Pensieve header: Verifying 2-parameter type $A_n$ quantum groups following lan Martin, Alexander Tsymbaliuk,
<em>Two-Parameter Quantum Groups and R-Matrices: Classical Types</em> and <em>Orthogonal bases for two-
parameter quantum groups</em>.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Initialization / Utilities

$k =1; $U=QU; $E := {$k};

$trim : = {ek—‘ /3 k> $k->e},-

SetAttributes[{SS, SST}, HoldAll];

q; :=e’°”;

(» Upper to lower and lower to Upper: x)

U2l = {B?:' - e PRYPi BP- @ PRYD, T?:' s> el TP 5 ePRY, .’ﬂg:' > eP¥H ) g 5 e’”“};
12U = {ec_- bi_+d_. ., B{C/(h’) e, @+ b+ o, gc/ (B Y) gd

.ty +d_. o o
ec_ i +d_ ooy Tg/h ed, ec7 t+d_ a5y Tc/fx ed,

caq +d_. c 0 .
ec_ aj +d_ ooy Hi/y ed, e':_ a+d_ gsy ‘ﬂC/Y ed,
ea_ ooy eExpand@&};

SS[& , op ] :=Collect[Normal@eSeries[&, {c, @, $k}1, €, op];
SS[& ] :=SS[&, Together];

SST[& ,0op 1 :=SS[& /.U21, op];

Simp[& , op_] :=Collect[s, _CU| _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] :=Collect[&, _CU | _QU, SST[#, Expand] &];

K& /:Ké; ,; :=If[l===7,1,0];

. kR+1,
c_Integer, rpteger = C+0[€]77;

DeclareAlgebra

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;

NCM[x , v ,z ] = (x®y) Rz;

08 - RO=0;

(x Plusy 8y := (#8y)&/@x; x & (y Plus) := (x® #) &/@y;

B[x , x ]1=0; B[x ,y ] :=x®y-yRx;

B[x_, y ,e_]:=B[x,y,e] =B[x, y];



DeclareAlgebra[U_Symbol, opts__Rule] := Module|
{gp, sr, g, cp, M, pow, k=0,
gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals - {}
}s
U[Generators] = gs;
(#y=Uexn) &/@gs;
gp = Alternatives @@ gs; gp = gp | gp ; (x gens x)
sr = FlatteneTable[{g » ++k, g; - {i, k}}, {g, gs}]; (» sorting - «)
cp = Alternativeseecs; (x cents «)
SetAttributes[M, HoldRest]; M[@, _]1 =0; M[a_, x_] :=ax;
CE[& ] :=Collect[&, U, Expand] /. e* > ™P2lX] / gtpim;
Ui [8&]1:=&/. {ticpty, uUs» (#8&) /@u};
Ui [NCM[]] =pow[& , 0] =Ue{} =1,=U[];
B[Uue(x_ ); ,Ue(y_ ); | :=U;@eB[Uex, Uey];
B[ue(x_); ,Ue(y_); ]| /5 i=t1=3 := 0;
B[Uey , Uex ] :=CE[-B[U@x, U@y]];
xX_®W (c_.1y) :=CE[cx]; (c_.1y) ®Bx_ :=CE[cx];
(a_.U[xx___,x ]1)® (b .U[y ,yy 1) :=If[OrderedQ[{x, y} /. sr],

CE@M[ab /. $trim, U[xx, x, Vv, YV1]1,

Uexx & CE@M[ab /. $trim, Uey R Uex + B[U@x, Uey, $E]1] R Ueyy ];
ve{c_.*(L:gp)™~, r___}/;FreeQ[c, gp] := CE[cUe@Table[L, {n}] ®U@{r}];
ve{c .»L:gp,r_ _} :=CE[cU[L]BU@{r}];
ve{c_, r___}/; FreeQ[c, gp] := CE[cU@{r}];
ve{l Plus, r___} := CE[Ue{#,r}& /e L];
ve{lL ,r_ __} :=Ue{Expand[L], r};

U[& _NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly 1 := Module[{sp, null, vs, us},

sp = Replace[{specs}, L List > L,11, {1}];

vs = Joinee (First /@ sp);

us=Joinee (sp /. L, = (L/.x_; »x));

CE[Total]|

CoefficientRules[poly, vs] /. (p_-c_) = cUe (us”)
11 7+ *_purz = x]
oy[specs___, E[L_, Q_, P_]] :=0y[specs, SS@Normal[Pe"*’]];
pow[& , n_] :=pow[&, n-1] 8B &;
Sy[& , ss___Rule] := CE@Total[

CoefficientRules[&, First /@ {ss}] /. (p_ > c_) :» c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Ops___[C_.%u_U] := (c/. (t:cp); »tj, (rsy) U[Liste@@ (u/.v_; »Vj, re) ]
m; o [c_.*u_U] :=

CE[((c /. (t:cp);—t,) DeleteCases[u, _j.]) ®U@eCases[u, w_;:=»w,| BUeeCases[u, _]];
U/: c_.xu Uxv_U := CE[cuBv];
Si [c_.*xu_U] :=
CE[((c /.S;[U, Centrals]) DeleteCases[u, _;]) ® U; [NCM@e Reverse@Cases[u, x_; :» SeU@x]]];
Ai L5,k [C_.xu_U] :=
CE[((c/.Ai,j,r[U, Centrals]) DeleteCases[u, _;]) &
(NCM@e Cases [u, X_; = 01,j,2,.@A@U@x] /. NCM[] > U[1)1; |



Implementing QU = U, 4[A/]
Conventions:
{ei, £, wit, (wi')*h, 1, s} {Xijun, Viju1, €Y, €%, @, €°}
We are assuming thatr;=rands; =s.
$n = 3;
DeclareAlgebra[QU,
Generators - Flattene {
Table[xi,j, {i, 1, $n}, {j, i+1, $n+1}],
Table[yi i, {i, 1, $n}, {j, i+1, $n+1}],
Table[{vi, wi}, {i, $n}]
3
Centrals -» {}
15
Ringel([i , j ] :=Which[
i1+1<jvi>j, 0,
1+1==73, -1,
1==73,1
1
Do [
B[QUev;, QUev;] = B[QUev;, QUew;] = B[QUew;, QUew;] = 0;
B[QUev;, QUeXx;,j.1] = (Ringel[]j, i] r-Ringel[i, j] s) QU[Xj,4+15 Vil

{i, 1, $n}, {j, 1, $n}
1;
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-z +€ A QULY, X];
-ehQU[z, xX];

0;

enQU[z, y];

ZXQU;

-Xqus

-Yous

ZYQU;

Zoyys

Zyys
1- U

~2enqQue(x, x}+<ST)Q[] +2seQuUlal;
1-t) QU

-2enQuef(y, y}+(T)Q[] +2teQuUib];
(1-st)QUI[]

-2ehQue{z, z}+7 +2steQU[a] +2steQU[b];

Xw-€ehnQue{z, y};

-ehQUe{Z, x} - (s+seh) QU[Y] +2se A QU[Y, a];
2eyu-€hQue{X, z};

-2teQU[x] -ehQULY, z];

€ hQU[X, y];

Youl =€ AQULY, x];
Yol =2€Zgy-€hQUX, Y];
Zyl =€ AQUIX, Z];
Yol =€ 2QULY, Z];



