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Hidden Utilities and TgX

Headers

pdf

In[]:=

In[«]:=

Pensieve header: Quantum $sl_n$ following Rosso and Yamane.

Notes.

1. Rosso is “An Analogue of P.B.W. Theorem and the Universal $R$-matrix for SU_\hbar(sl(N+1))$”,
Yamane is “A Poincare-Birkhoff-Witt Theorem for Quantized Universal Enveloping Algebras of Type Ay”.
2. We call our algebra Ugy(slsn), not Un(sl(N +1)).

3. We dot not have a name for Rosso’s X; and ¥;. Rosso’s £, is our x[i, j] «> xij. Likewise Ross0’s 1, _e,,,
isour y[i, j] < yij.

4. Rosso’s H; is our a; and Rosso’s & is our b;.

SetDirectorye@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

MakePDF [ ]

6i; :=KroneckerDelta[ij];

SetAttributes[{SS}, HoldAll];
SS[& , op_] :=Collect[NormaleSeries[&, {e€, O, $k}]1, €, op];
SS[& ] :=SS[&, Together];

CF[& ] := If[$k === o,
Expand[&£],
. $k+1 hey
Expand [Normale@Series [O[€] +&/.9-e"°7, (e, 0, $k}]]

I

Series[(1+x) ™' +0[x] "5, {x, 0, 20}]

Time: 0.03 seconds Outf=

In[«]:=

1—x+x2—x3+x4+0[x]5

$k

Time: 0.02 seconds Out[=

1
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In[«]:= CF[el]
Time: 0.00 seconds Outf=
S
pdf
1= X[1_, J 1 :=x<>1<>7J; a[i_ ] :=a<>1; A[1_ ] :=A<>1;
Ell , 7 ]1:=E<>1<>7; a[t ] :=a<>1; A[1 ] :=A<>1;
pdf
in[-]:=  t[s_Symbol] := First[Characters[SymbolName[s]]];

L[s_Symbol] := FromDigits /@ Rest[Characters[SymbolName[s]]];

tls_[_1]1:=zt[s]; c[s_[_11 :=r¢[s];

(1= {Tt[x[3, 411, t[X[3, 411} // FullForm

Time: 0.03 seconds Out[=

List["x", List[3, 4]]

pdf
The following ordering agrees with Rosso’s; right at the start of Section 2 and then continued implicitly
within the formula for R at the start of Section 4. Simply put, each class of variables is ordered lexico-
graphically, and the classes are ordered xAayBb.
pdf
nf-]:=  (x q=e® ¥ €; Ai[n]=e? € 3; Bi[n]=e? ¥ % «)
pdf
ml-]:= $n=3; $k=1; $E := {$n, $k}
pdf
in[-]:= $EPBWGens := Flattene {

Table[As[i, 1, $n-1], As[], i+1, $n],
x[1i, J]* = &[i, J]; gli, j]* =x[i, J]; x[1i, J]]J
Table[As[i, 1, $n-1],
A[i]* = A[i]; A[L]" = A[i]; A[i][_11,
Table[As[i, 1, $n-1],
a[i]* = a[i]; a[i]" =a[i]; a[i]]
}
(#y = Up@#) & /@ $EPBWGens;
$EPBWRule := Module[{k = @}, Flatten@Table[{g » ++k, g; - {i, k}}, {g, $EPBWGens}]];
X_ =y :=0rderedQ[{x, vy} /. $EPBWRule]; x <y :=!OrderedQ[{y, x} /. $EPBWRule];
$PBWGens := DeleteCases [$EPBWGens, [ _1]]

in[-]:= #* & /@ $EPBWGens

Time: 0.071 seconds Out[=

{£12, €13, €23, A1[_]", A2[_]7, ol, a2}

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gsin6.nb 2026-09-23 06:20:58

pdf
mnl-1:= UCF[&_] :=Modu1e[{F, k}, Expand@Collect[

&/7. (Ui [L__, _[0],r___1-Us[L, r1} //. If[$k=w, {}, {

Ui [L___,AB [n_], r ] >

kek

Sum[As [k, @, $k1,

e

U;[L, Sequence @@ Table[a@@ L [AB], k], r]]

k1

UI[___1,F
] 7. F > cF]
1= CF[e?]
Time: 0.00 seconds Out[=
62
inf-1:= $k
Time: 0.00 seconds Outf=
1
pdf

1= mg [0] =0
ms [x_Plus] := UCF[m; /@ x];
m; ,; [&]1 := & /. Ui>Uj;
mi ,5 ok [€_ Ui [x_ __1U; [1] :=cUe[x];
mi ,j e [€ Ui [TU; [y __11:=cU[y];
mi ,j e [€_- Ui [xx___, x_[n1_]1U; [x_ [n2_],yy __1]:=
UCF[cU;[xx, x[n1+n2]]U;[yy1] /7 mi i3
mi 5 e [C_ VUi [xx___, x 1V [y_,yy___11:=If[x=sy,
cUelxx, x5 ¥, Yy1,
((cU; [xx] RRj[x, y] // UCF // my ,:) Uj[yy]l // UCF // m;, j,.) // UCF
15
ms [&] :=ms [UCF[&S]]5

pdf
inl-1:=  BAj 55,k [6£.] := UCF@Module[{ji, k1}, & /. {
Ui[1 -» U5[1 U],
Uilf_s fs___1 = M kise@® My 5155 [85,r[F] Aisgr,ka [Ui[fS]11]
3
Ai 5,0, [E]1 2= & /] Disjr !/ Brsk,t

pdf
= Si [£.] := UCFeModule[{il}, & /. {

Uil[f_» fs___1 = myy i, [Si[f] Si1[Via [fs11]
115
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pdf

The A-algebra

pdf

inl-]:= RRg_[ai_, aj_1 /; t[ai] = t[aj] ="a" :=U,[aj, ai];
RR, [ai_, Aj_[n_1] /5 tlai] ="a" At[AJ] ="A" := U,[Aj[n], ai];
RR, [Ai_[m_1, AJ_[n_11 /; tT[Ai] == t[AJ] = "A" := U,[Aj[n], Ai[m]];
RR, [am_, xij_] /; t[am] = "a" AtT[xij] = "x" := Module[{i, j, m},
{i, j} = t@exij; {m} = c@am;

Up[xij, am] +% (n,i = Snea,i — Om,j + Onsa,j) Up[Xx1J] /2

15
RR,_[Am_[n_1, xij_1 /; t[Am] = "A" A T[xij] = "Xx" := Module[{i, j, m},

{i, j} = L@xij; {m} = c@Am; q " (®mi=Omt,i=0n3*0n15) y, [xij, Am[n]]

]

in[-]:= RRg[a[1], x[1, 2]]
Time: 0.00 seconds Outf[=

v Up [X12] + Ug [x12, al]

pdf
We take the reduction rules RR for xij’s from Yamane page
5009:
(1) i=m<j<n () i<m<n<j, (II) i<m<j=n,
i i J i J
m n m__n m n
V) i<m<j<n, (V) i<j=m<n, VD) i<j<m<n
i J i J i
m n m n m_n
q_zeijemn — €mn€ij = 0 if ((i, j), (m, n))e Ca) U Cany-
[eija €mn] =0 if (@, j), (m, "))ec(n) U C(VI)-
[eij’ emn] = (qz — q_z)einemj if ((l, ])5 (mv n))EC(IV)'
qzeijemn — €mnfij = 4€;y if (@3, j), (m, n))eCy,.
pdf

in[-]:== RRe_[xmn_, xij_]1 /; t[xij] = t[xmn] = "x" :=Modu1e[{i, j, my, n},
{i, j} = t@xij; {m, n} = c@xmn;
which[
(i=mAj<n)V(i<m<jAn=7), q2U.[xij, xmn], (+ IVIII )
(i<m<jAn<j)V(j<m), Uxij, xmn], (x IIVVI «)
i<m<jAn>g, Ulxij, xmn] + (472 - ¢°) Ue[x[i, n], x[m, j11, (+ IV x)
j=m, q?Ue[xij, xmn] - qUg[X[i, n]] (* V *)

]
]
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In[«]:= U1 [X34] Uz [X23] U3 [X12] // m]_’z_,z

Time: 0.03 seconds Out[=

(-1-yeh) Uy[x24] Us[x12] + (1+2yeh) Uy [x23, x34] Us [x12]

in[-]:= Ug [X34] Up[x23] U3 [x12] // My,2,5 // Ma,3,0
Time: 0.02 seconds Outf=

q% Ug [x14] - g3 Ug [Xx12, x24] - g3 Ug [X13, x34] + q* Up [Xx12, X23, X34]

in[-]:= Module[{Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P =Uy [X] Uz [Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
11
]

Time: 0.77 seconds Out[=

{1

in[-]:= Module [ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas], As[Y, Bas], As[Z, Bas],
P=U;[X] Uz[Y] U3[Z];
{X, Y, Z}y » (P // Mg, // My 3,9) == (P // My,3,5// M1 5,0)
1]

1
(x12, x13, x23, al, a2, AL[@], A2[-2], Al[2], A2[@], AL[-1], A1[@], A2[2], AL[1], A1[1], Al[-2]}
Out[-]=
{1
Module[ {Bas = $PBWGens, P},
DeleteCases[_ - True] [Flatten@Table[As[W, Bas], As[X, Bas], As[Y, Bas], As[Z, Bas],
P =U; [W] U2 [X] Us[Y] Us[Z];
{Wy, X, Y, Z} » (P // my,3,0 // My,a50 // My 5,) =
(P//mM3,a53// My,355// My,251) = (P// Mya51 /7 M3,053 /7 My 3,) =
(P//my,o51 // My351 // Mya51) = (P// Ma350 /7 Mya51 /7 My g51)
11
1
(x12, x13, x23, al, a2}
Out[-]=

{}
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The Co-Product, Co-Associativity, and the Hopf Axiom

pdf
in[-1:- Do[As[i, 1, $n-1],
Aj ,p [a[i]l] =Uj[a[i]] Uc[] +U;[]1 Uc[a[il];
Aj ,p [A[il1[n_11 =VU;[A[i] [n]] U[A[i][n]];
Aj [x[i, i+1]] = Uj [x[i, 1 +1]] U [A[i][2]] +Uj [A[i][-1]] Ug[x[i, i+1]]
15
Do[As[i, 1, $n-2], As[n, i+2, $n],
A5 ke [X[1, N1 = M iani [M5, 5205
QA4 [X[1, =111 Aja,a [X[N -1, n1] - g7 Ay, [X[N -1, n]] Ajy,ia [X[1, n-1]]
1]
]

in[-]:= Column@Module [ {Bas = $PBWGens, P},
Table [As[P, U; /@Bas], P - Ai—)j,k [P11]
]

Time: 0.05 seconds Qut[=
Ui [x12] > U3 [AL[-1]] U [x12] + Uj [x12] Uy [A1[1]]
Us [X13] - U5 [A1[-1], A2[-1]] U [x13] +
(7$ +q2) Uj[x12, A2[-1]] U [x23, A1[1]] +U;[x13] U, [A1[1], A2[1]]
Us [x23] - U5 [A2[-1]] Uy [x23] + U [x23] Uy [A2[1] ]
Ui[al] %Uj [al} Uk[] +Uj[] Uk[al}
Ui[BZ] %Uj [32} Uk[] +Uj[] Uk[BZ}

in[-]:= Short[{Aq,s[a2], A7,9[A2[77]], A1,2[X12], Aq,>[x15]}, 8]
Time: 0.07 seconds Out[=
{Us[@2] Us[] +Ua[] Us[a2], U7 [A2[77]] Ug[A2[77]],
Ui [AL1[-1]] Uy [x12] +Uq[x12] Uy [AL[1]], Aq,2[x15]}

In[«]:= A1->1,2[U1 [X13, a2] Ue [X34]]

Time: 0.01 seconds Out[=

Ug [X34] Uy [A1[-1], A2[-1], a2] Uy [x13] + Ug[x34] Uy [A1[-1], A2[-1]] U, [x13, a2] +

1
(2 +q2J Up [x34] Uy [x12, A2[-1], a2] U, [x23, A1[1]] +Ug[x34] U;[x13, a2] U,[A1[1], A2[1]] +
q

2

1
( +qu Ug [X34] Uy [x12, A2[-1]] U,[x23, A1[1], a2] + Ug[x34] Uy [x13] U, [A1[1], A2[1], a2]
q
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in[-]:= Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}11, {10}11;
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =Us[X];

X- (P// D151, // Bayz,3) = (P // A151,3 /7 Disa,2)

11
]
{x12, x13, x23, al, a2, A2[-1], A1[@], Al1[-2], A1[1], A2[-2], Al1[2], A2[2], Al[-1], A1[2], A2[1]}

Out[«]=

{}

in[-]:- Module[{Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flattene@Table[As[X, Bas], As[Y, Bas],
P =Ui[X] U2[Y];
{X; Y} (P// My, // Basa,2) == (P // Bau3,a /) Dasa,a // Myyan // My a)
11
1
{x12, x13, x23, al, a2, A2[2], A2[1], Al[@], A2[1], A2[1], A2[-1], AL[-1], A2[-1], A2[2], A2[-2]}

Out[e]=

{3

Is A a quantization of the co-bracket?

in[-1~ Column@Module[{Bas = $PBWGens, P},
Table[As[P, U; /@Bas],
P > UCF [ (A151,2[P] - A142,1[P1) //.
{@ =1+nn/2,U; [xs___, A [n_1,as___1=»U;[xs]+nhU;[xs, aee.[A], as]/2}
] /.82~ /3;n>1>0
]
]

Time: 0.08 seconds Outf=

Up [x12] > AUs[x12] Uy [al] - AU [al] Uy [x12]

Up [x13] - AU; [x13] Uy[al] - 2AU; [x23] Uy [x12] - A U; [al] Up[x13] + 2 A Uq [x12] U, [x23]
Up [x23] - A Ug [x23] Uy [a2] - AUg[a2] Uy [x23]

Up[al] > @

Up[a2] > @
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The Antipode

pdf
mi1- Do[As[i, 1, $n-1],
S; [a[il]l = -Uj[a[il];
S; [A[il[n_11 =U5[A[i][-n]];
S; [X[i, i+1]] = -q2U;j[x[i, i+1]] (+?+)
]
Do[As[i, 1, $n-2], As[n, i+2, $n],
S; [X[i, n1] =mys,5.9]
qS;[x[i, n-1]]S51[x[n-1, n]] —q'lsj[x[n—l, n]] S4a[x[i, n-1]]
]
]

in[-]:- Module[ {Bas = $PBWGens, P},
Bas = Echo@Join[Bas, Table[A[RandomInteger[{1, $n -1}]1] [RandomInteger[{-2, 2}1], {10}]11];
DeleteCases[_ - True] [Flatten@Table[As[X, Bas],
P =U[X];
X= (P// D1y2,3//S2//my3,1)
11

1
» {x12, x13, x23, al, a2, A2[1], A2[-2], A1[-1], ALl[2], A1[-2], Al[-1], Al[1], ALl[2], Al[-1], A1[-1]}
Out[e]=
{x12 >0, x13-50, x23 >0, al >0, a2 >0, A2[1] - U, [],
A2[-2] > Uy [], AL[-1] 5> Uy [], AL[2] 5 Us[], Al[-2] > Us[],
Al[-1] > Uy[], AL[1] - Uy [], AL[2] 5 Uy [], A1[-1] > Us[], A1[-1] > Uy (]}
pdf

The Generating Functions for the A operations

1= $k =13
pdf
NonCommutativeMultiply, B, adPower, Ad, TT, Seepage
pdf
in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, =];

in[-]- Supp[2 A Uy [X45] Uy [x34] ]

Time: 0.00 seconds Out[=

{1, 2}
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in[-]:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X _®y := Module[{i, is = Supp[x] NSupp[y], o, Z},
z=x; Do[z =mj .eilZ], {i) iS}];
z = Expand[y z]; Do[z =Myei,i,i[2], {1, is}]; z]1;
UB[x , vy ] :=UCF[x®y-y®&x];

in[-]:= (2HA1 Uy [X45] Up[x34]) ® (2 A U [x45] U, [x34])
Time: 0.03 seconds Out[=

4 1y B, Ug [x45, x45] U, [x34, x34]

pdf

in[-]:=  (xadPower [X_,k_,Env_] [c_xy_QU] :=UCF[c adPower[X,k,Env][y]];
adPower [x_,k_,Env_] [y _Plus] := adPower [X,k,Env]/@ y;«)
adPower[_, @, Env_1[y_] :=y;
(xadPower[x_,k ,Env_][0]=0;*)
adPower[x_, kR, Env_][y_1] :=
(xadPower [x,k,Env] [y]=+)UCF@UB[adPower[x, k-1, Env] [y], X];
adPower[x , kR ][y _1 := adPower[x, k, $E] [V];

in[-]-- Table[As[k, @, 5], adPower [Ug[x12], k] [Ug[x23]1]

Time: 0.06 seconds Out[=

{Ug[x23], (-1-veh) Ug[x13] + 2y e hlUy[x12, x23], @, 8, 0, 0}

in[-]:= Column@Module[ {Bas = $PBWGens, P},
Table[As[P, U; /@Bas], P - AjLg,k [P1]
1

Time: 0.08 seconds Out[=

Us [x12] - U3 [x12] U[] +€ AU  [x12] Ug[al] +Uj[] Ux[x12] + € A U;[al] Uy [x12]
Us [x13] - U3 [x13] U[] + € AU [x13] Ug[al] + e h U5 [x13] Uy [a2] +

Uj[] Uk [x13] + € AU;[al] U [x13] + € A Uj[a2] Uc[x13] + 4y € A Uj[x12] Uy [x23]
Us [x23] > U;[x23] U [] + € hU;j[x23] U [a2] +Uj[] U [x23] + € A Uj[a2] Ug[x23]
Uj[al] > Uj[al] Ug[] +U;[] U [al]
Us[a2] - U5[a2] Uc[] +Uj[] Uy [a2]

inl-1- Ad[222 U5 [x12] U [11 [U5[x23] Uy [a4]]
Add[222 £ U5 [x12] Uy [11 [U5[x23] Uy [a4]]

Time: 0.06 seconds Qut[=

(-1-yeh) Uj[x13] U [a4] +Uj[x23] Uc[ad] + 2 v € hUj[x12, x23] Uy [a4]

Out[e]=
(-2227 - 222y € h?) Uj[x13] Ug[ad] + U3 [x23] Ux[a4] + 444y € h? Uj[x12, x23] Uy[a4]

pdf

mil= Wtgy [x_] :=Wtg;[x] = UB[Ug[aj], Up[x]] /Ue[x]
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inl-1:- Table[Wta4; [X231, {j, 1, $n}]

Time: 0.00 seconds Out[=
Y Y

{_73 Y _7}
2 2

pdf

inf-1:= Ad[c_.U; [aj_] (EUs :U_[] ...)1[y_1/; tlaj] ="a" :=
(y /.U;[gs___ 1= U;[gs] eCTotal[wtaj/@{gs}])

Ad[ Uj[al] Ups[a2]] [U;[x23] Uc[ad]]
Time: 0.00 seconds Out[=
e /2 Uj[x23] Uy [a4]

i1~ Ad[7iUj[al]] [U;[x23] Uc[ad]]
Time: 0.02 seconds Out[=
e 2 VU [x23] Uy [a4]
pdf

mm[-1:=  Ad[@] = Identity;

pdf
inf-]:= (xAd[c_.U; [xjk_] (EUs:U []...)][y_]/;t[xjk]="x":= Module[{k=0,s=0,t},
While[ (t=adPower [U; [xjk],k] [y])=!=0,
s+=t/k!;
++k
15
UCF [s*+EUs ]
]%) (xc independent??«)
Ad[xx_1[y_] := Module[{k=0, s=0, t},
While[ (t = adPower [xx, k]1[y]) =!=0,
s+=t/k!;
++k
15
UCF [s]
]
pdf

in[-]:= TT, [] =03 (« Translated Tangent «)
TT, [xs___, x_] :=UCF[Ad[x] [TT, [xs]] +0,x];
TT, [xs_List] :=TT, @@ xs

1= TTH[A E12Ug[x12] Us[], A E23Ug[x23] Ui[1]

Time: 0.03 seconds Out[=

E12Ug [x12] Uy [] + (12 +y e E12 1) Up[X13] Uy [] + €23 Up[x23] Uy [] -2 v € E12 AU [x12, x23] Uy []
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in[-]:- $PBWGens

Time: 0.00 seconds Out[=

{x12, x13, x23, al, a2}

mi-1= TTL = TT,@Take[Join|
Cases [$PBWGens, g_ > Which[

T[g] ==="x", A (%) ;1 Uc[g],
t[g] ==="a", (g"); Uk[9]
11,

Cases [$PBWGens, g_ > Which|
T[g] ==="x", A (g%) 5 Uk[g],
t[g] ==="a", (g");Uk[9]

1]
], AL1]

Time: 7.51 seconds Out[=
yo2i Yoy

v a2;
(eyalmralr 2 2 §121+e7’°‘11"7 £125 ) U [x12] +

Y cxlj Y024

Y a2, yoly 0(2]
(e”“*T””M U 13 e s e 13y e s Y 20T 5 e 6o,

1y (odyralyrazy) + 228 182y (ody-a2) + 1 1B

e2 VTR vy e AN £12; €235 - 2 2 VIR 36124 £23; -
1 qu Y aly Ygzl ¥ 024

ez“ Chrl2020 0T Y e A h €125 6235 + @ MM T T2 T2 A E12; €235+

yaly ya2y voly ya2s

yo24 Yol Yod
¥ (2013+ad5-a2;) + YeEAREL2; €235+ @ 2 - A E125 €235+ € 2 2 yeXh&125 8235 U [x13] +

Yotl

1
523 e 2 -3 Y (ali+0ly-2 a2j)

1
(ey 0(21—2 ¥ (alij+alj-202y) 5233.

Uc [x23] +

3 1
2e27 (ol +ady) yeAhE12; £13; - 2 ez ¥ (013+3 alj+a2;) yeAh 5123' £13; +

3voly

(2olisdolya2) o e X h 125 €135+ 2€ 2 ye Ah E12; §13j) Uk [x12, x13] +

2@2

0(2]- YD(Z
( 2(&2 (ody+alyro2y) +— Yy e AR E12; £23; +2<EZ (-ali+od;+2 a2i) +— nghglz £23;

valy yo2y

0(2
v (2adiradyo) + T o k€124 523j_2eT*T y €A h E12; 523].) Uk [x12, x23] +

Zez

2 @7 TR A2y ¢ 32 £19, £13; €23, - 2" BTE VB y e a2 £124 £13; £23; +

yo2; 1 1
2 eV YTy Y (Al e2) YA 32 £125 £13; €235 - 2@ M Y (MR o o 32 p g1

Y a2i
£13; €235+ 2" MY VR e A2 h £12; €135 6235 + 2@ MO y e A2 h £125 €135 £234

3yo2; 3voa2y

ol a2
Uc[x13, x13] + (2e 2 ~ 2 yeAh&13; £23;-2e evaz T YeXhEL3y 6235 +

3v a2y 3y02;

VLR TRy e Ah €13 235+ 2@ 2 ye A B E135 £235 Uy [x13, x23]

1
2e2
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pdf

In

Time:
pdf

In

Time:

In

=

Time:
pdf

In[

Time

In[

Time:

In

Time:

In[

Time:

J:= mons[p_] :=Unione@Cases [Coefficient [TTL, €, p], Uc[___1, =];
mons /@ Range [0, $k]

0.03 seconds Out[=

{{U[x12], U [x13], Ux[x23]},
(U [x13], Ug[x12, x13], Ug[x12, x23], Uc[x13, x13], Ug[x13, x23]}}

- Uy /@ $PBWGens

0.02 seconds Out[=

{U[x12], U [x13], U [x23], Uc[al], Uc[a2]}

- ff = Table[
sum[eP f, [, {P, @, $k}],
{u, $PBWGens}
| 7+ Fo,u [A] /5 Tlul ="a" = (u*);+ (u*);
0.071 seconds Out[=

{(fo,xa2[A] + € f1,x12[A], fo,xa3[A] + € F1 xa3[A],
fo,x23 [A] + € Fr xo3[A], ads +alj+ e Fy a1 [A], 025 + 025 +€f1 5[]}

;.- fs = Flatten[Table[

fk,Times@@m:
{k, @, $k}, {m, mons[k]}
1]
0.03 seconds Out[=
{fe,x12> fo,x13> fo,x23> T1,xa35, F1,x12x13, F1,x12x235 F1,x1325 F1,x13%23}
J- gg=Sum[
€ £, Timeseeu [A] Times @@ u,
{p, 0, $k}, {u, Complement[mons[p], Uy /@ $PBWGens] }
0.02 seconds Out[=
x12 x13 e -Fl,X12 x13 [)L] + X:I.32 € 'Fl,x132 [AJ +X12 x23 € -Fl,xlz x23 [)LJ +X13x23 € -Fl,X13 x23 [)L]
I~ gg2 = Sum|
€” £, Timeseeu [A] Times @@ (# & /@u),
{p, 0, $k}, {u, Complement[mons[p], Uy /@ $PBWGens] }
0.02 seconds Out[=
€ X12; x13y 1 yioxa3[A] + € x13% f1,x132 [A] + € X212y X23 F1 y12 x23 [A] + € X3y X23) T3 xa3x23 [ 2]
- G=Series[e®, {e, 0, $k}|

0.03 seconds Out[=

1+ (X212 X133 F1 yaoxa3 [A] + X132 F q32 [A] + X12X23 F1 yap403 [A] + X13X23 1 ya3x03[ 2] ) € + 0[e]?
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In[-]:= 03 [poly_1 :=Total[
CoefficientRules[poly, $PBWGens] /.
(p_->c_) » cU; eeFlatten@MapThread[ConstantArray, {$PBWGens, p}]
1

i 1= 03 [x122 x13 + 7 x23Y7]

Time: 0.02 seconds Outf[=
U; [x12, x12, x13] +
U; [x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23, x23]

L, CE () GEO,L) Scepe o ipsty LDl A ) @
T (L) =LAl S(B)- Serpge (£,
R OGS JCW g2 Froe Rlome 2k T
TR -R.5R,)- OF6] 050 - SI6)CF OIF (646 +30))- S6IJe:26)
in[-]:=  Seepage; [{}, c_] =¢;

Seepage; [¢5_List, P_] :=Module[{1x},
1x = $PBWGens [Lengthe £57 ;
CF@Collect [P, 1x, (Ad[Last[<£5] U;[1x]][O;[Seepage;[Most@<s, #]]] /. U; » Times) &]
1

in[-]:- $PBWGens

Time: 0.02 seconds Qut[=

{x12, x13, x23, al, a2}

in[-]:= Seepage; [#* & /@ $PBWGens, x12 ]

Time: 0.20 seconds Our[/—
3aly

e X124 es (TR Y 4136934 2 2 x12x13y € 130 +
1 1
ex (2 Y413y e £23n-2e2 TPV x12x23 ye €23 A + 29T ¥ %132 y € £13 £23 1
in[-]:= FFf

Time: 0.00 seconds Out[=

{(fo,xa2[A] + € f1 512 [A], fo,xa3[A] + € F1 xa3[A],
'Fe,x23 [A] +€ 'Fl,x23 [A], 015 + O‘lj + € 'Fl,al [A], a2; + O(Zj + € 'Fl_,az [A]}

in[-]:= SS@UCF@G

Time: 0.03 seconds Out[=

1+e (x12x13 f1 xazxa3 [A] + X137 F4 132 [A] + X122 X23 F1 312523 [A] + X13 X23 F1 xa3523 [A] )
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n[-]:= Seepage; [ff, SS@UCF@G]
Time: 0.55 seconds Out[=
3
1+e2” M) x12x13 ¢ fi,x2x13[A] + € (irodyr0202025) w132 ¢ fo,x23 [A] f1,x12x23[A] +
1
<EY (ali+oly+025+025) X132 c Fl,xl_’az [)k] i (EE ¥ (alj+alj+a2;+024) x12 x23 ¢ 'F1,X12 23 [)k] +

3 3
e2 ¥ (B x13 %23 ¢ fo,x23 [A] 1, x12x23[A] +e€2” (021592%3) ¥13x23 ¢ f1,x13x23 [A]

In[-]:= Oj@Seepage; [ff, SS@UCF@G]
Time: 0.50 seconds Out]=
Uy[] +es ) U [x12, X13] Fapazms (1] +
Ui [x13, x13] (‘EY (irelyr02i0025) ¢ £ a3 [A] F1 xazxaz [A] + @ (FHOHTO202) g £ (] ) +

1
@2 ¥ (THITHIERITR) € Uy [x12, %23] Fia2xs [A] +

U; [x13, x23]

3 3
2y (24024 2 ¥ (02iray
e? %) € fo,403 (1] F1,a2x23 [A] + €2 ) e‘cl,xl3x23[)“])

pdf

inf-1:= 8; [B_] :=UCF[SS@O; [Seepage; [ff, SS@UCF@B]]1];

in[-1:= Short[SG = Sk [G], 10]
Time: 0.67 seconds Out[=
Uel] + e 800 e Uy [x12, x13] Fy a0 (2] +
U [X13, x13] (e (Threbire2i02i) ¢ £y oo [A] F1 ka3 [A] + @ (OHO0TO200B) g f) 1 [2]) +

1
g2 VOl a2o) oy 1512, x23] Fy xazxa3 [A] +

Uy [x13, x23]

3 3
S v (02;+025) - v (025+025)
e: T e o3 [A] Fixaaxe3 [A] + €2 e €Wc1,x13x23[7\])

mi-1=  Invert; [&] := Module[{A, B, B, j}, (x &=A U[]+e B x)
A = Coefficient[&, U;[]] /. € > 0;
B=UCF[(&-AU;[1)];
UCF[A™ (U;[] +Sum[As[3j, 1, $k], (-1)7 NonCommutativeMultiply @e ConstantArray [B, i1]) ]

]

3
Inf- = Inver-tk[uk[] rer ¥ L) ¢y 112, x13] f1 2513 [A]]
Time: 0.00 seconds Out[=

3
Uc[] -ez ¥ (odiroly) o Ue [x12, x13] f1,x12x13 [A]
3
il 1~ UCF [ (Uk [1-e2¥ @3+ %h) ¢y, [x12, x13] F1, 12 13 [A] ) B

3
(Uk[] +e2 7 ) ¢ U [x12, X13] F1,x2x3 [A] ) ]

Time: 0.02 seconds Qut[=

Ui []
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in[-]:= TTR = UCF [Inverty [SG] & Sy [ (8, (ff.$PBWGens) G + 8,G) ] ]

Time: 14.44 seconds Out|=

€Uxl[al] fya1'[A] +€Uc[a2] f1,5" [A] +

U [x12] |e” (als+aly) -3 ¥ (024 +a2) foxa [A] + € (als+aly) -3 ¥ (024 +a2) Y€ fua (] Foz [A] -
; & <a11+a1j>7§ ¥ (a2in02) £1.02 (0] Foxra’ [A] + & (a11+a1j)7§ v (023+025) _ 1000 [A] ] +
Ug [x13] [@2 ¥ CRromo2ods) £ (3] Fo gy’ [A] + e ¥ CHE 20020 o g o [0 Fgay [A] +
i er IR ¢ fy i 4] a1 D] Foaa’ D]+ @7 (R y £ ]
F1a2 [A] Foxaz’ [A] + @2 ¥ CMIEMI2002) g o) Fy (M) 4 e Y ML) £y
1 1

1 1
Sy (ali+als+a2i+a2y) , - v (alj+alj+o2i+0254) ’
P 372025) € Fy a1 [A] Fomas’ [A] + — e ORIB) v e F1ap [X] Fopas’ [A] +

1 1
- ol +ol5+025+025 - alj+ols+a2;+025
2 ¥ (odiradyro2ivazs) € fo,x23 [A] F1,x12" [A] + @z ¥ (AhrodyraZivady) 61:1,x13/[7k]) i

3
Uk [x12, x13] [2ez2? 2 l) e p fo,x13 [A] fo,x12" [A] +

3 3
- v (alj+aly) ’ - v (alij+aly) ’
e: 9 e a3 [A] o,k [A] + €2 e ka2 xa3 M]) +

U [X13, x13] (2 e" (“hrelime2ie) e b fy 13 (2] Fo,xa3 [A] Fo,xa2’ [A] +
e (hralyra2inas) ¢ £ o3[ A] Fixa2x23 [A] Fo,xap’ [A] + @7 (FHOH02002) o £ 1003 [A] fo,x10’ [A] +

Y (alj+alj+o2;+025) ’ Y (alj+olj+02i+025) ’
eV IHTIRTAATES) e £y w3 [A] F1xaoxaz  [A] + @ NOTIHTIATEG) e £ a0 [N) +

1 1
Ue[x23] |e 2" (ali+aly-2 (a23+025)) Foxas' [A] - — €2 ¥ (alj+ody-2 (a23+a2j)) yef1a1[A] Foxas [A] +

N R

1 1
-- v (alij+al5-2 (02;+025) ) ’ - v (alj+0l5-2 (a2;+024) ) ’
e 2 ’ Wy efra[A] fo,x3’ [A] +e 2 ’ e f1 03 [)\]) +

+

1 1
Uk [x12, x23] (—2 @2 ¥ (dhiradyrodinads) o o p fo,x23 [A] fo,x12 [A] +€2” (odiralyroirazy) o f1,x12x23 [A]

3
Ue[X13, x23] (2e2” %7 y e h fy 03 [A] Fo,ma3  [A] +

2 Y (02i+025

3
- v (a2i+025) ’ -
e:2 9 e o a3 [A] Fixaaxes’ [A] + €2

Ve f1,x13x23" [A]

in[-]:= diff = UCF[TTL - TTR]
Time: 5.39 seconds Outf=
—eUclal] fi,a1" [A] - e Ug[a2] f1,2"[A] +
¥ o2

1 1
Yozlj-kz Y (20ly-02;-024) §121 i (ET Y (20lj-025-025) 5123 _

Ue[x12] |e

1 1
yolij+- v (2alj-02;-a25) ’ Y (alij+oly) -- ¥ (a2i+024) ’
e 2 ’ 7 fo,x12 [A] - e e oy efia[A] fo,xa [A] +

1 1 1 o2
Sl IR T e f (4] foa [A] - T TR TR e £y (4] | ¢
1 1 1
Uk [X13] (EY (alj+o2;) Y (-oli+oly-02;5+025) §131 4 (ea Y (alij+o2;) Y (-olj+olj-02i+025) §13] i

(EY (alj+o2i) +§ Y (-alj+aly-02;+024) 2 §12i §23i . (EY (alij+a2i) —% ¥ (alj-alj+a2;-a24) ye A h §121 §23i B

3va2 1 3y a2

1
e 2 *2 Y (-alj+aly-o2;+024) 2 §12j £23; e : -5y (alj-oly+02;-025) YyeAh §1Zj £23; +

3yal; 1 3yal; 1

e 2 27 (-ody+ody-a2i+02;) 5 £12; §23j e 2 oY (al3-01§+02i -a2y) yeAhE12; 5233, +
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1 1 1 1
(EE Y (0111+0(21)+72 ¥ (-alij+aly-02;+025) 2 §1Zj §23j + e} Y (0(11“7(21)—72 ¥ (alj-alj+a2;-a25) ye AR §12j ‘523]. _
1 1
ey (alij+02i) Y (-olj+olj-025+025) 'Fe,x23 [)\1 -FO,X12/ [X] _ ew{ (alj+o2i) -5 (ali-0l4+025-025) ve 7

1 1
, 1i+021) ~ 2 v (odi-ody+a2;-02 ,
fo,x23 [A] Fo,x12" [A] _E @Y (liredi) =y ¥ (odimadyraZizaz;) Y € fo,x23[A] f1,a1[A] fo,x12" [A] -

1 1 L0202
e (hired) o v (limadyra2i02y) o o £ o [A] Fa,a2 [A] Fo,x12’ [A] -

N |

(0]

1 1
alj+a2;) -- alj-ols+02;-02; ’ alij+a2;) +- —alj+alj-a2;+a2; ’
¥ (ali+o2i) -5 v (oly j+02i-025) e‘F1,X23[A} 'Fe,xlz (1] er( i+02i) +5 v ( i+oly i+025) 'Fa,x13 (2] -

1
Y (alij+02;5) -- ¥ (alj-ols+a2;-025) ,
e 2 ’ Wyefia[A] fo,xas’ [A] -

1
ew{ (O(liJrOlZi)f’Z ¥ (alj-alj+02;-024) ye 'Fl,aZ [A] 'Fe,x13’ [)\] -~

NIRr NP

1 1
1:+02: ) —= 1:—ols+025 -2+ 1:+02: ) —= 1:—ols+02; -2+
e (lita2i) 27<a1a;+a1a3)€f0)X23[M 'Fl,x12/[7k] _ ¥ (aliva2s) 27{(011a;+a1&3)€f1JX13/[A]] .

3 1
Ue[x12, x13] [2e2 " ") e A h €125 €135 - 2 e2 ¥ W20 oy h €125 €13 +

3valy

1 3
22 POMTTON) o A h €125 E135+2€ 2 ye AR EL25 613522 M) e p

3
, 1;+0d; , 2y (ali+aly ,
fo,x13 [A] fo,x12" [X] —e2” (oaredy) € f1,x12x23 [A] fo,x12" [A] - e2 ¥ (ohreds) ¢ f1x2x13 [A] ] +

3va2

2 eV (arolya2ino2y) o ¢ 32 £12; £13; €235 -2 T2 Yy e 2% B €125 £13; £23; +

U [X13, x13]

3yal;

1
2@ 2 VR e 22 h €125 €135 €235 - 2 @2 ¥ MM OLTOR20%) o 0 32 £125 €13, €235 +

¥ a2
27 MY IO e A2 p €125 €135 6235 + 2@ (1 B) y e A% b €125 £135 £234 -
2 @Y (Mralyra2inody) o e p a3 [A] fo,x23 [A] fo,x12" [A] -

13+l +024 +02; , 13+l 4024 +02; ,
e (dhirodyro2irazsy) € To,x23 [A] T1,x12x23 [A] fo,x12" [A] - € (adiradyro2ivo2y) ¢ f1,x13x23 [A] Fo,x12" [A] -

Y (alij+alj+a2;+024) ’ Y (olj+alj+o2;+a24) ’
e’ TR € o a3 [A] f1,x12x13” [A] - @ HTIRTIATEG e £y a3 [A] ]+

1 voly 1 ol .
Uk [X23] eyozZi—z Yy (alj+alj-2 02y) 5231 te 2 2 Y (alj+alj-2 024) 5233 _
7(0(2-—71 Y (alij+0d5-2 a24) 1 2 Yy (alij+015-2 (02i+025) )
e 2 P g %23 [A] +£ e 2 e P yefi,a1[A] fo,x3’ [A] -

1 1
(8772 ¥ (alij+aly-2 (a2i+025) ) ve 'Fl,aZ [X] 'Fe,x23, [)\] B (8772 ¥ (alij+al5-2 (a2;+a25) ) c 'Fl,x23, [)\] ] 4

1
Uk [X12, x23] [-2 e (lerai) gy Coduvalyma2inay) o o 5 p €12, €235 +

3ya 1 3val; 1
- T+o oy (—adij+ali-o2;+025

2e 2 *a ¥ (ralitaly-a2iray) yeAnE12;623;-2e 2 2 ) Yy e Ah E12; £235 -

2 @ ¥ (015+024) 4] ¥ (~ods+alj-02i+02;) YEARE12; 235+ 2" (ads+a2s) +3 ¥ (~ads+aly-a2;+o2;)
1
’ Y (alij+o2i) += ¥ (-olj+alj-o2i+a24) ’
¥ € hfo,x23[A] fo,x12' [A] - @ 2 ’ et ek [A]] +

3 1
U [X13, x23] [2e2” 2% e A hg13; €235 -2 2 ¥ (M 2OH30%) o €135 €23 +

3y a2y

1 3
22V (MO3%) e A n£13; €235 +2€ 2 yeAhEL3 E235-2e2” PP yen

3 3
, 2 (0254025 , 2y (a2i+a2; ,
fo,x23 [A] fo,x13 [A] —€2” (02s02s) € fo,x23 [A] F1,x12x23 [A] —€2” (a2ira2s) ¢ f1,x13x23 [A]
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in[-]:= Mons[p_] :=Union@Cases[Coefficient[diff, €, p], Uc[___1, «];
Mons /@ Range [0, $k]
Time: 0.05 seconds Outf[=
{{Uc[x12], Uc[x13], Uc[x23]}, {Uc[al], Uc[a2], Uc[x12],
U [X13], U [x23], U [x12, x13], U [x12, x23], U [x13, x13], U [x13, x23]}}

in[-].- diff /. € >0
Time: 0.00 seconds Out[=

Uy [x12]

1 vo2; 1 1
142 ¥ (20d5-02;-a2; 2ol (2aly-02;-024 L+l y (20d5-a2;-a2;
e" iy Y (2elatinad) 19,y e 2V BAhTkTek) gqp  evedity Y Rodymakinadi) £, (AT +

1 1 1
Y (ali+a2i) +5 Y (-alj+alj-a2;+024) 513i . (EE ¥ (alij+a2i) +3 Y (-alj+alj-a2;+024) §13j N

Ue[x13] [e

1 3yo02; 1 oy Y )
GY (ali+a2j)+; ¥ (-alj+alj-o2;+024) 2 5121 §231 _ einrz ¥ (-alj+alj-o2;+024) A 5123 6231 .

3yal; 1 1 1
e%ﬁ ¥ (-ali+alj-02i+025) o €124 5233' P ¢ (al3+a2;) +3 ¥ (-odsrals-a2i+02;5) 5 §12j §23j _

1 1
Y (alij+o2i) += ¥ (-olj+alj-o2i+a24) ’ Y (alij+02;5) +- ¥ (-olj+alj-o25+025) ’
e T PO £, x3 [A] fo, a2  [A] —e” T PO £, a3 M]) +

voly

1 1 1
Ue [x23] oY 02173 v (0livaly-202y) £23;+e 2 27 (ali+0l;-2 02;) £23; - @Y 023 ¥ (adyrody-2 a2y) fo,x23’ [ ] )

in[-]:= mons[0] [1, 1]
Time: 0.00 seconds Out[=

x12

mn[-]:= {so0l@} =
DSolve [And @@ Table [As[m, Mons[@] ], Coefficient [diff /. € » @, m] == O && fq 17 [0] == O],
Table[As[m, Mons[@]], fo,mpigl, Al
Time: 1.59 seconds Out[=

Y a2i
{{fo,x2 - Function| {1}, e eYali§121+-e‘?’§12j)},

1 1
'FB 13- Function [ {l} 7e—y ali—YD(Zi—; Y (alj+o2;) 2 7eyali+ya21+5 Y (alj+o2;) §13. B
> X > i

3ya2; 1 Y a2

@M% £13; e 2 2 M) 0125 £23; - @2V A £12; €235 +

3yol; 1 yal; ya2; 1
e
}:

e 2 2)/(0(11+0121) )\§121 §23J _ eYotle{oth Aglzj §23J e 2 Y (ali+a2;) )é-lzj §23J

yoly
Fo,x23 = Function| {1}, e "% A ("% £23; +e = §23j)]}}

in[-]:= diffl = UCF [diff /e /. s0l0@]
Time: 7.34 seconds Qut[=
-Uc[al] f1,a1" [A] - Uk [a2] f1,22" [A] +

vo2 1

1
_eyalﬁz ¥ (20l4-025-025) ¥ §12i 'Fl,al [X] _e 2 5 Y (20l5-02i-025) ¥ §12j 'Fl,al [)k] +

Uy [x12]

1
eyalﬁfz Y (2 alj-02;-024) ¥ §121 'Fl,aZ [)k} 4

N R

1 yo2g 1 .
2 e 2 '3V (2aljmo2i-a2y) ¥ €125 1,20 [A] - e? iy v (2ody-o2ima2y) fix2 [A] ] +
. 1
U [x13] |- voli+yo2i-7 v (alj-oldj+a2i-a2;) YANEL2; E235 +e2 ” (alsrody+a2rody) Y Ah&§12; £235 -

3ya2; 1

1
e 2 2 (0li-alyra2i-aZy) YR 512j £23; - ez Y (-0lj+adj+2 023 +025) YA §12j £23; -
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3yl 1 ol 02 —a24 1 ) a2 )
e 2 5 ¥ (odi-ady+a2;-a2;) ¥y A h E12; 523:] re2? (2 od;+ol4-025+a2y) Y AR E12; 523:] _

vol; yo2 1
yody yoi 1

1
2 "o v (hielreiad) o 5 6125 6235 + @2 ¥ 1Ay h €125 6235 -

yal; yo2; 1

1
e 2 Y (01i-0dy+a2;-a2;) Y A 512J §233 'Fl,aZ [A} - eYO(li?i2 e 5121 -Fl,x23 [A} -

e

1 yozlwwzi—fly(011~—011-—0(24) 1 Yulj—71>/(c>11~—0114—0(2~)

E e a2 Uy €13 'Fl,al [A] - E e 2 2 P Y§13J -Fl,al[)k] -

1 1 1

E eYo‘li”’aZi‘E Y (0di-alj+02;5-a24) ¥ A E£12; £23; 'Fl,al[k} . (eYDlzi—’zY (olj-0ly-a24) ¥ A 5123- £23; fl,al[k} -
1 3vat 1o -ady+a2i-a2s) 1 2vm 2 (015 -015+025-025)

5@ 2 2 TOLTORTR) X €125 £235 F1, a1 (2] -3 e 2 2 ITHTORTIRTEA) o 5 €12, €235 F ar [A] -
1 voly ya2; 1 (adi-oli+02i-025)

—e 2z 2 o VTHTORTOATER) ) €124 €235 F1,a [A] -

2

1 7{0(14+Wzi—71§((011~—011v—0(24) 1 Yulj—fly(c)11~—0114—0(24)

Ee AR OIS €135 F a [A] —Ee 2 2 Py €135 f1 a2 [A] -

1 1 1

E e}{O{li-#)/O(zi—’z Y (0di-alj+02i-a24) ¥ A §121 §23i 'Fl,az[k} . (EYDsz-*ZY (olj-0ly-a24) ¥ A §12j 5231 fl,aZ[AJ _
1 sven 10010202y 1 sveb 1, matyea2i-a2y)

Ee 2 2 LERTORTES) Y X £124 €23 F1 00 [A] 3 e 2 2 PO y A €125 €235 F1 a0 [A] -
1

2

vo2; 1

e 2 -5 (alj-aly-02;-024) §12j 'Fl 23 [A} B ew{aZﬁg ¥ (alj+alj-a2;+a25) 2 523i 'Fl X12/ [)k] _

voly

1 1
e 2 iRt (alj+aly-02;+024) 2 5233 'Fl_,xlzl [)k] _ (EE ¥ (0lj+alj+a2;+025) .Fl,x13/ [A} " Uk [x12, X13]

1 1
(74 (EY (ot11-+o¢21)—; ¥y (alj-3 alj+a2;) Yy A h §12j §13i +2 ey (a1j+ot21)—; ¥ (ali-3 alj+a2;) Y)kz I é-lzi §12j §23i .

3yaz; 1 1 1
2e 2 oY (@lit3alyay) o 524 §12§ £23; — ez ¥ (ot v (alim3edyradi) oq . fi,x12x23 [A] -

1 1 1
¥ (alij+02i) -= v (alj-3 alj+o2;) -y (dalj+o2;) -- v (0l3-3 alj+024) ’
e T ! TR E125 1 xaaxe3 [A] - €2 R ' T xaaxas (A +

U [X13, x13] |2 e (0hirads+o2i+025) o 32 5 £1), €13, £23; - 2 ' 0ty alyvaZisva2; o 32y £1), €13, £23; -

3y Y o2i

a2; yoly
4e T VOB A2 nE125 6135 6235 -2 2 UM TRy A% p £12; £135 6235 -

Yol 3yo2i
2e 2 YOMTYORTO2 o 52 h £125 6135 6233 + 2" N Ty 03 n 125 €125 6232 +
3yal;
2 e vyl adivads 33 p €125 €237 - 2 e L2 o 32 h £12; €135 £235 +

3yaly

1
2€ 2 VMR 3 2 h 12, €135 £235 - 2 @2 ¥ THRALTOR202) o 32y £125 €135 £23; -

o1

2e 2

¥

2;
2 OBy 2% h£125 €135 €235 + 2@ HH) 22 b €125 £135 £234 -

+yoly+

¥

voly 23
2y AP n €125 €135 6235+ 2 e 2 VUM VOB 33 0 £12; £124 €235 £235 +

yoli
2e 2 Y olj+y 024+ 25 Y)KB A §12§ §23i §23j _ (EYLX11+‘{O(21+Y (aly+024) A §121 5231 'Fl,xlz w3 [A] -
3y a2 3yoly
e 2 V(e 5 £1245 €235 1 yax3[A] —€ 2 7 (o) 5 €124 €235 f1 x12x23 [A] -

voly  yo2s

@T+ 2 Y (ody+a2y) A §12j (5233' 'Fl,x12 x23 [A} - (Eyaliw (alyro2s+a2y) §121 'Fl,x13 x23 [Al -

¥ 024
e 2 +y (0lj+02;+025) §12j -Fl,x13 23 [A} _ eYO(Zj+Y (olj+aly+a25) 2 §23i -Fl,x12 x13, [)\] _

voly

+y (alj+alj+a2y) ’ Y (alj+ali+a2i+025) ’
e 2 PRI NE23 Fy xaaxa13’ [A] - e PERTAATEa) £z [AD ]+
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1 1 1 vy 1
; eyaZifz ¥ (alj+alj-202;) ¥ 5231 'Fl,al [)L] . ; e 2 -5 Y (ali+0ly-2 a2y) ¥ 523] fl,al [A] _

1
(EY aZi—E ¥ (alj+alj-202;) ¥ §23i 'Fl,az [)k] _

Ug [x23]

vol; 1

1
e 2 -5 Y (alj+aly-2025) Y §23j 'Fl,aZ [)\] _ (EY OtZi—E ¥ (alj+alj-2 02y) 'Fl,x23, [)k] i

3va2 1 1
de 2 2 ¥y (alj-alj+a2i-a25) ¥ A h 512] 5231 _ (EY (0di+024) -5 Y (alj-0lj+02;-02;

Uc[x12, x23] " Fixazxas [A] ] +

1 1
Ug [X13, x23] (_4 2 ¥ (OLiv021) 45 v (20disa2ie302y) L 5 g £13; £23; +

3va2 1

1 1
4e 2 27 (-2 015 +021+3 023) YAZ h £12; 523§ vher” (al3+025) +5 v (-2 al3+025+3 02;) Y)LZ h £124 £23; £235 -

1
yolij+ya2i+- ¥ (-2alj+02;+3 a25) ’
e’ T PRI 08235 1 xaa w3’ [A] -
3valy 11( 201;+02;+3 a25) yalj+y o2 17( 2al;+02;+3 024)
+= - i+024+ j ’ it itz - i 024+ i ’
e 2 2 PSRN E235 1 12503 [A] —e” T e e I fy,xazxes [A]

in[-]:= M1 = Join[mons[1], Table[Uc[a[j]], {j, $n-1}1]
Time: 0.05 seconds Out[=

{Uk[x13], Ug[x12, x13], U [x12, x23], U [x13, x13], Uc[x13, x23], Uc[al], Uc[a2]}

in[-]:= And @@ Table [As[m, Mons[1]], Coefficient[diffl, m] ==0&& (m /. Ux[z___1] > 1 times(z7) [O] == O]
Time: 0.06 seconds Qut[=
-f1,21 [A] ==08&f1 51 [0] =08 -1 5[] ==08&& f; 5,[0] == 0&&

: voz 1 02 -2+ 1 ot 02i -2
_eyalﬁzwr (20lj-02i-025) 7/5121 'Fl,al [X] _e 2 5 (20lj-025-025) 7{§1Zj 'Fl,al [)k] .- eya11+2 ¥ (2014-025-025) -

1 o2 1 1
€12 f1 (2] + e 2Ol o 2125 F) ap (4] - e MR Y BRI £y (0] = 08&

1 1
'Fl,x12 [0] - 08&& 7eyali+ya21—fz Yy (ali-olj+a2;-024) ¥ A A §121 §Z3i . e; Yy (alj+olj+a2;+024) ¥ 2B §121 §Z3i B
3ya2; 1

1
e 2 3 (ali-alj+o2;-025) Y Ah §12j §23i _e2 ¥ (-0li+0l5+2 023 +023) YA 5123_ §23i _

3voal; 1

1
e 2 R (alj-aly+o2;-024) Y)Lh §121 523] 4 (eE ¥ (2ali+aly-02;+025) Y)kh §121 523] _
vol;y vya2; 1
yodi you 1

1
2 T Y (OhlreRinad) o 5 p €125 6235 + @2 ¥ BTy i h €125 £235 -

vol; vo2 1

1
e 2 2 ¥ ML) o 5 0195 6235 Fy, 0 [A] @ T2 Y (B2 290 ) o3 [A] -

(S

1 ya1-+yaziffl Y (0dij-0d5-025) 1 robi 1 Y (0dij-0d5-025)

; e 1T 2 o J J Y§13ifl,a1[k} *; e 2 2 . ) J Y§13j Fl,al[k} -

1 1 1

E eyalﬁ‘/aZi—E ¥ (alj-alj+02;-025) v A E12; £23; 'Fl,al [A] + e‘{aZr; ¥ (0l3-alj-025) ¥ A §1Zj £23, 'Fl,al [A] -
1 v 2 v (ali-oli+a2;-025) 1 sy 2 ¥ (0li-alj+02i-025)

Eez 2 1-odyrody Jyxgnj&%fLﬂuq—aez 2 PR vy X 8125 £235 F1 a1 [A] -
1 vels o2 11 olive2y-02s)

— e 2 2 2 1 J Py A §1zj §Z3j 'Fl,al [A] -

2

1 1{0(1-+le1771 Y (0dij-0d5-025) 1 REL N Y (0dij-0d5-025)

; e 1T 2 o J 3 Yé‘lBi'Fl,aZ[/‘” *; e 2 2 . J ) Y§13j 'Fl,az[k} -

1 1 1

; eyaliﬂ/aZi—E ¥ (alj-alj+o2;-025) vy A E12; £234 'Fl,aZ (2] + e‘{O(ZrE ¥ (alj-alj-a25) ¥ A §1Zj £23; 'Fl,aZ (2] -
1 v 2 v (ali-oli+a2i-025) 1 sy 2 ¥ (0li-alj+02i-025)

Eez 2 1m0l ro Jyxgnj&%fLﬂuq—Eez 2 PRI y X 125 £235 F1 a0 [A] -
1

2
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yo2; 1 1
_= 1: —ol:-02i-02+ 2 4= 1i+als—02: +02+ ,
e 2 ZY (alj-014-02i-025) §12J -Fl,x23 [)K] _ eYD( 1+27{ (alj+0l4-0a2i+025) it §231 -Fl,X12 [A} _

1; 1
i 5 Y (alj+oly-02;+025)

1
X €235 Fy pap  [A] - e ¥ HIELIOAIOE) £ 13 [2] = 0 8& iy 3 [0] = 08&&
1 yoli 1
vEBsfimla) s e v (bl 20%) o 2235 Fy g [A] -
1 yaly

YO(Zj*’Z ¥ (alj+alj-2 024) ¥ §23i 'Fl,az [)L] _e 2

f1,x23" [A] = B&&fy 43 [0] = 08&&
_4 eY (olj+02;) ’% Y (al;-3 O(lj+0(21)

yaZi—f; ¥ (alj+alj-2 02;)

1
—e
2

1
e =Y (alj+ol5-2 a25) ~ §23j 'Fl,az [A} B

-

ey O(Zj**z ¥ (alj+alj-2 024)

1
¥y A h £124 §13~ +2e? ety e 3edy el o 32 1D, €125 €235 +

3vaz; 1
2¢ 2 3 Y (ali-3 aly+02y)

1
y2hn §122 £23; v (dadire2y) = v (a3 alya) o9, f1,x12x23 [A] -

1
Y (0li+02i) - ¥ (ali-3 alj+02;)
R 173 alyro2i) €125 f1,xa2x23 [A] -

1 1

-y (dalj+o2i) -- v (0l3-3 alj+024) ’
e?2 T e PEEETE A vaaxas’ [A] = 08& fy, xlles[e} = 08&&
4 esyzozj —% Yy (ali-olj+a2;-024)

Y)Lfl §12 523 (alj+o2;) - ¥ (alij-alj+o2;-025) 'Fl,x12 x23, [}k] —- 98&
f1,x12x23[0] = 0 &&
2 @ (Oraly02ina2y) o 32y £12, £13; £23; - 2 ewli*wlﬂ 202 0% h £125 £13; £23; -
4@”13* Fevazs 32 p £125 £13; £23; - 2 e Ol a2 eqy £13; £23;
2 e 3 YAl akiYady L 52 p £125 €135 £23; +2e”13* R P £125 6232 +

2 e—yali+ya1j+27(o(21+yot2j Y)ksfl (5122 §232 2e 2 +7{oz1 +y 024 YA I §12 §13 §23 +
3vol;
2e 2

+y (alj+024)

¥y 22 1 E12; £13; €235 - 2 ez ¥ (MR ALTORm29%) o 32 12, £13; €235 -

2es LT el s p £124 £13; 523~ +2e” (OB) 22 p 125 £134 £235 -

zewl a2y 02 h €125 £135 £234 + 2o YAl el L 33y £12; £125 £23; £235 +

5 ef > Uy alyey a2 4y 02 yf’ A §12§ £23; €235 - oY dlity a2i+y (alyra2y) 5 £125 £23; f1,x12x23 [A] -

3vo2; 3val;

ez Y mj*“zwglzj £23; F1 x1zx3 [A] —€ 2 1R 312, €235 1 yaaua3[A] -
yaly yaZ

e OLO) 3 £125 €235 F1 a0 x03 [A] - @ Y (E1510202) 219 £ 33 [A] -
Y024

e 2 +y (alj+a2;+a25) §12j 'Fl,x13 23 [)k] _ eyaziﬂ/ (alj+aly+a2y) AézBi 'Fl,x12x13, [A} _

yodi

e 2 ¥ (dhualyiazy) 5 £235 f1,xa2x13" [A] — €7 (odsrodyrazscazs) f1,x132" [A] == 08&& Ty 4132[0] == 08&&

_4@2 (oli+a24) + 1 (-2 ad;+a25+3 025)

3y02; 1

YAREL3;E23; +4e 2 oY (FOMOAB0n) 52 2125 6232 4
1
4 (EZ (alj+02;5) + 3y ¥ (-20lj+02i+3 024) YAZ A §12] §231 523] _
3yal; 1

1
yoali+ya2i+- ¥ (~2alj+02;+3 a25) , +- Y (-20ali+025+3 a2y) ’
@V ity 02ty TSRS X €235 i xaax23 [A] € 2 2 PEETEEINE235 1 31223  [A] -

1
yalj+yo2i+- ¥ (-2alj+o2i+3 a24) ’
e B e 7 f,xa3xes [A] == O&& 1 x13x23[0] ==

mn[-1:= {soll} = DSolve [And e@
Table[As[m, Mons[1]], Coefficient[diffl, m] ==0&& (m /. Uy [z___] > 1 r1imes[z;) [O] = O],
Table[As[m, Mons[1]], (m /. Uc[z___1 = f1,1ines(z1) 1, A]

Set: Part 4 of Asymptotics AsymptoticRSolveValueDump'c$32728[Asymptotics’AsymptoticRSolveValueDump'i$32728] does

not exist.

Set: Part 5 of Asymptotics AsymptoticRSolveValueDump'c$32728[Asymptotics’AsymptoticRSolveValueDump'i$32728] does

not exist.

Part: Part 4 of {0, 0} does not exist.
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Part: Part 5 of {0, 0} does not exist.

Set: Part 4 of Asymptotics AsymptoticRSolveValueDump'c$32728[Asymptotics’AsymptoticRSolveValueDump'i$32728] does

not exist.
General: Further output of will be suppressed during this calculation.
Part: Part 4 of {0, 0} does not exist.

General: Further output of will be suppressed during this calculation.
Out[«]=
{{fl,al - Function[ {1}, 8], 1 . - Function[ {1}, @], f1 ., > Function[ {1}, @],

1

1,523 - Function[ {1}, @], f1,43 - Function [ (A}, —ea ¥ (20802 o 32 5 g, 5231] ,

1
F1,x12x13 - Function { (A}, —2ex Y (P200702) o 325 £q), ,5131} ,

1

f1.,032 > Function[ {1}, @], f1,,12x23 — Function { (A}, 22 ¥ (200020 o 52 £, 5231] ,

1
F1,x13x23 - Function [ (A}, —2 2 V@0 52 g3, §23i] }}

in[-]:= UCF[diffl /. soll]

Time: 0.12 seconds Out[=

0

Multiplication tensor mp

in[-]1:= Collect [Simplify[ff. (# & /@ $PBWGens) +gg2 /. s0l@ /. soll /. A ~»1], €]
Time: 0.58 seconds Qut[=
1
aly (adj +aly) + a2y (a2; +a24) + x12y £12; +e2 ¥ 2R x10, €125 4

1 1
X13 €135 + e 2 ¥ MO %13y €135 4 x23) 6235 - e2 (PN 13, €125 £23; +

1 1 1
€ [-2e2 Y 2O o b 12y x13, €125 £13; - e2 ¥ 2Ry B 13, £125 €235 + 22 ¥ (2OHA)

1 1
B X12 X23) £125 235 - 2 e 2 ¥ N o 1 x13, x23) €135 623 | + e2 ¥ TH20%) 423, £235

Now Ap

In[-]:= Ag,3,3[A U1 [X12]]

Time: 0.00 seconds Qut[=

AU, [x12] Us[] + € AR U, [x12] Us[al] + AUp[] Us[x12] + € A AUy [al] Us[x12]

inf-]:= Ad[A1,3,3[A U1 [X12]1] [A152,3[AU1[Xx12]]]
Time: 0.05 seconds Out[=
AUy [x12] Us[] + € A AUy [x12] Us[al] + AUy [] Us[x12] + € A AU, [al] Us[x12]

in[-]:= Ad[r i Uj [a1]] [Uj [x23] U [a4]]
Time: 0.00 seconds Out[=

e”if””fuj [x23] Uy [a4]
in[-]:= Ad[U5[x12]] [Uj[x23] Ug[a4]]

Time: 0.07 seconds Out[=

Ad[Uj[x12]] [U5[x23] Uy [a4] ]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gsin6.nb 2026-09-23 06:20:58

inf[-]:= Ad[U5[x12]] [U5[x23] U [x12]]
Time: 0.02 seconds Out[=

Ad[U5[x12]] [Uj[x23] Uy [x12] ]
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