ,P1 JE[L2 ,Q2 ,P2 ]:=E[L1+L2, Q1+Q2, P1xP2];
E[L_, Q_,P_lg :=E[L, Q, Series [NormalePr, {e, O, $R}]11;

Zip and Bind

Variables and their duals:
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inf-1= {t*, b*, y*, a*, x*, 2"} = {z, B, n, a, §, E};
{z*, B*, n*, a*, €, 8"} ={t, b, y, a, x, z}; (u_i_)* = (U*)i;

Upper to lower and lower to Upper:

mf-7:= U221 = {B?" S e_thb‘, B~ = e"””b, T?—' xS e'phti, - e_pht, 5’{?" el ¥4, AP s ep”“};
120 = {ec:. b +d ., B{”(h LIPCIE b+d_._:_) B~/ (B W) -
ec_. ti +d_. o T{C/ﬁ ed, ec_. t+d . o T—C/I1 ed,
ec_. a; +d_. oy ‘ﬂti:/r ed’ ec_. a+d_. oy ﬁc/y ed,

e&_ o5 eExpand@&} ;

Derivatives in the presence of exponentiated variables:

il = Dp[f_ 1:=0pf-hyBOsf; Dp, [f 1:=0p f-H¥B;dp f;
De[f 1 :=0tf-ATO1f; Dy, [f ] :=0¢, f-aT;0rf;
Dol[f ] :=0af +¥RAOaf; Do, [f_ ] :=0q f+¥AiOa f;
D, [f_1:=0vf5 Dy ey [f.1:=1;5 Dy [f_1 :=55 Dy ,n mntegery [f_1 2=Dy[Dyy,n-13 [F115
Dyt rist,es 3y [f_]1 :=Dyusy [D[f115

Finite Zips:

mn[-]:= collect[sd_SeriesData, & ] := MapAt[collect[#, ] &, sd, 3];
collect[& , £ ] := Collect[s, &1
Zip [P_] :=P;
Zip,, [Ps_List] :=Zip, /@Ps;
Zip{;_);s___}[P_] =
(collect[P // Zippys &] /o Fo. &% 0 (Dieo,ay [F1)) /. £* 50 /.
((&*/.{b>B, t>T, a»A}) > 1)

QZip implements the “Q-level zips” on E(L, Q, P) = €"*? P(€). Such zips regard the L variables as scalars.

(Plan e T < |g <P(z,-, et
Zf—"?,‘ (Zk +yk)

~ izky - : -
et (P (s + 0.8+ 1) )
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inf-]:= QZipg i+ @E[L_, Q_, P_] := Module[{Z, z, zs, ¢, ys, s, qt, zrule, Zrule, out},
zs = Table[&", {&, &5)}];
c=CF[Q /. Alternativesee ({s|Jzs) » 0] ;
ys = CFeTable[d: (Q /. Alternatives @@ zs » @), {&, Z5}];
ns = CF@eTable[d, (Q /. Alternativesee (s - 0), {z, zs}];
qt = CFeInverse@Table[KS, - 0,,:0, {&, &5}, {z, zs}];
zrule = Thread[zs » CF[qt. (zs+ys)]1];
Zrule = Thread[Zs » &5 +ns.qt];
CF /@ E[L, c +ns.qt.ys, Det[qt] Zip, [P /. (zruleJ&rule)]1] 1;

LZip implements the “L-level zips” on E(L, Q, P) = Pe*?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are b and a and the {’s are Band a.

In[]:= LZipg,s_,_ist@]E[L_, Q,P_] :=
Module[{g, z, zs, Zs, ¢, ys, ns, 1t, zrule, Zrule, Zrule, Q1, EEQ, EQ},
zs = Table[Z*, {&, &5}1;
Zs=2s /. {b>B, t->T, a-» A};
c=1L/.Alternativesee (Zs|Jzs) » 0 /. Alternatives e@ Zs -» 1;
ys = Table[8: (L /. Alternatives @@ zs » 0), {&, £5}];
ns = Table[d, (L /. Alternativesee s -» 0), {z, zs}];
1t = Inverse@Table[KS, ¢ - 9, L, {&, &5}, {z, z5}];
zrule = Thread[zs -» 1t. (zs +ys) ];
Zrule = Join[zrule,
zrule /. r Rules ((U=r[1] /. {b->B, t>T, a»A}) » (U/.U21 /. r //.12U0))];
Crule = Thread[Zs » &5 + ns.1t];
Q1=Q /. (Zrule{ &rule) ;
EEQ[ps___] := EEQ[ps] =
(CF[@™® Drhreadiizs, (psyy1 [€%']] 7+ {Alternatives ee zs - @, Alternatives @@ Zs » 1});
CFRE[c +ns.lt.ys, Q1 /. {Alternatives @@ zs » @, Alternatives ee Zs -» 1},
Det[1t] (Zip.[(EQee@zs) (P /. (ZruleZrule))] /.
Derivative[ps___1[EQI[___] =» EEQ[ps] /. _EQ~»1) 1];

inf-1:= By [L_s R_]1 t=LR;
Biis_y[L_E, R_E] := Module[{n},
Times [
L/.Table[(v:b|B|t|T|a|X]|yY)i~ Vieir {1, {15}}],
R/.Table[(viB|T|a|RA|&|N)1-Vieis {1, {i5}}]
1 /7 LZipjgineetable{Brois trotsanet}s (is (5131 7/ QZiPjoineeTable( {&nossyueids (is (15111 ];
BiS___ [L_, R_] :=Bisy [L, R];
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E morphisms with domain and range.

inf-1:=  Bis 1ist [Eq1 »r1 [L1_, @Q1_, P1_], Egz 5 [L2_, Q2_, P2_]] :=
E (41complement [d2,is]) - (r2UComplement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
Eg1 ora [L1_, Q1_, P1_1 // Egp vz [L2_, Q2_, P2_]
Bringz [Ed1-r1 [L1, @1, P1], Egz,r2[L2, Q2, P2]];
Ear ora [L1_, Q1_, P1_] =Eg oy [L2_, Q2_, P2_] *:
(d1==d2) A (r1=r2) A (E[L1, Q1, P1] =E[L2, Q2, P2]);
Eg1 »r1 [L1_, Q1 _, P1_]Eg ,r2 [L2_,Q2_, P2_] ":=
E (g1yd2y»(r1yr2) @@ (E[L1, Q1, PI] E[L2, Q2, P2]);
Egr [L_5 Q 5P lgp :=Eq @E[L, Q, P]g;
E [&__1[1_] :={&}I11;

E[A]

in[-]:= Egp [4_] :=CF@
Module[{L, 20 = Limit[4, € @]}, Ey[L=40 /. (n|y|€E|X) -0, 00-1L, e”'Ae]$k /. 12U]

“Define” Code

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

in[-]:= SetAttributes [Define, HoldAll];
Define[def , defs 1 := (Define[def]; Define[defs];);
Define[op_;; =6&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, J, k},
ReleaseHold [Hold [
SD [OPnisp,$k_Integer: BlOCk[{i, js k}, OPisp,sk = &3 Opnis,$k] ];
SD[OPisp: Op{is},sk]i SD[Opsis__J Op{sis}]i
] 7. {SD - SetDelayed,
isp> {is} /. {i»i_, j>»Jj_, k>k_},
nis -» {is} /. {i-»>1ii, j- jj, k- kk},
nisp- {is} /. {i-»ii_, j>»jj_, k> kk_}

1]
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The Objects

Symmetric Algebra Objects

= SMi L5 Lk = B gysgey [Be (Bi+ Bj) + e (Ti+ T5) + @k (ai +aj) +Ye (Mi+15) +Xe (§i+E5) 15
SAi 55,k = Egiy,g,ky [Bi (b +bp) + Ty (Y + %) +a; (aj+ar) +1mi (Yi+Ye) +8&i (X5+#X) 15
SSi =E(i),qi3[-Bibi-titi-a;a;-niyi-&i Xi];
sei 1=E(,i)[0];
sni =E(y,[01;

In[-]:= 807 45 +=E(iy,¢5) [Bi bj +Titj+a;a;+n: Y5+ 8 X515

SYi 55 kL ,m =Egiysgget,mBibe+Tite+a;a + 0y + & X5

Booting Up QU

in[-]:= Define[aoi,j = Eiy,5; [a5 a1 + X5 1], boij = E(iy,¢453 [bj Bi + Y5 nil]

PairingP: AQB » Q
Risthe inverse of Rin the algebra BQA.
NB. We use the co-algebra structure B tensor A°P.

In[«]:= De-Fine[Pi,J- =E (i §1-(} [[3] ai, Nj€is 1+ O[G]z] 9
Ri,j = E{y5qi,5) [aj bi, Xjyi, 1+ 0[612] ]

(xTaken from StandardVersion.nb implementation of PGx)

1
. 2 2
De‘FIHE[aAi_,j’k = E(iys(d,k) [aj aj + Ak A, Xj Ei+Xc Ei, 1+ [—aj Xk €5 + ; X5 Xk §1] e+0[€e] ],

Xg €1 2
X &5y 1+0[€] ],
3

amj .k = Egi, )k} [ak a; + ag a5,
1., .. 2
asS; = E(iy,(i) [‘ai aj, -Xi A; Ei, 1+ |-a; X3 A; &5 - ; X; A; €| € +0[€] ],

ac 1 2 2 22 2
asi=]E{i)—>{i)['aiai: =Xi A €1, 1+ (X4 A €5 - a3 X4 Ay §i-;xi$i €5 e +0[€] H

Inf-]:= De'Fj-ne[bmj,k-ri = Module[{i0, i1, ji1, k1}, (Rie,i1 // @Ai1,j1,k1 // Pj1,5 // Pra,k) /.10 »1i],
bAy.i,j = Module[{il, j1, ki1, k2}, ((Ri,i1Rj,1// amis j1,k1) 7/ Pra,k2) /.« k2 - K],
bS; = Module[{il, i2}, (Ry,:1 // @Siy // Pi1,i5) /. i2 1],
bS; = Module[{il, i2}, (Ry,11 //@Si1 // Pi1,i0) /. i2>1i]]

in[-]-= Define [Ei,j = Ri,j // bsl]
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1= Define[dms i, = Module[{il, i2, i3, i4}, ((SYi,is,i4,i1,i1 // @Ai1411,i2 // @Aiz,i0,53 // @Si3)

(SYjoi1,-11,-14,-14 // BA_i1, 51,50 // BA_iz, 53, 33) ) // (Pi1, 13 Pi3,-31 @Miz, 54k BMsa, _32.4) | ]

In[«]:= dmi_‘j_,k

Out[e]=
Y3 Xk Si
E{i,j}a{k}{akai‘*akaj‘*bkﬁi‘*bkﬁj: Yk i+ + + (1 -By) 15 &1+ Xk &5,
Ai Ay
YeBing Yening Xk Bj&i Xk Yk N5 €1
1+ |- + - +akBknj§i+7—
Ay 2 A ?[j Ay .?{j
Buykni i  (1-3B) xeny& 1
j j
N YD (B B) 2 el e+0[e]2]
A Zﬂj 2
(xUsual dm tensor
E(i,j)5(k) |ak ai+ax og+by Bi+bk B4,Yk h‘&*yk,ﬂ_"j+x‘ﬂ/"l+<1*Bk> Ny Ei+X <fj;1+(*yk 'fi h_% "fj =
k! ] \ Ai 75
5 & (1-3 B « M3 & (1-3 By) x¢ 15 & , . ‘
ax By 7 S+ yf e kz _W o B‘z WX‘ : 'J+:1l (1-4 B, +3 BZ) w% &2 e+OL6J2w*)
Ay A Ay A5

associativity

In[-]:= (dmy oz, // Ay 3,k) = (dmg 3,k // dig k)
Out[«]=
True

R2

mi-1= Ry,2R3,a /7 dmy 351 /7 dmy 4,
Ry,2Rs,a // dmy 3,1 // ding 4

Out[e]=
E(15(1,2) {0: 0, 1+0[€}2]

Out[e]=

E{}—){I,Z} [0, 0, 1+O[€12]

R3

in[-1:= (Ra,2R4,3Rs,6 // dMy 4,1 // dmy 5,5 // dm3 6,3) = (
R1,6 R2,3 R4,5 // dm1,4_,1 // dm2,5-)5 // dm3,6—>3)
Out[e]=
True

In[«]:= De'Fine[Ci = ]E()_,(i} [0, 0, Bi/Z e_heai/2]$k,
C. - -1/2 _hea;/2
Ci .= ]E{}-){l} [0_, 0, Bi e S ]$k"
Kink; = Module[{il, i2, i3}, (Riy,i3Ciz) // dmis,io0: // dMiz,isng],
Kink; =Module[{i1, i2, i3}, (Ria,i3Ci2) // dMys, 55451 /7 dmsg 53,5]]
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in[-]:= RVK::usage =
"RVK[xs, rots] represents a Rotational Virtual Knot with a list of n Xp/Xm crossings
xs and a length 2n list of rotation numbers rots. Crossing
sites are indexed 1 through 2n, and rots[k] is the rotation
between site k-1 and site k. RVK is also a casting operator
converting to the RVK presentation from other knot presentations.";

m(-1:=  RVK[pd _PD] := Module[{n, Xs, X, rots, front = {0}, k},

n = Lengthepd; rots = Table[0, {2n}];
Xp[x[41, x[11] PositiveQ@x]
Xm[x[2], x[1]1] True
For[k =0, k<2n, ++k, If[k ==0QV FreeQ[front, -k],
front = Flatten@Replace[front, k- (xs /. {
Xp[k+1, L ] | Xm[L_, k+1] > {L, k+1,1-1L},
Xp[l_, k+1] | Xm[k+1, [ ] (++rots[L]; {1-L, k+1, L}),
_Xp | _Xm:> {}
1, {1}1,
Cases[front, k| -k] /. {k, -k} > —-rots[k + 1] ;
115
RVK[xs, rots] ];

3

xs = Cases [pd, X X» {

RVK[K ] :=RVK[PD[K]];

In[«]:= r‘ot[i_, 0] .= ]E()_,(-f_} [0, 0, 1];
rot[i , n_ ] :=rot[i, n, $k];
rot[i_, n_, k_] :=Module[{]},
rot[i, n, k] = If[n>@, rot[i, n-1] Cj, rot[i, n+1] C5] // dmy,j.:];

in[-]:=  Width[pd _PD] :=
Max [Length /@ FoldList [Complement [#1 | #2, #1 ) #2] &, {}, ListeelList eee pd] ]

in[-]:=  ThinPosition[K ] := Module[{todo, done, pd, c},

todo = List @@ PD@K; done = {}; pd =PD[];

While[todo =!= {},
AppendTo[pd, ¢ = RandomChoice@MaximalBy[todo, Length[doneListee #] &]1];
todo = DeleteCases [todo, c];
done = done|JListeec];

pd1;

ThinPosition[K , n_] := First@MinimalBy[Table[ThinPosition[K], n], Width];
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in[-]:=  Z[K_] := Z[RVK@EchoFunction[Width] @ThinPosition[K, 100]];
Z[rvk_RVK] := Monitor [ Module[{g, done, st, c, x, i, j, k},
£=1; done = {}; st =Range[2Length[rvk[1]]1]; $M = {};
Do [AppendTo[$M, c];
{i, j} = Listeec;
x=(c/. {_Xp»Ri,;Kinke, _Xm:>R; jKinke}) // dmj o,5;
Do[x = (rot[@, rvk[2, k1 x) // dmg, i, {k, {1, j}}1;
C*x=x;
Do[
If [MemberQ[done, k+1], £=5// dm 155 st=st /. k+1->Kk];
If[MemberQ[done, k-1], £ =28 // dMsip_ay,kostpk-175 St =5t /. k> stk -1]],
{k, {i, J}}1;
done = done | {i, j},
{c, rvk[1]}
]
CF/e (£ /. {X3>X,y1»Y, a; »a, B; »B})
], {Lengthe$m, $M} ]

——— Z[KI[31 /- {2~ -1, x>0}, e] // Factor
(8

p1[K 1 := Coefficient [Alexander[K] [B]3
-1)

Some knots

in[-]:= pp@Knot[3, 1]
p1@Mirror@Knot[3, 1]

Get: ParentDirectorylFile] in $Path is not a string.

KnotTheory: Loading precomputed data in PD4Knots'.

4
Out[e]=

1+B?

B

4

Out[«]=
1+B2
B

in[-]:= pp@Knot[4, 1]

4
Out[-]=
4]
in[-]:= pp@Knot[5, 2]
4
out[-]=

5-4B+5B?
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The value of T should be:

In[-]:= dg 2,1 [E(y501,2; [@5 @, B1 (1+€a1) X-By (1+€a;) X1]]

dmy 5,1 [E (351,23 [0, 0, By (1+€a1) y2-By (1+€ay) yill
out[«]=
E().1, [0, 0, 0[€]?]

Out[e]=

E(.1;[0, 0, 0[e]?]
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