Pensieve header: An isolated attempt to compute the multiplication tensor of ${\mathcal U}_q(sl*+_{3,\epslion})s.
Continues SjabboQUSL3Seepage.nb.
SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";

<< KnotTheory"

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Initialization / Utilities

$k =1; $U=QU; $E := {$k};

$trim : = {ek—' /5 k> $k->0};

SetAttributes[{SS, SST}, HoldAll];

qz := e’

(x Upper to lower and lower to Upper: x)

u2l = {B’Z:' - e PRY¥bi BP- , @ PRYD, T’l-’:' > ePBt ) TP L ePBY :ﬂ’i’:' > eP¥%, gf- 5 e”“};

.bi +d_. -c/(n . . -
12U = {ec* bi_+d_. ., Bicl( Rl EER EED AR el

Lty o+d_. 5 -
e it TR, e T s TR,
cai +d_. (s 0 .
ec7 aj +d_ 8oy mi/x ed, ec_ a+d_ asy HC/Y ed,
e&_ ooy eExpand@& } ;

SS[& , op_] :=Collect[Normal@Series[&, {e, O, $k}]1, €, op];
SS[& ] :=SS[&, Together];

SST[& ,0op ] :=SS[& /.U21, op];

Simp[& , op_] :=Collect[s, _CU | _QU, op];

Simp[& ] :=Simp[&, SS[#, Expand] &];

SimpT[& ] := Collect[&, _CU | _QU, SST[#, Expand] &] ;

K& /:Ké; ,; :=If[1===7,1,0];

._ k+1,
c_Integer, rpteger := C+0[€]77;

DeclareAlgebr

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;

NCM[x , v , z ] := (x®y) Rz;

0®” = RO=0;

(X Plusy 8y := (#8y)&/@x; x & (y Plus) := (x® #) &/@y;

B[x , x ]=0; B[x ,y ] :=x®y-y&x;

B[x_ ,y ,e ]:=B[x,y,e] =B[x, y];



DeclareAlgebra[U_Symbol, opts__Rule] := Module|
{gp, sr, g, cp, M, pow, k=0,
gs = Generators /. {opts},
cs = Centrals /. {opts} /. Centrals - {}
}s
U[Generators] = gs;
(#y=Uexn) &/@gs;
gp = Alternatives @@ gs; gp = gp | gp ; (x gens x)
sr = FlatteneTable[{g » ++k, g; - {i, k}}, {g, gs}]; (» sorting - «)
cp = Alternativeseecs; (x cents «)
SetAttributes[M, HoldRest]; M[@, _]1 =0; M[a_, x_] :=ax;
CE[& ] :=Collect[&, U, Expand] /. e* > ™P2lX] / gtpim;
Ui [8&]1:=&/. {ticpty, uUs» (#8&) /@u};
Ui [NCM[]] =pow[& , 0] =Ue{} =1,=U[];
B[Uue(x_ ); ,Ue(y_ ); | :=U;@eB[Uex, Uey];
B[ue(x_); ,Ue(y_); ]| /5 i=t1=3 := 0;
B[Uey , Uex ] :=CE[-B[U@x, U@y]];
xX_®W (c_.1y) :=CE[cx]; (c_.1y) ®Bx_ :=CE[cx];
(a_.U[xx___,x ]1)® (b .U[y ,yy 1) :=If[OrderedQ[{x, y} /. sr],

CE@M[ab /. $trim, U[xx, x, Vv, YV1]1,

Uexx & CE@M[ab /. $trim, Uey R Uex + B[U@x, Uey, $E]1] R Ueyy ];
ve{c_.*(L:gp)™~, r___}/;FreeQ[c, gp] := CE[cUe@Table[L, {n}] ®U@{r}];
ve{c .»L:gp,r_ _} :=CE[cU[L]BU@{r}];
ve{c_, r___}/; FreeQ[c, gp] := CE[cU@{r}];
ve{l Plus, r___} := CE[Ue{#,r}& /e L];
ve{lL ,r_ __} :=Ue{Expand[L], r};

U[& _NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly 1 := Module[{sp, null, vs, us},

sp = Replace[{specs}, L List > L,11, {1}];

vs = Joinee (First /@ sp);

us=Joinee (sp /. L, = (L/.x_; »x));

CE[Total]|

CoefficientRules[poly, vs] /. (p_-c_) = cUe (us”)
11 7+ *_purz = x]
oy[specs___, E[L_, Q_, P_]] :=0y[specs, SS@Normal[Pe"*’]];
pow[& , n_] :=pow[&, n-1] 8B &;
Sy[& , ss___Rule] := CE@Total[

CoefficientRules[&, First /@ {ss}] /. (p_ > c_) :» c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Ops___[C_.%u_U] := (c/. (t:cp); »tj, (rsy) U[Liste@@ (u/.v_; »Vj, re) ]
m; o [c_.*u_U] :=

CE[((c /. (t:cp);—t,) DeleteCases[u, _j.]) ®U@eCases[u, w_;:=»w,| BUeeCases[u, _]];
U/: c_.xu Uxv_U := CE[cuBv];
Si [c_.*xu_U] :=
CE[((c /.S;[U, Centrals]) DeleteCases[u, _;]) ® U; [NCM@e Reverse@Cases[u, x_; :» SeU@x]]];
Ai L5,k [C_.xu_U] :=
CE[((c/.Ai,j,r[U, Centrals]) DeleteCases[u, _;]) &
(NCM@e Cases [u, X_; = 01,j,2,.@A@U@x] /. NCM[] > U[1)1; |



Invert, [&_] := Module[{A, B, B}, (+ &=A U[]+€ B x)
A = Coefficient[&, 1] /. € » 0;
B=CE[e™ (6-A1))];
sy[ss[(A+eB)™*], B-B]

]

Implementing QU = Uy(sl3 )

Greek - Latin duality:

(X*, Y*, Z*, b*, a*, z*, y*, X*, B*, Y*, Q*, B*, a*, &%, n*, £} =
{8, Y, Q, B,a,8 n, §, X,Y,2, b, a, z, y, x};

(U_op )" 2= (U") o5

((u:(yIxInl & | yIxIn|&_))i1)" t=u"[i];

(vs_List)* := (v > V*) /@vVs;

h=y=1;

DeclareAlgebra[QU, Generators - (X, Y, Z, b, a, z, y, x}, Centrals -» {s, t}];

B[aQU, Xqul = -2QUex;

B[bgu, Xqul = QUe@x;

B[bgu, Yul = -2QUey;

B[agu, Youl = Quey;

B[agu, ze] = -QUez;

B[bQU, z] = -Quez;

B[Yqus Xqul = -Zqu+ € B QU[Y, X];

B[Zqus Xqul = -€ AQU[Z, X];

B[bgu, agul = 0;

B[zqu, Yul =€ hQU[Z, y];

B[agus Xeul = 2 Xqus

B[bgus Xqul = -Xqus

B[agus Youl = -Yqus

B[bgus Youl = 2 Yqus

B[agus Zoul = Zqus

B[bqus Zqul = Zgus

(1-s) QU[]
B[Xqus Xu] = ~2€ BQUE (X, X} + ——— —— +25 < QU[al;
(1-1t) QU[]
Blyou, Yool = -2 BQUE (Y, y} + ————— + 2t QU[b];
(1-st) QU[]
B[ZQUJ ZQU] =-2ehQue{z, z} +T +2steqQU[a] +25t€QU[b];

B[You, Zul = Xqu - € hQUe{Z, y};

BXs Zoul = € AQU@{Z, X} - (S +Seh) QU[Y] +25enQU[Y, al;
B[Zqu, Xqul = 2€yq -€ A QU@ {X, z};

B[ZQU) YQU] = —ztGQU[X] —ehQU[Y, Z];

B[yqus Xqul = € AQU[X, yI;

B[Xqus Youl = € AQULY, X];

B[XQU) YQU] = 2€ZQu—€f1QU[X, Y];

B[Xqus Zeul = € BQU[X, Z];

B[Zqu, Yul = € AQULY, Z];

The Multiplication Tensor



adPower([x_, R, Env_][c_=*y QU] :=CE[c adPower[x, kR, Env][V]];
adPower[x_, R_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;
adPower([_, @, Env_]1[y_] :=y;
adPower[x_, k_, Env_]1[0] =©
adPower[x , R , Env_][y QU] := adPower[x, kR, Env] [y] = CE@B[adPower[x, k-1, Env] [y], Xx];
adPower[x , R 1[y_] := adPower[x, k, $E] [V];
NilQ[zqu] = NilQ[Zgy] = NilQ[Xqu]l = NilQ[Yqy] = NilQ[xqu] = NilQ[yqu] = True; NilQ[ag] = False;
NilQ[bqy] = False;
PotQ[c . »x QU] :=-NilQ[x]; (x Potent Q =)
NilQ[c *x QU] :=NilQ[x];
PotQ[x _Plus] := Ande@e (PotQ /@ (Listeex)) ;
NilQ[x Plus] := And @@ (NilQ /@ (Listee x));
Ad[0] = Identity;

B !
Y Sum[—[gQgUQU QU]

Count[w,g], {g,QU@Gener‘ators}] )

Ad[c_.aqll[z_ ]:=z/.w QU e w;

cy [Sum[M Count[w,g], {g,QU@Gener‘ators}])
Ad[c_.bgl[z ]1:=2z/.w QU»e sQu
Ad[c_.QU[]1][z_] :=2z;
Ad[x 1[y_1 /; NilQ[x] := Expand@Module[{k =9, s =0},
While[adPower[x, k] [y] =!=0,
s += adPower [x, k] [y] /k!;

w;

++k

15
s

]
TT, [1 =0; (» Translated Tangent x)

TT, [xs___, x_] :=CE[Ad[x] [TT,[xs]] +9,x];
TT, [xs_List] :=TT, @@ xs
Seepage, [{}, c_] = ¢;
Seepage, [¢5_List, P_] := Module[{gs = U[Generators], 1x},
1x = gs[[Lengthe £5] ;
Collect[P, 1x, (Ad[Last[<s] 1xy] [Oy[gs, Seepage,[Most@<s, #]1]] /. U - Times) &]
]

Lo CECSA G Ser oty GLRIO[SlA ) @
TT (L) =Labs 5( )= Seopae {£),
ReCE(fg) FHm 8200 droe poore o 7

i)

TR, -R.0R,)- OF6) O50)- S(6) OF OlF (846 +38)) Slc)pie26)

TTL=CE[TT, @@ (Flatten@Table[
(If[PotQ[#ul, 1, A] #*[k] #y) & /@ QUeGenerators,
{k, {i, j}}
1)1



iz, y] (e3B03) engri] «n(i] - e ®31+2B0) e xgr3] «n(i] + e 1B0T e xgi] « 0[] +eXL1F] ¥n(]]) +
Qu(z, x] ( ) + +QULY] ( ) +
QU[] (,e*ZDf[iMB[i] AE[L] xE[1] s e 2a[il+B[1] SAE[L] xE[1] _e-2a[il-2a[j1+B[i]1+B[]] AE[j] xE[1] + "
2381 2 X5 nij12 gri] <131 @li12+2e 30 ste S n[312 €1 < €131 @312 -2 3R] 2t e 25 (312 £14] « €13 2[31?)

Size in memory: 1 MB = 4 Show more i Show all :++ lconize ¥ | Store full expression in notebook @

mons[k_] := Union@Cases [Coefficient[TTL, €, k], _QU, «];

mons /@ Range [0, $k]

{{QU[], QU[x], QU[X], QU[y], QU
{QU[], QU[a], QU[b], QU[x], QU
QU[X, y], QU[X, Y], QU[X, z], QU
QU[Y, z], QU[Y, Z], QU[z, X

ff = Table|

sum[e“ fi,, [1], {k, @, $k}],
{u, QU@Generators}
| 7+ fo,u [A] /5 PotQ[ugu] = u*[i] + u* []]

{fo,x[A] +€Fyi,x[A], Fo,vy[A] +€f1 v[A], fo,z[A] +€F1,2[A], B[1] +B[J] +€Ff1,plA],
ali] +a[j] +efi,alA], fo,z [A] + €1, [A], Fo,y[A] +€F1,y[A], Fo,x[A] +€F1,x[A]}

Short[fs = Flatten[Table[

» QUIz], QU[Z]},

QUIyl, QU[Y], QU[z], QU[Z], QU[X, x], QU[X, X],

Z], QUly, x], QU[Y, a], QULY, x], QU[Y, y], QULY, Y],
» Y1, QUlz, z], QU[Z, x], QU[Z, y], QU[Z, z]}}

'Fk,Times@@mJ
{k, @, $k}, {m, mons[k]}
11, 10]
{'Fe,l, fo,x> fo,x> To,ys fo,vs fo,z5 fo,z5 f1,15 Fr,as Fios Foo Fixo Fuys Fivs fu2s Fizs oo 2, Foxys
fixvs fixzs Fuxzs Fixys fravs Foxvs foyvs Fv2s Fives fivzs Fowes fiyzs £ 2, Fixzs fiyz, f1,22}
gg = Sum[
e fi, Tineseeu [A] Times @@ u,
{k, @, $k}, {u, Complement [mons[k], QU /@ QUe@Generators]}

]

‘Fg,l[)k] +€'F1,1[)k] +XX€'F1)Xx[)\] + X2 €'F1 x2 [A] +Xy€‘F1,Xy[A] +Xyef1,xy[M +aYe 'Fl,ay[)\] +XY€'F1)Xy[)\] +

XYefixy[A]+yYefryy[A] +Y2ef 2[A] +xzefyx [A] +Xzefyx,[A] +yzefyy,[A]+

Yzefi,y,[2] +22€‘F1’22[)L] +XZefy xz[A] +XZefqxz[A] +yZE'F1,yZ[)k] +YZefyyz[A] +2Zefq,2[A]

G = SS[ef8]

el yefo 1M e (£ 1 [ 2] + xXFyxx[A] + X2 £ 2 [A] + XY Fr ey [A] + Xy i xy[A] +@Y fray[A] +
XY Fy xy [A] + XY Fyxy[A] +yYFfy yy[A] +Y? 'Fl 2 [A] +XZ2Fg %, [A] +XZ2Fg x, [A] +yzZfyy,[A] +
Yz iy (2] + 22y 2[A] + XZFyxz[A] + XZFyxz[A] +yZFryz[A] +YZFiyz[A] +2ZF1,7(2])

S[B_] := CE[SS@Oq [QUeGenerators, Seepagey, [ff, SS@CE@B]]];

Short[SG = S[G], 10]

efe1M c QUIy, x] fi,yy[A] + <255 +

QU[z] (e2e1-2a31 011001 Fo,1100 ¢ £, (112 Fy 4 (1] - e 201120 EIBEIBEIFo,1 0 g ¢ £y [2]2 Fyy, [4] +

ali]+al3]-26111-2813)+F0,100) ¢ £, (2] Fq, [A]% Fay[A] -

e

e?leldl-26[1]1-26(]]fe,11 ‘tE'F@ x [ ] 'F@’y[A12'F1’ay[A} + <<18>> +

e*a[i]*a[j]*ﬁ[i]*ﬁ[ﬂ*fa 1l 6{0 <[] 'Fe,y[)\] 'Fl ,7[A] - efa[i]—a[j]—B[i]—B[j]+fa,1[7\] se 'Fe,x[)\] 'Fa,y[AJ 'Fl,zz[)(] _
e*a[i]*a[jlfﬁ[i]*B[J]*'Fe,l [l G'FO,Z[ ] 'Fl,zZ[)\] re —afi]-a[j]-B[i]-B[]j]+fe,1[2] StE'FQJZ[A1 'Fl,zZ[)\])

TTR = CE[Inverty [SG] ® S[ (9, (ff.QUe@Generators) G+ 8,G) 1]



QU[b] (,260([1]+a[j]*2/5[i]*25[j] tefo,y[A] fo,y [A] _gealil-alj]-B[i]-B[]] stefg,,[1] fo,z’ [A] +€‘F1,b'[l]> +

Iy, x] (e fo,x[2] f A ve ") + .
QIX, 2] | ) +QU[z] (-e2@[11-2a[31+BL1+B1I] ¢ £4 (212 fq,y [A] Fo,x [A] +
e-2ali]l-2a[j]+B[1]+B[]] Sefa,x[)‘]zfa,y[k} 'FG,X,[)‘] o + e alil-alj]-A[1]-B[]] stefp,z[A] fl,ZZ/M”

Full expression not available (original memory size: 0.6 MB)

Short[diff = CE[TTL - TTR], 10];
Short[eqns = Flatten[Table][
Coefficient [Coefficient[diff, m], €, k] =0,
{k, @, $k}, {m, mons[k]}
11, 10];
Short[inits = (#[0] ==0) & /e fs, 10];
DSolve[eqns Jinits, fs, A]



HFG’X > Function[ {2}, e ) 2 (ezo‘ i] + e g15) ) B
fo,y - Function| {1}, eo‘ )L(cezﬁ i1 +e 9 ni31) ],
fo,x - Function[ {1}, e P x (&1 M r(j)+ ™M anii) Qi) ],
-Fe,YeFunction[{)\},eo‘ (e i)+ P y(j] - P s A g[4d] Q[j]”,
fo,2 > Function[ {2}, e Bl x (012800 iy + U (3] + % an(g) €[4])],
fo,1~ Function[{h}, WEM] B[] -sA%E[L] B[] + A% n[d] Y [J] -t A% n[d] Y []] +
i) Q) -stA®cli] Qi -sAPnli] £[i] Q] +st AP nli] £[i] Q[i1],

fo,z > Function[ {2}, A (@[i] + e*H P o) ],

f1,a > Function[ (A}, -252% (-£[1) - =(J) -tL[i] Q[I) -an(i] £[1) Q) +tan(i] <[i] @3],
f1,0 » Function[ (A}, -2t 2% (-n[i] Y[3] -sC[i] Q[I) +san[i] £[i] @I ],

f1,xy » Function[ {1}, -2 A1) 32

f1,xx » Function[ {1}, -2 2eBIBImE01 32 c14) (2=(3]) + an(i] Q[3]) ],
fi,xy = Function[ {x}, ?*H-*I-ARI2B0) 32 i) =(5]],
. 2 - Function| {1}, e*°! /1377[] =2[31 (il ],
'FlayeFunctlon[{)k},Ze_o‘ 1728111 g 32 g[} Qi)
f1,xv - Function[ {1}, e *(F1+2eB12BRIE0) 32 14 (x[§] +2s A £[1] - Q[F]) ],
fi,yv - Function[ {1}, -2 e*a“ al312BI2B03) 32 i) oY ([31],
'ley—>FunC‘t10n[{)k} ei- /\2( “[i]z[j] Y(i] +2e®PH sagri] =[] Q[]] +
n(i] Y[i) Qi) - M an(i] x(j] (i) +2e*PH s A n(i] i) (31 ],

-FlyzeFunctlon[{)\}, e 2alil+4 Bl S/\3§[1] Y[31 - Ql31],
f1xz = Functlon[{)k}, WX c13)  £141], fi,x - Function| (A}, —e**31-F13) 32

(A E[i122[3] -3sAg[i1? B[] +2t &[i] Y[J] -An(i] E[4] Y[J] +tan[i] E[i] ~Y[F] +AC[d]

E[4] [J]—3St/\§[] £[4] m—ZSAZn['Jé[i}zﬁm+25tzzn[']§[iJZQ[j])] ﬂyz»

Function[ {2}, - PEN2 (P 23] nli] + 2001 A i) n(g) - £1d) + 290 an(§1? )],
ﬂ,y»Functlon[{A},—e*““““ 22 (-2¢[i] B[] +2san[i] €[i] B[J] +An[i]?Y[j] -3tAan[i)? Y[
i)

j1 -ag[il) nli] Q[j]—stxg['] nlil Qi) +sA®n[i]? €[i] Q[j] +stA®nlil? (i) 1)1,
f1,xz - Function[ {1}, -e?*(Ial3I-BII-A0I 32 (2600 e (i) =(j] + 2P An(j] £[1] =[F] +

P agri] n(i] Q[j] e’ 22 n[i] n(d) - €14] (il ],
f1,x - Function[ {1}, -e**!) A3(5[']E[j]2—3s§mE[j]z—n[i] 23] Y] +

-€e
tn[i] 2[J] Y[J]-Cli] =[F] Q[F] -stc[i] =[J] Q[J)-3san[i] &£[i] =E[F] @[]+
stanl[i] £[i] ~2[J] Q3] +An[i1®Y([] - Q[F] -tAnl[il®Y[F] Q[j] -
2stag[i] nlilQ[il®-2sA?nil?grijQjr®+2sta®n[il® €[i1 Q(jr?) |,
f1,vz - Function[ {1}, e @B B3I2BRISB01 32 (2P0 i) v [§] +e* P An(j]  £[4] Y[F] +
3200 sag(i] i) (i1 +2e* B s A% n(3) €1i12e(il) |,
f1,v > Function[ {2}, e ®BH2PI 2 (Lo s x i) =(F] Y[F] -an(i] Y[FI?+3tan[i] Y[~
sE[i] Qi) +s A’ EML1PE[F] Q[F] -s* AP €112 E[F] Q) -Ag[i] Y] -Q[F] +
3stag[i] Y[j] Q[J]-4stA®n[i] E£[i] Y[j] @[] +2sA’C[i] &[i]Q[j]*-
4s*tA’cli] £li]Qil?-s? A nli] €li1?Q[j1?+3s*t A% nli] €1il?alji?) |,
f, ;2 - Function[ {1}, BP0 % e 5] n(j]  £[i]], f1,, - Function[ {1},
e?UIPUl (2P s P gri]  £1i] 2[J] + eI X 0[] (117 2(F) -3 T s At n(j] €[4]2E(F] +
20127 ¢[d]  n[]] L3 -e "I i) 03] £04) - x[3] + e et n[d] n(3) - £14) Y]+
P03 ei)? gy -3e®PF st AP ci1? ) -2 s A (i) n(i] - £14] - Q[F] +
220 st 2t ci) n(i] - £[i) Qi) + eI A% cri) n() o &ri) (il -3e" T st gi]
N3l £1i) Q(f] -2 s P n[i] nij] £1i1%Q[F) +2e* T st ®n[i] n(j] £1i1%(F])],
1 2
2

-Fl,laFunction{{)\}, (-2*€1i1? 21 +4s At i’ [j12 -3 AP gil? 1%+

42°¢(i] =31 Y31 -4t XPC[i] =[] Y[ -4sA*nli] S[i] =[F] YI[F]+

Net+34 127 cr21 =121 ~r=17 384 21721212 A4+34 27272172 94234 272~ 7272



