Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the nilpotent-only $\lambda$-tangent
formalism. Some material from pensive://Projects/glneps and from pensieve://Projects/UEA.
SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

<< KnotTheory"

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.

Read more at http://katlas.org/wiki/KnotTheory.

Conventions

Xqp1s always with a < 8 and represents a basis element of the upper triangular matrices. y, 5 is always with < a
and represents a basis element of the lower triangular matrices. The adjoint of x, 5 is ¥4 4.
Variable declarations:

VarPattern= ((y | x|n | &) | (YIx|n]|& )I_1;

Greek - Latin duality:

{y*'s X*, n*, £} = {n, & ¥, X};

(U_op )" 1= (U") g3

((u:(yIxInl & | (yIxIn|&_))Ii1)" t=u"[i];

(vs_List)* := (v > V*) /@Vs;

{X1,25 ¥2,35 M1,2[71}"

{€1,25 12,35 ¥1,217]}

Weights:

Wt[x,,s1:={1, a-5}; Wtly, ;] :={0, a-/73};

WE[E, 5] := {0, B-a)}; WtIn. 51 :={1, B-a};’

WE[u_[_1] := Wt[u];

The Engine

Canonical Forms:
LogReduce[& ] :=& /. c_=Log[a_] » Loge@Factor[a“] //. Log[a_] +Log[b_] > Loge@Factor[ab];
CF[& 1 := Expand@Collect[&, Cases[&£, VarPattern, =], CCF] /. CCF -» Factor;
CF[& E] :=CF /@MapAt [LogReduce, &, 1];
CF[c:E [___1]1:=CF/es;
E operations:
& E[$] :=Length[s] -1; E [&5___1[$] :=E[&s] [$];
& _E[R_Integer] := S[R+1]; E [&___][R_Integer] := {&s}kR+1];
E/: & _FE=¢&2 FE :=1Inner[CFe#l-==CFe#2&, &1, &2, And];
Eg1 e [E1s___ 1 =Egy 42 [E2s__ ] ~i= (d1=d2) A (rl=r2) A (E[&1S] = E[&25]);
E/: & Ex&2 F:=E@@Table[CF[&1[kk] + &2[kk]], {kk, @, Min[&£1[$1, £2[$11}1;
Eg1 5r1 [81s___1Egz 4p2 [825__ 1 “i= E (g1ydz)-riyrz) @@ (E[S1s] xE[&25]) 5
Eq1_»r1_ [E15___1// Bz or2 [825___] :=Module[{is = rid2, lvs, 1lvs},
lvs = Cases[{&1s}, (x |y) [i_] /; MemberQ[is, i], o] U
Cases|[{s2s}, (£ |n)_ [i_]/; MemberQ[is, i], «]*;
1llvs =Map[$, 1lvs, {2}]1;
E (41()complement [d2,is]) - (r2JComplement [r1,is]) @@ (Zipllvsullvs* [{(1lvs)*.(1llvs), Times[
E[&1s] /. Thread[lvs » 11vs],
E[&2s] /. Thread[lvs® » 11vs*]
131)



Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then to the heavy
and light variables.

2 Yy AF[2

F/2 F,
© /[ jQG/Z © /[ ‘ll{ %@P
part-glue
log Zy = Z
9 & 3 & connected

Lemma 1 Lemma 2 Lemma 3 diagrams
Comment. Zip3 of the outer variables must occur after all other operations are completed, because we must allow
for gluings of the weight n variables in perturbations with the weight 0 variables in the coefficients of Q.
dvs stands for “Diagonal Variables”. In gl, they are the x;’s and the y;i’s. They have weights {1,0} and {0,0}.
Zip,. [{#_, & }] :=Module[{dvs = Select[vs, (Wt[#] = {0, @} VWt[#] == {1, @}) &]},
{75 &Y /7 Ziplys (% //Zip2complementvs,dvs) *) // Z1P2qys // ZiP3complementvs,dvs] // Z1P34vs
] 77 Last
Getting rid of the quadratic.

Lemma 1. With convergences left to the reader,

<F: Eet Tijes GWJ> = det(1 — GF)™ /2 <F(l -GP)™: 8>
B B

Zipl,, = Identity;
Ziplvs_@{f‘_, E[Q ,P 1} := Module[{r, F, G, u, V},
7 = IdentityMatrixelLengthevs;
F =Table[If[Wt[u] +Wt[v] = {1, @}, 0,,, 7, @], {u, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[v] == {1, @}, 8,,,0, O], {u, vs}, {v, vs}];
{CF[(vs).(F.Inverse[I -G.F]).(vs) /2],
E[CF[Q - PowerExpand@Log[Det[7 - G.F]] /2-vs.G.vs /2], P]}
]

Getting rid of linear terms.
Lemma 2. <F o & @ics Vil > 5= @7 Zujen Fipy; (F : 8|z3—>zB+Fys>B~
Zip2, = Identity;
Zipzvs_@{f'_, E[Q ,P 1} := Module[{F, Y, u, v},
F = Table[If[Wt[u] +Wt[v] == {1, @}, CF[d,,, 7], O], {u, vs}, {v, vs}];
Y = Table[d,0, {V, vs}] /. Table[v -0, {v, vs}];
CF/e{#, E[Q-Y.vs+Y.F.Y/2, P] /. Thread[vs »vs +F.Y]}
]
Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; := log[AF : F]p satisfies
and is determined by the following PDE / IVP:
Zo=P and 0,7, = % Z‘gﬂ (0,0.,21 + 0,220, Z0).
ije

Note that the power mof Aisat most k-1 + i;z =2 k. We write Z, =¥ Z[m] A".



Zip3,, @{r7_, & E} := Module[{F, u, v, Z, kk, jj, $m =0, m, n},
Do[Z[0, kk] = &[kk + 1], {kk, 0, £@$}]1;
Flu_, v_]:=F[u, v] = CF@If[Wt[u] +Wt[V] == {1, @}, &,,,7, @O];
Z[m_, RR_, u_] :=2[m, RR, u] = 08,Z[m, RR] ;
Z[m_, RR_,u ,v_ ] :=2Z[m, RR, u, v] =0,Z[m, Rk, u];
For[m =0, m<2%m, ++m, For‘[kk =0, kk < s@$, ++kk,
Z[m+1, kk] =CF@Sum[
I-F[F[u, v] ===0, 0,
Flu, v]
2 (m+1)
{33, 0, kk31) |,
{u, vs}, {v, vs}|;
If[Z[m+1, kk] =!1=0, $m=m+1]
IE
CF /@ ({
# -Sum[F[u, v] *uxv/2, {u, vs}, {v, vs}],

E ee Table[Sum[Z[m, kk], {m, @, $m}], {kk, @, s@$}]
} /. Table[v->0, {v, vs}])

(Z[m, kk, u, v] +Sum[Z[n, jj, u] *Z[m-n, kk - jj, v], {n, @, m},

]

AZ]Ed_-m_ [4_] 1= A2Eq4,, [$k1 A7];
N2E o, [$k_, 4] :=Module[{k}, E,,.@@Table[SeriesCoefficient[4, {e, 0, k}1, {k, @, $R}]1];

Prolog

(xBeginPackage ["UEA™ "] ; %)

Print[

"UEA" does computations in general universal enveloping algebras and PBW algebras.
It is in the public domain, available at
http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror Bar-Natan is
committed to support it within reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"x+", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U, UB, UProducts, USimp, UU,
$Basis, $PBWRule, 5, adPower, adExp},
"

(xBegin[" Private "];«)

UEA®™ does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA" implements / extends

{**, adExp, adPower, B, CF, m, NilQ, SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities

51'_13'_ o= I'F['l. == j, 1, 9];



SSQ[c . *x ] /; MemberQ[$Basis, x] := - NilQ[x]; (» Semi-Simple Q )
NilQ[c_*x_] /; MemberQ[$Basis, x] := NilQ[x];

SSQ[x Plus] :=Andee (SSQ /@ (Listee x)) ;

NilQ[x Plus] := And ee (NilQ /@ (Listeex));

$k=1;

CF[5_] :=Expand[& /. e~ = e®P™MIH] / [ /5 k> $k > 0};

Implementing general universal enveloping algebras
B[O, _]1 =05 B[_, 0] =0;
B[c_ xx , y 1/; MemberQ[$Basis, x] :=CF[cB[x, yv]];
B[y , c *xx ] /; MemberQ[$Basis, x] :=CF[cB[y, x]1;
B[x Plus, y 1 :=B[#, y] & /@ x;
B[x , v Plus] := B[x, #] & /@ y;
B[x , x ] =0;
B[y_, x_] := CF[-B[x, y11;
x_ <2y :=0OrderedQ[{x, y} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];
UU; [1] := Ui[];
UU; [x_"-] :=UU; eeTable[x, {p}];
U; [&] := & /. {
U[xs__] = U;j[xs],
X _ /3 MemberQ[$Basis, x] = U;[x]
}s
UU; [X_, XS__] = UUgs[X] UUga[xs] // Expand // Me,t25i5
USimp[& ] := Collect[&s, Times[U [__] ..], Expand];
USimp[& ] := Expand[&] ;
ms [0] =0;
ms [x _Plus] :=ms/@x;
ms [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m; ,; [&1 =& /. Ui->Uj;
m; ,j e [€_-Ui [x___1U; [1] :=cUg[x];
mi ,j e [€_-Ui [TU; [y___1] :=cUe[y]l;
mi 5k [C Ui [xx___,x JU; [y ,yy __1]:=If[x=y,
cUp[xx, X, Y5 YY1,
((Ui[xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) U;[yy]l // Expand // m; j,.) ¢ // USimp
15
UProducts[{}, 0] = {1}; UProducts[{}, d _Integer] /; d>0 = {};
UProducts[{i1 , is___}, d Integer] :=

Sort@FlatteneTable[ (U; @@@ Subsets [$Basis, {j}]) u, {Jj, @, d}, {u, UProducts[{is}, d-3]}1;
Supp[& ] := UnioneCases[{&}, U; [___] =1, ©];

Unprotect [NonCommutativeMultiply] ;
NonCommutativeMultiply[x ] := Xx;
X ®y := Module[{is =Supp[x] Supp[V], o, 2},
z=x; Do[z =mi cei[2], {1, i5}];
z = Expand[y z]; DoO[z = Myei,i,i[2], {i, is}]; z];
UB[x , vy ] := USimp[x®y-y®& x];

Epilog

(xEnd[]; EndPackage[];*)



Predefined Algebras

sl(2)

Print["UEA" SetAlgebra knows \"sl2\"."];

UEA  SetAlgebra knows "sl12".

SetAlgebra["s12"] := (
Print["In sl12: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Algebra = "s12";
$Basis = {e, h, f};
$PBWRule = {e>1, h»2, f- 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

8l
Print["UEA  SetAlgebra knows the e-nilpotent algebra gl,.."];
UEA"SetAlgebra knows the e-nilpotent algebra gl, ..
SetAlgebra[gl, .| := (
$Algebra =gl _;
$Basis = Flattene {
Tablel[y.,z, {8, 2, n}, {a, 1, B -1}],
Table[X,,z, {8, 1, n}, {a, 1, B}]
}s
(x$Basis=Reverse@SortBy [$Basis,If [H[1]===X, {0,H[3]-H[2]}, {1,8[2]-H[3]}]1&];%*)
NilQ[y 1 =True; NilQ[x, 4] := (a=!=/3); (» Nilpotent Q )
$PBWRule = Thread[$Basis - Range@Length@$Basis];
B[Xi ,j » X ,0 1 2=085,rXi,0 —61,iXe,j53
BLYi ,j 5 Yo ,0. ] :=CF[-€6;,rYi,. +€61,iYr,jl;
B[Xi ,j 5 YL,k 1:=CF[8;rXi,i =61,iXp,j/+Xa ,5 »If[a=< /G, €Xo,p,5¥s5,2115
DefRep[0@] = Normal@SparseArray[{}, {n, n}];
DefRep[& ] := & /. {
X, ,s > Normale@SparseArray[{«, 4} -1, {n, n}],
Yo ,s > Normal@SparseArray[{/5, a} » €, {n, n}]
}
iB
adPower([x , kR , Env_]1[c_=*y 1 /; MemberQ[$Basis, y] := CF[c adPower[x, kR, Env] [V]1];
adPower[x_, R_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;
adPower([_, @, Env_][y_1] :=V;
adPower[x_, k_, Env_]1[0] =9O;
adPower[x , kR , Env_ ][y ] /; MemberQ[$Basis, y] :=
adPower[x, kR, Env] [y] = B[adPower[x, k-1, Env] [y], X];
adPower[x , R ][y 1] := adPower[x, k, {$Algebra, $k}]1[v];
adExp[x_1[y_1 /5 SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, O, $k}]].Table[Coefficient[y, b], {b, $Basis}]]
1



adExp[x ][y 1 /; NilQ[x] := Expand@Module[{k =9, s = 0},
While[adPower[x, k] [y] =!= 0,
s += adPower[x, k] [y] /k!;
++k
15
s
1
ATangent[] = 0;
ATangent[xs  , x ] :=adExp[x] [ATangent[xs]] + 8, Xx;
ATangent[xs _List] := ATangent @@ xs
TriangularDSolve[egns , funs , iv_] := Module[{sol = {}, e, fun, der},
MapThread [
{e, fun} — sol = Join[sol,
Echoe
MapAt [CF,
First@eDSolve[CF[e /. Derivative[1] [f ][v_] =»>der[f[v], v] /.sol /.der[f , Vv_]1+>0,f],
fun, iv], {1, 2}]
1,
{egns, funs}
15
sol
1
gly ¢ Experiments
SetAlgebra|gl, |;
$k =1
$PBWRule
MatrixForme@Table[ {bl, b2} - B[bl, b2], {bl, $Basis}, {b2, $Basis}]
MatrixForme@Table[ {bl, b2} » (DefRep[bl] .DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{bl, $Basis}, {b2, $Basis}]
DeleteCases|
Flatten[Table[{a, b, c} » B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]], {a, $Basis},
{b, $Basis}, {c, $Basis}]], _ - 0]
1
{(¥1,2>1, ¥1,3> 2, ¥2,3>3, Y1,4 >4, ¥2,4>5, ¥3,4>6, X1,1>7, X1, > 8,

X2’2—>9, X1,3 %1@, X2)3—>11, X3,3 %12, X1’4—>13, X2’4—>14, X3,4%15, X4)4—>16}



{Y1,25 Y1,2} = True
{Y1,35 ¥1,2} > True
{Y2,35 ¥1,2} > True
{Y1,45 Y1,2} = True
{Y2,45 Y1,2} > True
{Y3,45 Y1,2} > True
{X1,15 Y1,2} = True
{X1,25 Y1,2} = True
{X2,25 Y1,2} = True
{X1,35 Y1,2} > True
{X2,35 Y1,2} = True
{X3,35 Y1,2} > True
{X1,45 Y1,2} = True
{X2,45 Y1,2} = True
(X3,45 Y1,2} > True
{Xa,45 Y1,2} > True

{3

{Y1,25 Y1,2} > ©
{Y1,35 Y1,2} > ©
{¥2,35 ¥1,2} 2 €VY1,3
{Y1,45 ¥1,2}1 > ©
{¥Y2,45 Y1,2} 2 €Y1,4
{y3,45 Y1,2} > 0
{X1,15 Y1,2} = V1,2
{X1,25 Y1,2} 2 €X1,1 - € Xz,2

{X2,25 ¥Y1,2} = Y1,2
{X1,35 ¥1,2} > -€Xa,3
{X2,35 Y1,2} > ©
{X3,35, Y1,2} > ©
{X1,45 Y1,2} > -€ X214
{X2,45 Y1,2} > ©
{X3,45 Y1,2} > ©
{Xa,45 ¥1,2} > ©

{y1,25
{Y1,3
{Y2,3,
{y1,4,
{y2,4,
{Y3,45
{X1,1
{X1,2,
{X2,2,
{X1,3,
{X2,3,
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa,a,

{Y1,25 ¥1,3} > ©
{¥1,35 Y1,3} > ©
{¥2,3, ¥1,3} >0
{Y1,45 Y1,3} > ©
{Y2,45 Y1,3} >0
{Y3,45 Y1,3} > € VY1,4
{X1,15 Y1,3} > -Y1,3
{X1,2, ¥1,3} > -Y2,3
{X2,25 ¥1,3} > ©
{X1,35 ¥1,3} 2 € X1,1 - € X3,3

{X2,35 ¥1,3} > Y1,2

{X3,35 ¥1,3} > Y1,3
{X1,45 Y1,3} > -€X31
{X2,45 Y1,3} > ©
{X3,45 ¥1,3} > ©
{Xa,45 Y1,3} >0

Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} - True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} - True
y1,3} = True
Y1,3} - True
Y1,3} = True
Y1,3} = True
Y1,3} = True
Y1,3} > True
Y1,3} = True
Y1,3} = True

{Y1,25 ¥2,3} » True
{Y1,35 ¥2,3} > True
{¥2,3, ¥2,3} = True
{Y1,45 ¥2,3} = True
{Y2,45 ¥2,3} > True
{Y3,45
{X1,1,
{X1,2,
{X2,2,
{X1,3,
{X2,3,
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa,4,

Y2,3} = True
Y2,3} =» True
Y2,3} - True
Y2,3} - True
Y2,3} > True
Y2,3} = True
Y2,3} > True
Y2,3} - True
Y2,3} - True
Y2,3} > True
Y2,3} = True

{Y1,25 ¥2,3} > -€Y1,3

{Y1,35 ¥2,3} > ©
{¥2,3, ¥2,3} >0
{Y1,45 ¥2,3} >0
{Y2,45 ¥2,3} > ©

{Y3,45 ¥Y2,3} > €Y2,4

{X1,15 ¥2,3} > ©
{X1,25 ¥2,3} > ©

{X2,25 ¥2,3} = -Y2,3
{X1,35 ¥Y2,3} 2 €Xq1,2
{X2,35 ¥Y2,3} 2 E€X2,2-€ X33

{X3,35 ¥2,3} 2> ¥2,3
{X1,45 ¥2,3} > ©

{X2,45 ¥2,3} > € X34

{X3,45 ¥2,3} >0
{Xa,4> ¥2,3} > ©
{Y1,25 Y1,4} > True
{Y1,35 Y1,4} > True
{Y2,35 Y1,4} - True
{Y1,45 Y1,4} > True
{Y2,45 Y1,4} > True
{Y3,45 Y1,4} > True
{X1,1,
{X1,2,
{X2,2,
{X1,3,
{X2,3,
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa4,4,

Y1,4} - True
Y1,4} - True
Y1,4} - True
Y1,4} = True
Y1,4} = True
Y1,4} = True
Y1,4} - True
Y1,4} - True
Y1,4} = True
Y1,4} = True

{Y1,25 Y1,4} > © {y1
{Y1,35 Y1,4} > ©
{Y¥2,35 Y1,4} > ©
{Y1,45 Y1,4} > ©
{Y2,45 Y1,4} > ©
{Y3,45 Y1,4} > ©
{X1,15 Y1,4} > -Y1,4
{X1,25 Y1,4} > -Y2,4
{X2,25 ¥1,4} > © {X
{X1,35 Y1,4} = -Y3,4
{X2,3, Y1,4} > © {x
{X3,3, Y1,4} > ©
{X1,45 Y1,4} > €X1,1 - € X4,4 {x
{X2,45 Y1,4} > Y1,2 {X2,4,
{X3,45 ¥Y1,4} = Y1,3 {
{X4,45 Y1,4} > Y1,4 {
{¥1,25 ¥Y2,4} > True {yi1,, ¥3,4} » True
{¥1,3, ¥2,4} > True {yi1;3, y3,4} > True

{Y2,3,
{y1,4,
{y2,4,
{Y3,45
{X1,1,
{X1,2,
{X2,2,
{X1,3,
{X2,3,
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{Xa4,4,

Y2,4} - True
Y2,4} - True
Y2,4} - True
Y2,4} = True
Y2,4} - True
Y2,4} > True
Y2,4} - True
Y2,4} - True
Y2,4} = True
Y2,4} = True
Y2,4} > True
Y2,4} > True
Y2,4} - True
Y2,4} = True

{Y2,3,
{y1,4,
{y2,4,
{Y3,45
{X1,15
{X1,2,
{X2,2,
{X1,3,
{X2,3,
{X3,3,
{X1,4,
{X2,4,
{X3,4,

{X4,4,

Y3,a} - True
Y3,a} - True
Y3,4} - True
y3,4} = True
Y3,4} - True
Y3,a} - True
Y3,a} - True
Y3,4} - True
Y3,4} - True
Y3,4} = True
Y3,a} - True
Y3,a} - True
Y3,4} - True
Y3,4} = True



SBasis = SortBy[$Basis, If[#[1] === X, {0, #[3] - #[21}, {1, #[2] - #[31}] &1;
sol[-1] = Table[If[SSQ[bb], ((bb /. x - £1) + (bb /. x > £2)), O], {bb, $Basis}];
Do [
Block[{$k = k},
s@ = Thread[$Basis -» sol[k -1]];
lhs = ATangent [
Join[Table[If[NilQ[bb], A, 1] bb (bb /. {x» &1, y » n1}), {bb, $Basis}],
Table[If[NilQ[bb], A, 1] bb (bb /. {x - 2, y -» n2}), {bb, $Basis}]]
15
rhs = ATangent |
$Basis ($Basis /. {X.s > (Xus /. 50) +€“F 5[], Vop = (Vap /. 58) + €8s [2]})
|5
eqns = Transposee@ {
(Coefficient [CF[lhs -rhs], #] == @) & /@ SBasis,
SBasis /. {X,s = f,5[0] =0, VY, > g,s[0] =0}
}s
unknowns = SBasis /. {X,; - fos[Al; Yoy - BaglA1};
s = TriangularDSolve[eqns, unknowns, A];
sol[k] = CF[sol[k -1] + e ($Basis /. {Xu5 - Fapg[A]s Yoy - BaplA1} /. s) |
]J
{k, 0, $k}
|;
cm[i , J >k ] :=
A2E (1, 735k} [sol[$k] .$Basis /. {xa/,,__ 2 Xo5 [R]s Yap  #Yas Rl Elas > E0s[1], N1, wnmaslil,
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2P n2y,3E19,0 E21,3+ A2 N2q,4 E11,4 21,0 + A3 1254 E15,4 E21,4 + X2 023 4 E134 €21,4)
{81,4[21] > e £11,17612,2 52 Nly,4N21,2 + e ¢11,17¢13,3 32 nl3,4 21,3 - e t11,17612,21614,4 53 N21,21M21,4 €11,2 -
e €11,1+¢13,3+814,4 53 N23,3121,4 €113 - e €11,1+2¢14,4 53 772%,4 Ely,4+ e €11,1+€12,2+¢€13,3 53 nly,4121,3 12,3 -
e ©11,17¢12,2+613,3+¢14,4 54 N21,3N21,4 €11,2 12,3 + e ©11,1+¢12,2+614,4 33 N12,4121,4 12,4 -
e ¢11,17612,2+2¢14,4 54 772§,4 £1,5 E1p,4 + @ F1L,17513,37614,4 53 N13,4N21,4 13,4 - e ©11,17613,372¢14,4 54 0214 €1ly,3813 4 +
e ¢11,1+¢12,2+¢13,3+¢14,4 54 nly,4 ,721,4 E1y,3 E13,4 - e 611,1+812,2+613,3+2 14,4 55 nZi,4 11,5 €153 513)4}
{g1,3 [A] » e S11,17612,2 32 nl;,3N2y,5 - e £11,17612,2¢613,3 33 N21,2N21,3 11,2 - e ©11,172613,3 )3 77213 €ly,3 -
e L1 E1,30614,4 33 o g ey ke S EI2,206 03,3 03, 2y ST, - e L1020 2613,3 38 102 e, e, 5
e ©11,1%¢12,2+814,4 )3 N12,3121,4 12,4 - e ©11,1+612,2+613,3+514,4 34 N21,3N21,4 11,2 €15 4 -
e °11,17¢12,2+613,3+614,4 34 7721,2 7721,4 €l1,2 813,42 e ©11,172€13,3+¢14,4 4 V721,3 U21,4 €11,3 13,4 -
e ¢11,17¢13,31261a,4 )4 r)2i4 €114 E13,4 + @ L1TEI2,27613,37514,4 38 1) 2y 4 €1, 3 615 4 -
2@ FMLITE2,2 23,308 00 0, 32y 4 E1a,p E1p,3 Ey,4 - @ LITHI2TEIEELA 00 o] | 61, 5 €154 €13, -
e f11,1°2613,3°261,8 35 192 gq, L e12 o E11,10612,202613,3°260,8 36 192 eq, 61, 5 €12 )
{82,4[2] -
e ©12,2613,3 32 nl3 4n2; 3 - e®13,3 )2 Nl3,4n21,3611,2+ et14.4 )3 N21,,N25,4 11,2 - e ©12,27613,37¢14,4 )3 N21,4N25,3 81,3 +
e13,37514,4 )% 2y 3124 E00,5 E1y,3 - @ 224 3 09 02, 4 1y 4+ @A AT 02T L €1y 5 E1g 4 -
e ©12,27513,3°514,4 33 19, 312, 4 E1p,3 + 1338 0 2 S 02, 4 E1y 5 ELy 3 - e 1224 3 002 a1, 4 s
e? 14,4 ) N21,4N2,4 11,2 1 4 + e ©12,2+¢13,37614,4 33 N13,4123,4 13,4 - e13,37614,4 )4 N13,4N29,4 E11,2 E13,4 -
e “12,27613,32514,4 3% 1), 12y 4 E1p,3 E13,4 + €113 24 00 ol 61y 5 €103 €D, -

—a1 13 3+2 €1 452 13 342 €1 5
e ©12,27613,372¢14,4 N23,4 12,3 13,4 + et13,372814,4 5 N21,4N25,4 €11,2 €153 513,4}



[81,2[1] » —e #1,172812,2 33 paf £y 5 - e SML1TEN,2703,3 33 g, )02y 5 1y 5 - @ HTLATEI2,275 4,4 53 ) Dy €y g -
2@ L2227 503,3 3% 2y 502y 3 €1y Elp 3 - @ T2 28183 0% o L6y 56, 5 -
e ©11,17812,27513,37 04,4 3% 19 312y 4 €1y, E1p,3 - @ SLATREI2,272603,3 3% pad ey 5 €15 5 -
2 o 11,1261, 2+E1a,4 54 N21,5121,4 €11,5 €154 - e €11,1+612,2+€13,3+€14,4 54 N21,31M21,4 €11,3 E13,4 -
e 611,1+12,2+2 61,4 H4 ﬂzi,4 E11,4 815,42 e ¢11,1+2813,2+613,3+¢14,4 55 N21,3121,4 11,5 15,3 E1p,4 -
e—§11,1+2 §1,2+2&14,4 7\5 7,]2%}4 511’2 51%)4 _ e—§11,1+€12,2+§13,3+§14,4 )\4 7721,2 7721,4 511’3 513’4 _
2@ FML12E12,20513,37604,8 35 19 02y 4 €1y, E1p,3 E13,4 - 2 @ FTLATEI2,202813,35504,4 35 19, 2y 61 3 €13 13,4 -
o 11,1+€12,2+613,3+2€1g,4 5 772%,4 €114 6153 E13,4 - 2 e €11,1+2€12,2+2£13,3+614,4 56 7721’3 W21,4 €115 51%)3 El3,4 -
e 511,1+€12,2+613,3+2E14,4 55 772%)4 E11,3 81,4 E13,4 - 2 @ 11,172 612,2¢613,3:2 814,456 772%,4 €11,5815 3815 48134 -
e S11,17612,272 513,302 644,438 122 | 1y 3 EDy,3 €15 4 - @ SIL1RE,202803,372 50,4 57 pl o1y 5 €15 5 €15 4}
1 3 €1y 542 €1 3
{g2,3[1] > e®13:3 0% n2; , 12, 38y, - e 12228133 3 2y g2, 361y 54
2 2 - + + 3 +
e®¢13,3 )4 n21,3611,2811,3-e £12,2¢613,3+¢14,4 ) N21,3N25,4 11,4 + et13,37¢14,4 )4 N21,3N21,4 11,2 11,4 -
e ¢12,272613,3 )3 7723,3 £1p,3 + 25133 3% N21,3N23,3811,2 815 3 - e ¢12,27¢13,37514,4 3 N23,3M23,4 12,4 +
et13,37¢14,4 )4 N21,4N25,3E11,20 815 4+ e®13,31¢14,4 34 N21,,N25,4 11,2 13,4 -
e ©12,212613,37¢14,4 54 n21,4N23,3 E11,3 E13,4 - e ©12,212¢13,3+¢14,4 54 N21,3N25,4 E11,3 13,4 +
2 e2513,37604,4 53 N21,3N21,4 11,2 €11,3 €13 4 - e 12,27¢13,372¢14,4 54 N21,4N25,4 €11,4 13,4 +
+2 2 - +2 +
et13,3+2¢14,4 35 N21,4611,2811,4813,4-2¢€ £12,2¢2£613,3+514,4 34 N23,3N25,4 615,313 4+
e?¢13,37¢14,4 )5 N21,4N23,3 11,2 15,3 E13 4 + e?¢13,37¢14,4 )5 N21,3N25,4 €11,2 15,3 €13 4 -
e ©12,21¢13,372¢14,4 54 7’)25,4 E1p,4 E13,4 + €°13,372514,4 55 N21,4N25,4 €11,2 €15,4 E13 4 -
e (12,272808,3 02 008 00 12y 4 12,4 611,53 615 4 + €2 TRIEERAN 12T 4 €15 €113 615, -
e 12,292¢13,3+2¢14,4 )5 7725,4 &l 3 §1§,4 +@?f13,372614,4 56 N21,4N2;,4 11,2 €153 §1§,4}
1 3 1 3 €13 3+2 €1 3
{g3,a[1] > €148 0% 02y 3125 4 €113 + €48 25 12y 3123 4 E1p3 - @ S33724 33 2 N2y L £y 4+
e? 14,4 )4 Uzi,4 €ly,3&11 4+ e*14,4 )2 N2;,3N23,4 153 + e? 14,4 4 N21,4N25,4 €11,4 €153 -
e ©13,372¢14,4 53 N25,4M23,4 15,4 + e? 14,4 )4 N21,4N25,4 E11,3 815 4 + e?c14,4 )4 772§,4 €1y 3815 4 -
€13 342 €1 3 .2 261 4 261 4
e ©13,372¢14,4 )3 2l | €15 4+ 25144 ) 7721 423,04 E11,3 E13 4+ €58 0% 12, 1023 4 €153 €134}
E{i,j}a{k}[yl ALY (Wl g[1] + e SLalilreaalil 4[3]) +
X1, (K] (€1,1[1] + €1,113]) +y24[k} (2,4 1] + e 220005488l p, | 15] ™4l ) 1 19] &1, (1)) +
x1,2[k] (113 gy (i) + e 22 &y H[F]) + x,2 (K] (2,2[1] + £2,2[F]) +
y3,a[k] (n3,a[i] + e 330008l g 4[J] —eta Ny 4 13] €1,301) -4y 4[5] &,5(1]) +
<45 +yy3[K] (n2,3[1] + 221 83,300 p, 1) 3300 1y 515] £3,5(4] +
e‘gz:z[“*ém Jrea,a ) ) 4 (3] E3,a 1] - B3 sl 1) &1 5[] £3,4[4]) +
X14[k]< 110l g 4 [4] v e A gy 431 - €1,2(3) 2,4 (4] - 513[]534[1])+
e L1l Y12[k]<§11 1,2 (1] + e 22 g 53] + e220003,300 ) 4 15] &5 5[4] +
egLZ[%{“4“}U14[ 1 &,4l1 1+ c2,2(H+63,3 00844100 ) 197 &5,3[1] €30 i) +
x2,a (K] (2200 &5 4 1] + e 480 &5 4 (5] - £2,3(F] E3,4[1]) +x3,a (k] (330 &5 1) v e 04l &5 4 (5]) +
Xa,4[K] (Ea,a[1] +E&a,4(31), <<1>>}
(em[1l, 2»2] // cm[2, 3>1]) = (cm[2, 3>52] // cm[1l, 2> 1])
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