In[«]:= $k=1;

SetAlgebra[gl, .];
$PBWRule
MatrixForme@Table[ {bl, b2} -» B[b1, b2], {bl, $Basis}, {b2, $Basis}]
MatrixForme
Table[{bl, b2} » (DefRep[bl] .DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{b1, $Basis}, {b2, $Basis}]

Out[e]=
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{¥1,2->1, Y1,3>2, ¥2,3>3, Y1,4> 4, ¥2,4 > 5, ¥3,4> 6, X1,1 > 7, X1, > 8,

X2)2%9, X1’3%16, X2)3%11, X3,3 4)12, X1,4%13, X2,4%14, X3)4%15, X4)4%16}

Out[-]//MatrixForm=

Out[-]//MatrixForm=

{)/1,2;
{Y1,3,
{y2,3)
{Y1,4,
{Y2,4,
{Y3,4,
{X1,1,
{X1,2,
{X2,2,
{X1,35
{X2,3J
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{X4,2,

{Y1,25 ¥1,2} > ©
{Y1,3, ¥1,2} > ©

{Y2,35 Y1,2} 2 €Y1,3

{Y1,45 ¥1,2} > ©

{Y2,45 ¥1,2} > €Y1,4

{Y3,45 ¥1,21 > ©

{X1,15 Y1,2} = -Y1,2

{X1,25 Y1,2} 2 EX1,1 - € X2,2
{X2,25 Y1,2} 2> V¥1,2

{X1,35 Y1,2} > —€ Xa,3

{X2,3, ¥1,2} > ©
{X3,3, ¥1,2} > ©

{X1,45 ¥Y1,2} > -€Xa,4

{X2,45 ¥1,2} > ©
{X3,45 ¥1,2} > ©
{Xa,45 ¥1,2} > ©

Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} —» True
Y1,2} —» True
Y1,2} —» True
Y1,2} —» True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} = True
Y1,2} » True

{y1,25
{y1,3,
{y2,3:
{Y1,4,
{y2,4,
{y3,4,
{X1,1,
{X1,2,
{X2,25
{X1,35
{XZ,S)
{X3,35
{X1,4,
{X2,4,
{X3,4,

{Xa,4,

{Y1,25 ¥1,3} ~>©
{y1,35 ¥1,3} »>©
{y2,35 ¥1,3} »>©
{Y1,45 ¥1,3} > ©
{y2,4> ¥1,3} > ©
{Y3,45 Y1,3} > €Y1,4
{X1,15 ¥1,3} = -Y1,3
{X1,25 ¥1,3} > -Y2,3
{X2,25 ¥1,3} ~>©
{X1,35 Y1,3} 2 EX1,1 - € X33

{X2,35 Y1,3} 2> ¥1,2

{X3,35 ¥1,3} = Y1,3
{X1,45 Y1,3} > € X3,4
{X2,45 ¥1,3} > ©
{X3,4> ¥1,3} > ©
{X4,45 Y1,3} > ©

Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} = True
y1,3} = True
Y1,3} » True
Y1,3} —» True
Y1,3} —» True
Y1,3} > True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} — True
Y1,3} » True

{Y1,2;
{y1,3,
{y2,3:
{Y1,4,
{y2,4,
{ys3,4
{X1,1,
{X1,2,
{X2,25
{X1,35
{X2,3J
{X3,3
{X1,4,
{X2,4,
{X3,4,
{Xa,4,

Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} » True
Y2,3} » True
Y2,3} » True
Y2,3} » True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} = True
Y2,3} » True

{Y1,25 ¥2,3} > -€Y1,3
{ys,
{y2,
{y1,
{y2,

{Y3,45 ¥Y2,3} > €Y2,4
{Xq,
{Xq,

{X2,25 ¥2,3} > -¥Y2,3

{X1,35 ¥2,3} 2 €X1,2
{X2,3, ¥2,3} > €Xz2,2 - €X3,3

{X3,3, ¥2,3} 2 ¥2,3
{xq,

{X2,45 ¥2,3} > € X3,4
{X3,
{Xa,

{Y1,2;
{Y1,3,
{y2,3:
{Y1,4,
{Y2,4,
{Y3,4,
{X1,1,
{X1,2,
{X2,2,
{X1,3,
{x2,33
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{X4,4,

3, ¥2,31 >0
3, ¥2,31 >0
45 ¥2,3} >0
45 Y2,3} >0

15 ¥2,3} ~>©
25 ¥Y2,3} >0

45 ¥2,3} >0

45 ¥2,3} >0
45 Y2,3} > ©

Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} » True
Y1,4} - True
Y1,4} » True
Y1,a4} > True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} - True
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{Y1,2,
{¥1,3,
{y2,3)
{Y1,4,
{y2,4,
{y3,4,
{X1,1,
{X1,2,
{X2,25
{X1,35
{X2,3)
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{X4,2,

{Y1,25 Y1,4
{Y1,35 Y1,4
{Y2,35 Y1,4

{Y1,4»
{Y2,4,
{y3,41

Yi1,4
Y1,4
Yi,4
{X1,15 Y1,4}
{X1,25 Y1,4}

{X2,25 Y1,4

{X1,35 Y1,4}

{X2,3, ¥Y1,4
{X3,3, ¥Y1,4
{X1,45 Y1,4} > €:
{X2,45 Y1,4}
{X3,45 Y1,41}
{Xa,45 Y1,4}

Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} » True
Y2,a} » True
Y2,4} » True
Y2,4} > True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} = True
Y2,4} » True
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in[-]:- SBasis = SortBy[$Basis, If[#[1] === X, {0, #[3] - #[21}, {1, #[2] - #[31}] &1;
sol[-1] = @ $Basis;
Do [
Block [ {$k = k},
s0 = Thread[$Basis -» sol[k-1]];
lhs = ATangent[
Join[A $Basis ($Basis /. {x-» 1, y »nl}), A $Basis ($Basis /. {x-» £2, y»n2})]
15
rhs = ATangent [
$Basis ($Basis /. {X.z > (Xus /. 50) + € Fug[Al, Yop > (Yas /. 50) +€“gs[21})
|5
eqns = Transposee@ {
(Coefficient [CF[1lhs - rhs], #] == 9) & /@ SBasis,
SBasis /. {X,; »f,;[0] =0, y,s g,5[0] ==
15
unknowns = SBasis /. {X,s - fos[Al, Yo - 8aglAl};
s = TriangularDSolve [eqns, unknowns, A];
sol[k] = CF[sol[k-1] + e ($Basis /. (X5 - FaglA]s Yop = BaplA1} /. s) ]

I,

{k, 0, $k}
em[i_, j_ -k 1 1= A2E i, j1500 [sol[$k] .$Basis /. {x,,,/,,__ 2 Xo5 [R]s Yoiu 2 Yap[R],
Elos » Easlils Nlay »naslils €245 = €0s[d]s N2, »Nasldls A1} ];
cm[i, j - k]

{(f1,1[A] > A EL1,0 + A E2; 1)
{(f2,2[A] > A &L, 2+ A E2; 5}
{f3,3[A] > A &15,3+XE25,3})
{fa,a[A] > A &Ly 4+ A E24 4}
1,500 5 e gl v e T2 62, )
fa,3[ 1] 5 e FR22 AL, 5+ e B 162, 5
F3,4[ 1] 5 e 550 ALy 4+ e 1t 1623 4

Fira[A] > e gy 3 - 22 615,562, v e g2y 5]

{

{

{

{

{f2,a[A] > e 22061y 4 - 2% €134 62 3+ € 10t X E2, 4}

[Fl,alA] > e 52 08y 4 - A% €154 €215 - 22 €134 €213+ € 514 X €2y 4}
{810 [0) 5> ANl 4+ e Fhat ey, )

{81,3[0) » Anly 3+ e Fhat s aingy g et Flt BBt e 32 gy el )
{82 4[A] > AN, 4+ e a2t elas ) Nn2;,4 - et ttee 32 N2y,4 511,2}

{

g2l DY }711)2 + e MEharrcle U21,2 + el A el o0 el 5 52 7721,3 512,3 i

e g1m+a 15,544 €1y, 52 2.4 Ely4 + @ 11,17 A 15,572 13,344 €14, 53 214 €13 §13,4}

{g2,3 [A] > Anly 5+ @ M Eaarhels ) n2;,3 - el )2 N2y,3811,5 +

@ 112,27 A E1334A Ey g 52 7722’4 §13,4 _ et 13,37l 53 7721,4 §11,2 §13)4}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: ConsolidatingSol-260706.nb 2026-07-06 10:55:10

{83,4 [A] 5 Anly g+ e Fhes e iy ) — et Sl 32 2, L €1 5 - et e %02, , 512,3}

[fl,i[A] > e #2222 02, , €1y 5+ e #2322 02y 5 €1y 5+
et ttes 21,4 &11,4 + et tlaarheli 53 N2y,3811,2 8153+ e tlaahles )3 21,411,281 4 +
et tlaat A laa 3 N21,4 11,3 E13 4 + et tlazth el flas 34 N29,4 11,2 €153 §13,4}

{f2,2[A] » - 220202, 5 €1y 5 + e B2 X% 02, 5 €1y 5 -
et tlaattehas 53 N21,3811,2 815 3+ et tlae 32 N2;,4 15,4 - ettt elas 33 N29,4 11,2 815 4 +
ettt elan 53 N2;,4 15,3813 4 - ettt A el A tlas )4 N2y,4 11,2 €153 §13,4}

{'F3,3 [A] » -t 22 N2y,3&11,3 - ettt ) N2;,3 8153+
e’ clae )2 7723,4 134~ e et Sl 53 U21,4 €11,3E815,4 - " flast A Elaa 33 7722,4 1,3 513,4}

{'F4,4 [A] = —e’tae )2 7721,4 Ely,4 - e flae 32 W22,4 €1y 4 - e flae 32 Tl23,4 513,4}

{fr,2[0] >
e*)k E15,0#A E13,3-A 6211 52 7722)3 §11’3 _ (E)\ §13,3-1 6211 53 7721,3 511’2 511’3 I e*)\ S1,24 A E1a,a-A 8211 52 7722)4 §11)4 _
et et 53 021,4 §11,2 511,4 + e Mzt ehat A flaaAch 3 rl22,4 §11,3 §13,4 -
et thaarhtlaaAtn 4 N21,4 €11,2 €11,3 €13 4 + 2 N2y, 811,52 821,5 - e Ml Atlaa 33 N2;,3815,3821 5 +
ettt )t n21,3811,5 815,382 5 ettt tlaa )3 N25,4813,4 8215 + e fles 2t N21,4 €11,2 15,4 €215 -
e a2t laahiles 58 7722,4 €1,3815 48215+ ettt elas 35 7721,4 €1,,,81;, 58134 §21,2}

{f2,3 [A] » —e %22 32 N2y, &11,3 + ettt tlaa A, 2 N23,4&15,4 - e tlesat o222 33 N2y,4 11,3815 4 -

et tlaate22 53 N2y,4815,3E81; 4+ 2 N2y,3811,382;,3+ 2’ N2;,3615,382;5,3 -
ettt tlaa 53 N23,4 E13,4 §25,3 + e flae 3t N21,4 611,313,425 3 + e fles 2t N2;,4 15,3813 4 522,3}

{'F3,4[7‘] -
et 2 r]21)3 Ely,4 - e tBa 32 7722,3 Ely 4+ 2’ 7721,4 E11,4 23,4 + 23 7722,4 €15,4823,4 + 23 VZ23,4 El3,4 523,4}
{'Fl,3 (2] > e M E1l5,30AELa 4" A E2 0 52 n23)4 Ely,4 - et €laa-A 2, 53 7721’4 El1,3 811,40 -
e Sl B 03 0, 0 11,4 ELp 3+ P N2y 5 E14,3 62y 5 - @ s 33 0, 61, 4 62, 5+
et las n® 7721,4 €11,3815 48215+ et ctas )t 7722,4 €1,3815,4821,5 + 2 ’721,3 1,382, 5+ 233 7722,3 €1,3821,5-
e et s 33 oy 4 €154 62y 3+ € 0t 02y 4 E11 3 6134 €23+ @ 0 00 02, 4 €153 615 4 521,3}
{'Fz,4 [A] » —e " 5%2 )2 N2y, 11,4 + 2’ N2y,3611,4 8253 +
23 7722,3 512,4 522,3 + 23 rl21,4 §11,4 522,4 + 23 W22,4 512,4 §22,4 + 23 r]23,4 513,4 522,4}
{[F1,4[20 5 2% N2y, E11,4 21,0 + X° 0243 E11,4 E21 3 +
2’ N2;,3815,4821,3 + 2 N2y,4 11,4 E21,4 + 3 N23,4615,4 8214 + 2 N23,4 13,4 521,4}
ALy €Ly, 52

A&l 1+ EL3 3 )kz A EL 1+ A ELy A ELy g )\3

Nl an2,,+e nl3 ,n2,5-e N21,,N21,4 E11,5 -
N21,3N21,4 11,3 - e a2 Alae 33 772%,4 1,4+

e El,1+ A ELy p 2 ELy3 53 Nly.4n213 €1y s - e 1,1 A €Ly 02 ELy 340 ELy g 54 24,3021, €115 €15 +

e M ELL 1A €Ly 0 A Ely g 3 N1y.4 1210 €104 - e M ELLt AL 22 A ELyq 4 r)2§,4 1y, €1y, +

e El1,1 A ELy 32 ELy 53 13,4021, €134 - e 11,14 A E13,342 A g, 34 W2§,4 113615 4+

A ELy 1A ELy 0 d €1y 34 d Elg 4 44 N ELy 1A Elp 2+ d Els 342 A ELy g4 45 A2
e ittt d el st A e ) Nly,4121,4815,38134-@ Hlaarhelaaid fs52 A das N21,4 €11,2 €153 §13,4}

{BralM] > e
ef)\ 511,1+)\ 513’3+)\ §14J4 AB
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“AEL 1+ A EL, )LZ “AELy 1+ A ELG H+ A El3 3 )\3

{31,3 [A] = e nl, 3n2;,-e N21,,N21,3811,5 -
e A a2 el 33 a2 eq L @ A EharA Elad Sl 33 1 g €1y,
B B T N R L L = T
e A LA Sl 33 1, 1), e A A S A Sl E e 3 g e 1, ,
@M el h Ela A Ela s A bl 34 N21,,N21,4E11,2 813,42 e Mt Al at A tlas 54 N21,3N21,4 11,3 13,4 -
B D T I L T A= T T
2 @ thartela a2 A bt A Elae 3 N21,3M21,4 11,2 15,3 E13,4 -
el Sl A Sl 2 A Elus 35 102 e e, £y, - et Sl A a2 el 35 102 eq L eq2
B L = T T 61;4}
Ny ALy 5 52

Agls3 53 Aclaa 53

{g2,4 [A] »>e nl3 4n2;3-€ N13,4n21,3811,,+ € N21,2N22,4 11,2 -
e M Etaar At At hes 33 )y N2y 3 Edy 3+ @ FT e A D a2y L 61y 5 €Dy s -
@ M2 A 33 a4 N2y 4 ELy g+ @ 0T N2E L 6Ly 5 ELy - @ TR A e A 53 g i N2, 5 5 4
& A fles 3y nd el 1, - et Sl A les 33 22, 1yt o2 Elaa 34
e a2t el h e 53 N13,4 23,4 13,4 - et thaarhclas 34 Nl3,4121,4 11,2 E13,4 -
@ M Flaath el a2 A la 4 N21,4N25,4 €11,3 E13,4 + e tlaar2 A ha ) ’725,4 €1y, 811,3813,4 -

ALy A Ely 542 A Elg s 14 52 NELy 3420 Elgs 45
e Mttt 2 A clas n23,4E815,3813 4+ € 23124 ¢las 5 N21,4M23,4 11,5 €153 513,4}

N21,4N25,4 11,2 E1p,4 +

in[-]:= (em[1, 2->2] // em[2, 3>1]) = (cm[2, 3>2] // cm[1, 2> 1])
out[«]=
True
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