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Hidden TgX
Headers

pdf
Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the nilpotent-only $\lamb-
da$-tangent formalism. Some material from pensive://Projects/glneps and from pensieve://Project-
s/UEA.

pdf

in[-1:=  SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

pdf
Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.

Read more at http://katlas.org/wiki/KnotTheory.

nb2tex

in[-]:= Get["../nb2tex/nb2tex.m"];
nb2tex["gln", PDFWidth -» 7.5, PDFFolder - "Snips"];
texfile = OpenAppend["gln.tex"]; WriteLine[texfile, "\\end{document}"]; Close[texfile];

Rune
"\"C:\\Users\\drorb\\AppData\\Local\\Programs\\MiKTeX\\miktex\\bin\\x64\\pdflatex.exe\"
gln.tex";

pdf
Conventions

pdf
Xqpis always with a < 8 and represents a basis element of the upper triangular matrices. y, 4 is also
always with a < B and represents a basis element of the lower triangular matrices. The adjoint of x, 5 is
ya,ﬁ-

pdf
Variable declarations:

pdf

i1~ VarPattern= ((y|x|n|& | (y|x|n|€&_)I_1;

pdf
Greek - Latin duality:

pdf

In[e]:= {y*: X*) 77*) §*} ={n, §, Y, X};
(U_ps )" 2= (U") g5
((v: (ixinle | vixinl&_))i1)"=u"1il;

(vs_List)* := (v > V") /@vs;
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pdf
inl-1:= {X1,25 ¥Y2,3> N1,2[7]1}"
Out[~]=
pdf
{€1,25 M2,35 ¥Y1,2[7]}
pdf
Weights:
pdf
. Wt[x, ,; 1 :={1, a-75}; Wtly, 51 :={0, a-/3};
Wt[E, ,s]1:={0, A-a}; Wt[n, 5] :={1, B-a};’
Wt[u [_]]1 := Wt[ul;
pdf
The Engine
pdf
Canonical Forms:
pdf

in[-]:= LogReduce[& ] :=
& /.c_xlog[a_] > LogeFactor[a“] //. Log[a_] + Log[b_] > Log@Factor[ab];
CF[& ] := Expand@Collect[&, Cases[&, VarPattern, ], CCF] /. CCF -» Factor;
CF[& E] :=CF /@MapAt [LogReduce, &, 1];
CF[6:E _[___1]:=CF/es;

E operations:
pdf
inf-1= & _E[$] :=Length[&] -1; E [&s___1[$] :=E[s5] [$];
&_E[R_Integer] := &[R+1]; E [&___][R_Integer] := {&s}R+11;
E/: & E=& FE :=Inner[CFe#l -==CFe#2&, &1, &2, And];
Eg1 »r1 [E1s___1=Egy 4p2 [E25___1 "i= (d1=d2) A (rl=r2) A (E[&1S] = E[&25]);
E/: &l Ex&2 F :=Ee@@Table[CF[&1[kk] + s2[kk]]1, {kk, @, Min[&51[$], £2[$]11}1;
Eg; r1_[&1S 1Ea or2 [825___ 1 "i= E (q1ydz)-riyrz) @@ (E[S1S] E[&25]) 5

ml-)= Eas_sps [ELS___1// Eaz 5z [E25___]1 :=Module[{is = rid2, lvs, 1lvs},
lvs = Cases[{&1s}, (x|y) [i_]/; MemberQ[is, i], o] U
Cases[{s2s}, (£|n) [i_]/; MemberQ[is, i], ®]";
1lvs =Map[$, 1vs, {2}];
E (d1(Jcomplement [d2,is]) - (r2UComplement [r1,is]) @@ (ZipllvsUHvs* [{(1lvs)*.(1lvs), Times|
E[&1s] /. Thread[1lvs » 11vs],
E[&2s] /. Thread[1lvs® » 11vs™]

1}1)
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pdf

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then

to the heavy and light variables.
pdf

a:""/lC ) W00 @F/zc —y 011-‘5 3 o
part-glue
log Zy= Z
9 & 9 & connected
diagrams
Lemma 1 Lemma 2 Lemma 3

pdf

Comment. Zip3 of the outer variables must occur after all other operations are completed, because we

must allow for gluings of the weight n variables in perturbations with the weight 0 variables in the

coefficients of Q.
pdf

dvs stands for “Diagonal Variables”. In gl, they are the x;;’s and the y;’s. They have weights {1,0} and

{0,0}.
pdf

Infe]:= Zipvs_ [{#, & }] :=Module [ {dvs = Select[vs, (Wt[#] == {@, O} VWt[#] == {1, ©O}) &]},
{f', ‘5]’ // Z:i-p:l-vs <*/ /ZipZComplement\vs,dvs *) // Zipzdvs //
Zip3Comp1ement [vs,dvs] // Zip3dvs
| 77/ Last

pdf

Getting rid of the quadratic.
pdf

Lemma 1. With convergences left to the reader,

<F: Eet Zijes Gw‘Zfo)B = det(1 - GF)™'2(F(1 - GF)™: 6)3

pdf

iml-1-  Ziply, = Identity;
Zipl,  @e{r_, E[Q_, P___]1} := Module[{Z, F, G, u, v},
I = IdentityMatrixelLengthevs;
F = Table[If[Wt[u] +Wt[v] = {1, @}, 8,,, 7, O], {u, vs}, {v, vs}];
G = Table[If[Wt[u] + Wt[v] == {1, @}, 8,,,Q, O], {u, vs}, {Vv, vs}];
{CF[ (vs).(F.Inverse[I -G.F]).(vs) /2],
E [CF[Q - PowerExpand@Log[Det[I - G.F]] /2-vs.G.vs /2], P]1}

pdf
Getting rid of linear terms.

. Siep Vizi _ lz g Fiiviyi .
Lemma 2. (F. &E gxieB )i g = @2 SIS EloymszptFyp 5
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pdf
il Zip2yy = Identity;
ZipZVS_@{j“_, E[Q ,P 1} := Module[{F, Y, u, v},
F = Table[If[Wt[u] +Wt[v] = {1, @}, CF[d,,, 7], @], {u, vs}, {v, vs}];
Y = Table[6,0, {v, vs}] /. Table[v-> 0, {v, vs}];
CF/e{#, E[Q-Y.vs+Y.F.Y/2, P] /. Thread[vs » vs + F.Y]}

]

pdf

Dealing with Feynman diagrams.
pdf

Lemma 3. With an extra variable A, Z, := log[AF : eP]p satisfies

and is determined by the following PDE / IVP:

1
Zy=P and 9,Z)= D Fij(020- 20+ 0. 200, 20))
i.jeB

pdf

Note that the power m of Aisat most k-1 + %"2 =2k.We write Z, =3 Z[m] A™.
pdf

mil- Zip3,, @{7_, & E} := Module[{F, u, v, Z, kk, jj, $m=0, m, n},
Do[Z[0, kk] = s[[kk + 1], {kk, 0, c@$}];
Flu , v_] :=F[u, v] =CF@If[Wt[u] +Wt[v] = {1, O}, Ou,v 7, 0] ;
Z[m_, RR_, u_ 1 :=2Z[m, RR, u] =3,Z[m, RR];
Z[m_, RR_, u_, v_] :=2[m, RR, u, vl =8,Z[m, RR, u];
For‘[m =0, ms2$m, ++m, For‘[kk =0, kk < s@$, ++kk,
Z[m+1, kk] =CF@Sum[
Fu, v]
I-F[F[u, v] === @, @, ———— (Z[m, kk, u, v] +
2 (m+1)
sum[Z[n, jj, ul *Z[m-n, kk-3j, vl, {n, @, m}, {jj, O, kk}])]:
{u, vs}, {v, VS}]S
If[Z[m+1, kk] =1=0, $m=m+1]
iE
CF /e ({
7 -Sum[F[u, v] *xuxv/2, {u, vs}, {v, vs}],
E ee Table[Sum[Z[m, kk], {m, @, $m}], {kk, 0, s@$}]
} /. Table[v >0, {v, vs}])

pdf

in[-]:=  A2Eg r [A_] i= A2Eq,.[$k, 4];
A2Eg ,r [BR_, 4] :=
Module[ {k}, E,,. @@ Table[SeriesCoefficient[4, {e, 0, k}], {k, @, $R}1];
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pdf
Prolog
pdf
mn[-]1:=  (xBeginPackage ["UEA™ "] ;*)
Print ["UEA® does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];
Print["UEA" implements / extends ",
Sorte {"xx", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra,
U, UB, UProducts, USimp, UU, $Basis, $PBWRule, 6, adPower, Ad},
"
(xBegin[" Private "] ;)
pdf
UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.
pdf
UEA" implements / extends {«%*, Ad, adPower, B, CF, m, NilQ,
SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.
pdf
Utilities
pdf

In[«]:= 6i7,j7 HE I‘F[l == j, 1, 0]}

in[-]:= SSQ[c_. *x_] /; MemberQ[$Basis, x] := - NilQ[x]; (+ Semi-Simple Q =)
NilQ[c =*x_ ] /; MemberQ[$Basis, x] := NilQ[x];
SSQ[x_Plus] :=Andee (SSQ /e (Listeex)) ;
NilQ[x Plus] := Andee (NilQ /e (Listeex));

i )= CF[&.] :=Expand[& /. e 0 &P ] /[ /5 k> $k » 0} ;
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Implementing general universal enveloping algebras

mi-]:= B[@, _] =05 B[_, 0] =0;
B[c_*x_, v ] /; MemberQ[$Basis, x] :=CF[cB[x, y1];
B[y , c_*x_] /; MemberQ[$Basis, x] :=CF[cB[y, x11;
B[x Plus, y ] := B[#, y] & /@ x;
B[x_, y Plus] := B[x, #] & /@ y;
B[x , x ] =0;
B[y_, x_] := CF[-B[x, y]11;

in[-]= x_ <y :=0rderedQ[{x, v} /. $PBWRule]; x <y := -OrderedQ[{y, x} /. $PBWRule];
UU; [1] := U;[];
UU; [x_"-] :=UU; eeTable[x, {p}];
W; [&] =& /. {
Ulxs 1 = U;[xs],
X_ /3 MemberQ[$Basis, x] = U;[x]
35
UU; [x_, xs__1 = UUgs[X] UU¢a[xS] // Expand // Mgy, t25i5
USimp[& ] := Collect[&, Times[U [__]1 ..], Expand];
USimp[& ] := Expand[&];

In[-]:= Mg [@] =03
ms [x_Plus] := ms /@ x;
ms [sd_SeriesData] := MapAt[mg, sd, {3, All}];
m; ,; [&]1 =& /. Ui->Uj;

pdf

in[-]:= My 5 5 [€_oU; [x___TU; [1] :=cUg[x];
mi ,j e [€_.Ui [TU; [y___11:=cU.[y];
mi i e [€_ U [xx___, x 1U; [y ,yy _1]1:=If[x=sy,
cUp[xx, X, Y5 YY1,
(Ui [xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) Uj[yy] // Expand // m; j,.)

c // USimp
15
pdf
in[-]:= UProducts[{}, @] = {1}; UProducts[{}, d_Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte
Flatten@eTable[ (U; @@@ Subsets [$Basis, {j}]1) u, {j, @, d}, {u, UProducts[{is}, d-31}1;
pdf
in[-]1:= Supp[&_] := UnioneCases[{&}, U; [___1=»1, =];
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in[-]:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X _®y := Module[{is =Supp[x] NSupp[y], o, 2},
z=x; Do[z =My, .ei[2], {i, is}];
z = Expand[y z]; DO[Z = Mees,151[2], {i, is}1; z];
UB[x , y ] := USimp[x® y-y® x];

pdf
Epilog
pdf
in[-]:=  (*End[]; EndPackage[];«)
pdf
Predefined Algebras
pdf
sl(2)
pdf

in[-1:=  Print ["UEA" SetAlgebra knows \"s12\"."];

pdf
UEA" SetAlgebra knows "sl12".

pdf
in[-]:=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Algebra = "s12";
$Basis = {e, h, f};
$PBWRule = {e-»>1, h»2, f-> 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

pdf
8lne
pdf

In[]:= Print["UEA‘SetAlgebra knows the e-nilpotent algebra glnle."];

pdf
UEA"SetAlgebra knows the c-nilpotent algebra gl, ..
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pdf
mi1- SetAlgebra[gl, .| := (
$Algebra =gl _;
$Basis = Flattene {
Table[y,,z, {B, 2, n}, {a, 1, B-1}1,
Table[x,,5, {8, 1, n}, {a, 1, B}]
}s
(«#$Basis=Reverse@SortBy [$Basis,If[f[1]===X, {0,H[3]-2[2]}, {1,H[2]-H[3]}]1&];%*)
NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q «)
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,i 5 Xe ,0. ] t=065,rXi,1 =61,iXg,55
BlYi ,j » Ye ,0. 1 :=CF[-€6j,rYi,0 +€6,iYr,il;
B[Xi ,7 5 Y,k 1 :=CF[8rXi,i —61,iXp,j/«Xo ,5 »IFf[a< B, €Xa 55 Y5,2115
DefRep[@] = Normal@SparseArray[{}, {n, n}];
DefRep[& ] := & /. {
X, ,s = NormaleSparseArray[{a, A} »1, {n, n}],
Y. ,s = NormaleSparseArray[{/4, a} » €, {n, n}]
}
)
pdf

in[-]:- adPower[x_, k_, Env_]1[c_=*y ] /; MemberQ[$Basis, y] := CF[c adPower[x, kR, Env][y]1];

adPower[x_, k_, Env_][y_Plus] := adPower[x, kR, Env] /@ y;

adPower[_, @, Env_1[y_] :=V;

adPower[x_, k_, Env_][0] =0O;

adPower[x _, kR , Env_][y_]1 /; MemberQ[$Basis, y] :=
adPower [x, kR, Env] [y] = B[adPower[x, k-1, Env] [y], X];

adPower[x , R ][y_1 := adPower[x, k, {$Algebra, $k}1[Vv];

pdf
Ad[x_1[y_1/;SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[
$Basis.Normal[Series [MatrixExp[A], {€, 0, $k}]].Table[Coefficient[y, b], {b, $Basis}]]
1
pdf

Ad[x _1[y_]1 /; NilQ[x] := Expand@Module[{k =0, s =0},
While[adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y]/k!;
++k
15
s

1
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pdf
in[-]:=  AdMatrix[x , Env_] := Module[{A, b, c, P, S, k =0},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
M= CF@If[NilQ[x],
P = S = IdentityMatrix[Length@$Basis];
While[P =1=@P, S += (P = CF[P.A]) / (++k) 113 S,
Normal[Series [MatrixExp[A], {€, 0, $k}]]
15
If[False A MemberQ[$Basis, x], AdMatrix[x, Env] = M, M]
15
AdMatrix[x ] := AdMatrix[x, {$Algebra, $k}];
Ad[x ]1[y_] :=$Basis.AdMatrix[x].Table[Coefficient[y, b], {b, $Basis}];
pdf
in[-]:=  ATangent[] = 0;
ATangent[xs__ , x_] :=Ad[x] [ATangent [xs]] + 8, X;
ATangent [xs_List] := ATangent @@ xs
pdf

in[-]:=  TriangularDSolve[egns , funs , iv_] := Monitor[
Module[{sol = {}, e, fun, der},
MapThread [
{e, fun} — sol = Join[sol,
$Mon = MapAt [CF, First@DSolve [CF[e /. Derivative[1] [f ][v_] > der[f[Vv], V] /.
sol /. der[f_, v_] = d,f], fun, iv], {1, 2}]
])
{eqns, funs}
15
sol
1,
$Mon
]
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In[«]:=

Out[e]=

Out[e]=

In[«]:=

Out[e]=

gl, c Experiments

SetAlgebra[gl, .|;
$PBWRule
MatrixForm@Table[{bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}];
MatrixForme
Table[{bl, b2} » (DefRep[bl].DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{bl, $Basis}, {b2, $Basis}];
DeleteCases [Flatten[Table[{a, b, ¢} - B[a, B[b, c]] +B[b, B[c, a]] +B[c, B[a, b]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]

{¥1,2 21, X1,1 22, X3, > 3, X2,2 >4}

{}

lhs = ATangent [Join[
Table[If[SSQ[bl], (b1 /. x> &1) bl, A (bl /. {x-> &1, y-»nl1}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, A (b2 /. {x-» 2, y->n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Table [If[SSQ[bI, b /. X, ,x » (§la,u+ 8240+ €Fou[A]) Xuyus
(b /. {Xo5 - FaglA], Yag > 8apg[A]}) b1, {b, $Basis}]
15
eqns = Simplify[ (Coefficient[lhs - rhs, #] ==0) & /@ $Basis];
unknowns = $Basis /. {X,s - fos[A], Yopr - 8aplA]1};
{s0l10} = Block[{$k = @}, Simplify@DSolve [
And @@ Join[
CF /@ eqgns,
Select[$Basis, NilQ] /. {X,s = f,5[0] =0, y,s :>8.5[0] ==0}
]J
Select[$Basis, NilQ] /. {X,s - fog[A], Yoy - 8as[A1},
A
11

{{81,2[0] 5 A (nly,, + e o222, ) 1 H[A] 5 e 22 A8y, + e S22 062, )
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in[-1:= {sol1l} = Block[{$k = 1}, Simplify@DSolve [
lhs = ATangent [Join[
Table[If[SSQ[bl], (b1 /.x - &1) bl, A (b1 /. {x-> &1, y-»nl1}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, A (b2 /. {x > £2, y > n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Table[If[SSQ[b],
b/.Xs,0 » (1, ,+82, +ef, 2[A]) Xa,0s
(b/. {Xop —-FfoplA]s Yop > BaglA]1}) b /. (s010/. ((a_-»b_)» (a>ea+b)))
1, {b, $Basis}]
15
Join[
(Coefficient[CF[lhs - rhs], #] == 9) & /@ $Basis,
$Basis /. {x,5 > f,;5[0] =0, y,; 8,5[0] =0}
])
$Basis /. {Xap = 'FaB [A]s Yoz = 8ap[Al},
A
11

Out[e]=
[{FL,1[1]) = e22 2% 02y 5 €1y 5, F1,2[X] > 22 N2y 5 €115 €245,

fa,2[A] > -2 2202y 5 €115, 81,2[A] - —e T2 Ee 3 ol 61y 51

in[-]:= em[i_, j_->k_] :=E(,j3-¢r; [CF@SUM[IF[SSQ[b],
b/.Xs,a » (§l,,,+82,,2) Xa,a[R],
B[R] (b /. {Xas = Fas[Als Yas - EaslA]} /. 5010),
1, {b, $Basis}],
CFesum[b[R] (b /. {X,s - Ffas[A]5 Yos - 8ag[Al} /. soll), {b, $Basis}]
1/7-{81as = Easlils nl,y 5 naslils €245 = Eap[T]s 12,5 »Maplils A 1};
cm[i, j - k]
Out[-]=
E(i, 15k} [yLz (K] n1,2[1] + e fralilréazli] Y1,2 (K] 11,2 [F] +X1,2[K] €1,2[1] +Xq,2[K] &1,2[3] +
e 100 xq 5 (k] €1,201] + e 2 xq 5 (K] €1,5[F] + Xa,2[K] £2,2[1] + X2,2[K] £2,2037,
€2y 1 [kT n1,2 (3] €1,201] - €22 %o 5 1K) 11,2 [3] €1,2[4] -
e 282y b (k] 11,2031 €1,2[8] + Xa,2 (K] 11,2 [3] €1,2[1] €1,213] ]

]
]
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inf-1:= em[1, 2>2] // ecm[2, 3 > 1]
Out[«]=
E(1,2,315(1) [Y1,2[1J N,2[1] + e surltlreaz iy, 11y, 512] +
e Sl e 2105 (1562120 yy 5[0 1y 53] + Xq,1[1] E1,1[1] + Xa,1[1] E1,2([2] +
X1,1[1] £1,1[3] + e 2 PIem Bl (1] &5 5[1] +e B2y, 5 11] &5 (2] +
e f22 022120 ) 5 11] €1,203] + X2,2[1] £2,2[1] + X2,2[1] £2,2[2] +X2,2[1] £2,2(3],
€22t x1 1117 11,5[2] &1,2[1) - €22 x; 5 [1] 11,5 [2] &1,2[1] -
e 122y (1] 03,5 (2]% €1,2(1] + @ S0Pl a2 20y 1) 1y 5 (3] £,2(1]) -
e cr(2reaa 1o 2] X2,2[1] n1,2[3] &1,2[1] -
2@ Mt 2262 (2220 y) o 11) 1y 5 (2] 01,2(3] &1,2(1] -
e Sor 1 26210282 (11926221 yy 511 1y 5317 6,5 (1] + @212 xq 1 [1] 11,2 [3] &1,202] -
2125, 5 (1) M1,5[3] €1,2(2] - e a2l a2y, 1) 1y 51317 6,5(2] +
e 1B g 5[1] n1,202) €1,201] €1,202) +@ 221 xq 5[1] 11,2[2] €1,2[1] £1,2(3] +
e 0y 5[1] N1,2(3] €1,201] €1,203] + @ 221 xq 5 [1] 11,2[3] £1,2(2] &1,2(3] ]

in[-]:= Simplify[ (em[1, 2 2] // cm[2, 3> 1]) = (cm[2, 3>2] // cm[1, 2> 1])]

Out[«]=
True

gl; . Experiments

mi-1- SetAlgebra[gl; |;
$k =1
$PBWRule
MatrixForm@Table[{bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}];
MatrixForme
Table[{bl, b2} » (DefRep[bl].DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{bl, $Basis}, {b2, $Basis}];
DeleteCases [Flatten[Table[{a, b, ¢} - B[a, B[b, ¢c]] +B[b, B[c, a]] +B[c, B[a, b]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]

Out[e]=

Out[e]=
{¥1,2>1, y1,3>2, ¥2,3> 3, X1,1 >4, X1,2>5, X2,2 26, X1,3>7, X3,3> 8, X3,3>9}

Out[«]=

{1
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in-]:- {sol@} = Block[{$k = 0},
lhs = ATangent [Join[
Table[If[SSQ[b1l], (bl/.xXx - £1) bl, A (bl/. {x- €1, y > nl}) b1l], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. X > £2) b2, A (b2 /. {x > £2, y > n2}) b2], {b2, $Basis}]
115
rhs = ATangent [
Table[If[SSQ[b], b /. Xo ,a » (§1l,,,+ 82, ,+€ fo,a[A]) Xo,as
(b /. {Xas = FoglA]ls Yap = 8aglAl}) b]l, {b, $Basis}]
15
Simplify@DSolve [
And @@ Join[
(Coefficient[CF[lhs - rhs], #] == 0) & /@ $Basis,
Select[$Basis, NilQ] /. {X,s = f,;[0] =0, y,; :>8,5[0] =0}
])
Select[$Basis, NilQ] /. {X,s - ToaglA], Yoy - 8aslA]},
A
11

Out[«]=
[{fr,2[0] 5 e X1y 5+ e S22 X621 5, 82,3[A] > A (3 + e (e 512212, 3 - An2; 3 E11,5) ),
F1,3[A] > A (51 61y 3 - A €Ly 3820+ @ *12 €21 3), Fp3[A] 5 e S22 a6, 5+ e B 082, 5,

g1,2[ 1] 5 A (nly,, + e ¥ (02, 54 e An2; 3 €15 3) ), 81,3[A] 5 A (nly,3+ et g2, G 1

in[-]:- $k = 1; SBasis = SortBy[$Basis, If[#[1] === x, {0, #[3] - #[21}, {1, #[2] - #[31}]1 &1;
lhs = ATangent [Join[
Table [If[SSQ[b1l], (bl /.Xx - £1) bl, X (bl/. {x- €1, y»nl}) bl], {bl, $Basis}],
Table[If[SSQ[b2], (b2 /. x> £2) b2, A (b2 /. {x~> £2, y > n2}) b2], {b2, $Basis}]
115
rhs = ATangent[
Echo@eTable[If[SSQ[b],
b/.Xs,0 » (1., +82, ,+ef, 2[A]) Xa,0s
(b/. {Xas —>'Fa/3[l], Yoz = 8aglAl}) b /. (s0l@/. ((v_»s_ )=» (vo>€eVv+s)))
1, {b, $Basis}]
15
eqns = Transposee {
(Coefficient [CF[lhs - rhs], #] = 0) & /@ SBasis,
SBasis /. {X,; #»f,;[0] =0, y,; =g,;[0] =0}
}s
unknowns = SBasis /. {X,; - fos[A], Yor - BaglAl};
(x{soll}=DSolve[Flatten@egns,unknowns, ] )
soll = TriangularDSolve [egqns, unknowns, A];
{yi,2 (A (n1q,,+ e thirtla: (n24,5+ e an2, 5 €ly3)) +egr,2[2]),
yi,3 (A (n1g,3+ e thrtlss N21,3) +€81,3[A]),
¥2,3 (A (nlp3+ €™ (€722 n2, 3 - An2y 3 €L,5) ) + € 82,3[0] ),
1,1 (El,1+ 8290+ € Fr1[A]), X1,z (@ 2 A&l p +e S22 082 5 +e 15[ A]),
2,2 (€10, + 62+ € a2 [A]), X153 (A (@ P €1y 3 - X 61,3621 + @ 12 €2y 3) v e Fi3(0]),
X2,3 (€522 A€l 3+ e 2 62 3+ 3[ ] ), X33 (E13,3+ 23,3+ € F3,3[A]) )

X

1

X
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in[-]-- Sort@soll

Out[«]=
{'F1,1 [A] » e®t22 32 N2y, 19,5 + et )2 n2q,3&17,3 + eflzatilas 33 N2y,3E11,5 15,3,

fi,2[A] » e Fl22telaacia 32 N2;,3&11,3 - ettt )3 N21,3811,2 11,3+

S N2y, 611,262 5 - e lz2tehas )3 N2;,3815,3821 5 + et )t N2y,3 11,2 15,3 8212,
fi,3[A] » A3 N2q,5 11,3621 5 + S N2y,3E611,38621 3+ S N2;,3E815,3E821,3,
[A] » —e®22 32 N2y, 11,5 + et 32 N2;,3E815,3 - ette2relss )3 N21,3 11,5 €153,
fa,3[A] » —e *%22 )2 N2y, &1y,3 + 23 N2y,3 811,382, 3+ b N2;,3 815,382, 3,
[A] » —e®22 22 n2y,3 11,3 - el 32 N2;,3 15,3,

(2] = —e T8 )3 nal ) €1y 5 - e TRttt he 33 g, 02y 3 61y 5 - 2 e Rt the 3% ),
N2y,3E811,5 1,3 - e tuarlaar2 il )4 ﬁzig €133 E1p,3 - @ Flor2elaa2 el 55 Uzi,s €li, §1§,3;
g1,3[A] » e Florrelaz 32 N1y 3N24,5 - e Fluartlaattlis 53 N21,,N21,3811,5 - e Fli1r2flan )3 772i,3 Ely,3 +

T F T e L P T
g82,3[A] » e 3 N21,,1M23,3 14,5 - e tlazr2 6l )3 N21,3N2;,3 14,3+
e 3 2l 61y 5 E1y 5 - e TP 3 2l S 61, 5+ @® 51 0 N2y 312, 5 1,5 €1, 5}
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inf-]:= em[i_, j_ > kR_] :=E(, ;51 [CFRSUM[IF[SSQ[b],
b/.Xs,0 v (Els,0+E2,4,4) Xa,a[R],
b[R] (b /. {Xo5 - Ffag[A]s Yos - 8aglA1} /. s010)
1, {b, $Basis}],
CFesum[b[R] (b /. {X,s - Ffos[A]s Yos - 8as[A1} /. soll), {b, $Basis}]
1/ {€10s 2 Eaplils Mlay 0 Maslils €205 2 €apld1s N245 »Maplils A1}
cm[i, j - k]

Out[«]=
E(i,5)-k) Y1, 2[k] N2 [i] + e ety k) ng 5[] +ya, 3[k] n1,3[1] +

e fralilrEnl Vyi,30k] 01,3031 +Y2,30K] na,3[1] + e f22lilrésl YZ 3[k] N2,3[31 +

Xq,1[k ]51 1[1] +X1,1[K] &1,1[3] + e crald] X1,2 [k ]51,2[1] el YZ3[k] N1,3[3] &1,2[1] +
e f22l (k] &1,203] + e 3 xq 5 [k] &q,3[1] + e >3 [F) xls[ ] €1,303] +%2,2[K] E2,2[4] +

X2,2[K] €2,2[3] + @ 20 x5 5[k &5,5 (1] + e ur[H 222 B By (k] g 53] &5,304] -

x1,3 [k ]glz[ 1523['1%5“[ X2,3 (K] €2,3[F] +X3,3(K] &3,3[1] +x3,3[k] 3,331,

e furltlene iy Tk 0y 5 (3] M2,3 4] + €22 xq 1 (K] 11,2(3] 512['1 -

et22l1] X220 [K] mq, 2[ J1 &1,2101] - e fraltl262: () Y1,2 (K] 11, 2[ 12 E1,2[1] -

e M2 Sy 1k 1y 5 13] 01,303 E1,2 03] + @2y, 51kT 01,2 (3] N2,303] &1,2[4] +

X1,2[K1 11,2037 &1,2[1] &1,213] - e 22l X2,3[k] 11,2[37 &1,3[1] +

e 11 xy 1 (k] 3[ 31 €1,304] — €™M x5 3[k] n1,3 (3] &1,304] -

e tur M 228 [y, o 1K) 11,5130 12,303] 1,3 01] —ef“[ 26s 0y Sk Jm,s[jﬁ&,sm +

e o322 e My 1Kk 1p,3 (3] &1,3 (3] - @ =22 P25 By, k] ny, 3[31 303 E1,304] -

e tur 18t 5Tk 01,3 03] €1,204] €1,3[4] + €52y, 51k] n1,30317 &1,2(1 1 1,3[1] +

X1,3[K] 11,231 &1, 2[ 31 &€1,301] +X1,3[K] 11,3031 &1,3[1] &1,3[3] +

e crrlilreaa sl y ) k) 1y 5[3] na,3 (] &,3(1] + e x“[k] N2,313] &2,3[1] -

g2l X3,3[k] n2,3[3] &2,3[1] - e G22lilr2 (1] Ya2,31k] 2,303 12 Er,3[1] +

efa2lilv6ss 1] X1,1 [K] 771 3[3] &1,201] &,3[1] - efz2ltl (il X220 (K] 11,3[3] &1,201] &2,3[1] -

e y1 2 (k1 n1,2(3 ] n1,3[3] &1,2[1] &2,3[1] -

e o leaa 12865 1y (k] 3 (317 €,2 (1] &2,3(4] +

285y, 31K] N1,303) n2,303] €1,2[1) &2,304] -

ez lllrss )y z[k] N2,3[3] €121 ‘] 3,311 + @M xq 5 (K] 01,3031 €1,2[4] &1,2(3F] &2,3[4] -

“ena b (126551 ylz[k] N1,303] 513['] €2,3[1] +x1,3[K] n2,3[F] &1,3[3] E2,3[1] -

“eal)r262[1]42 6,51 Y1 2[K] 11,303 12 &1,2[1] 52,3[i]z+

X2,3[K] 11,3[3] €1,3[1] &2,3[F] +X2,3[K] n2,3[3] &2,3[1] 52,3[3'}]

i
x1,2 k
J
J
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mn[-]-= Short[ecm[1l, 2> 2] // cm[2, 3>1], 10]
Out[-]//Short=
E(1,2,315(1) |

re =€1,1[1]+&2,2( yl 51 -E1,1[1]-61,1[2]+&2,2[1]+&3,2[2]

Y1,2[1] 11,2 [1] 1] m,2(2] +e Y1,2[1] n1,2[3] +
y1,3[1] m,3[1] + e ey 1) g 5[2] + e faltiaa2lraatina 2y, J11) y 503] +
Y2,3[1] m2,3[1] + e 22ty 3[1] N2,3[2] + @ttt 2 lressinessl2ly) 19y ) 573] +
X1,1[1] €1,1[1] + X1,1[1] €1,1[2] +X1,2[1] €1,1[3] + <<14>> +X;,2[1] &2,2[3] +
e 220217622 By, J117] &, 3[1] + e T Hrea sy, 11 1) 3[2] &,3([1] +

-€1,1[1]-&1,1[2]+&2,2[1]+&3,3[1]+&3,3(2] A 2[ ] 771,3[31 §2)3[ ] - *51,1[3] X1,3[1] §1,2[2] §2,3[1] -~

x1,3[1] €1,2[3] &3,3[1] + e 22315l 5117 & 5727 +
-€1,1[1]-81,1[2]+&2,2[1]1+&2,2[2]+&3,3 (2] Y1,2[11 r71,3[31 §2’3[21 _e*§3,3[1] X1)3[1] §1’2[3] 52,3[2] N
o3 [65 2l x5 [1] £5,3(3] +X3,3[1] 3,3[1] +X3,3[1] €3,3[2] +X3,3[1] £3,3[3], <<1>>]

e
e ¢2.2(2]
e
e

in[-1:= Simplify[ (em[1, 2 2] // cm[2, 3> 1]) = (cm[2, 3>2] // cm[1, 2> 1])]

Out[e]=
True
in[-]:= s010@
out[«]=

{f1,2[2] > eI N ELy 5+ e T2 62y 5, B2,3[A] S A (115,53 + el (‘Efélz’z N23,3 - AN21,3EL12) )
Fi3[A] A (@5 61y 3 - ALy 382, + @ ¥B2 £2; 3), Fo3[0] 5 e 22 A8, 5 e B 082, 5,
g1,2[A] > A (nly,,+ e tharelaz (124, + e an2, ; €12,3) )5 81,3[A) > A (nly 3+ e thatelss n21,3) }

mnf-1:= CF[s0ll /. A > 1]

Out =
- {'Fl,l [1] » e®l22 N2y, 11,5 + et N2q,3 61,3 + etla2relss N2y,3E11,5 €153,
f2,2[1] » -ete2 N2y, &1 5+ etlas Nn2;,3 8153 - ett2tehis N21,3 8115, €1; 3,
f3,3[1] » -e*t»? N2y,3811,3 - etta: N2;,3 15,3,
fi,2[1] » e “ta2rilam2 n2;,3 81,3 - el tha N21,3811,2 11,3+

N2y, 11,2821, - e “l22telss N2;,3815,3821 5 + et N2y,3E11,5E15,3 8212,
f2,3[1] » —e %22 N2y, 11,3+ N21,3E811,3825,3+N2;,3E81;,3E82; 3,
f1,3[1] - 12y, 11,3 E21,5 + 21,3 EL1,3 21,3+ 1125 381,382, 3,
g1,3[1] —» e “tuartlae n1ly,3N24,5 - @ luartlaertlss N21,,N21,3811,2 - el el 772%,3 €ly,3 +
e Slorrelazrtlss N1y 3n29,3815,3 - e Fluartlaa2ilss U2§,3 E11,2 15,3, 81,2[1] -
N21,, §ly,, - e PRt e 2y N2y 61y 5 -2 TR e D, 2y 5 6L 5 €y 5 -
e sl 261 2 eq) e, e that2 26l a2 ey L eg2

_(6*511,14r2 §12,2

g2,3[1] » e TI21 2MN2;,38l1 5~ “el22v2 8155 N2y,3N25,3 81,3+ e?ctas 7721 3811,5 €14 3~
e 12228k ) 2,3 £1,,3 + @12 N21,3N2;,3811,2 512,3}
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pdf
gl,  Experiments
pdf
ml-1- SetAlgebra[gl, .|;
$k =1
$PBWRule
MatrixForme@Table[ {bl, b2} -» B[b1, b2], {bl, $Basis}, {b2, $Basis}];
MatrixForme
Table[{b1l, b2} » (DefRep[bl] .DefRep[b2] - DefRep[b2] .DefRep[bl] == DefRep[B[bl, b2]]),
{bl, $Basis}, {b2, $Basis}];
DeleteCases[Flatten[Table[{a, b, ¢} - B[a, B[b, ¢c]] +B[b, B[c, a]] +B[c, B[a, b]],
{a, $Basis}, {b, $Basis}, {c, $Basis}]], _ - 9]
Out[«]=
pdf
1
out[-]=
pdf
{(¥1,2->1, ¥1,3>2, ¥2,3>3, Y1,4 >4, ¥2,4>5, ¥3,4 > 6, X1,1 > 7, X1,2 > 8,
X2,2>9, X1,3>10, X33 > 11, X3,3 512, X3,4 > 13, X5,4 > 14, X3,4 > 15, X4,4 - 16}
out[-]=
pdf

{1
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pdf
in[-]:- SBasis = SortBy[$Basis, If[#[1] === X, {0, #[3] - #[21}, {1, #[2] - #[31}] &1;
PBasis = SBasis;
sol[-1] = Table[If[SSQ[bb], ((bb/.x—-> &1) + (bb/. x> £2)), 0], {bb, PBasis}];
Do [
Block[{$k = k},
s@ = Thread [PBasis -» sol[k-1]];
lhs = ATangent@Echo[
Join[Table[If[NilQ[bb], A, 1] bb (bb /. {x-» &£1, y->nl1}), {bb, PBasis}],
Table[If[NilQ[bb], A, 1] bb (bb /. {x » £2, y » n2}), {bb, PBasis}]]
15
rhs = ATangent [
PBasis (PBasis /. {X.;  (Xu5 /. 50) +€ Foi[A], Yap > (Yus /. 50) +€“gs[2]1})
B
Echo@Short [diff = CF[1lhs - rhs], 20];
eqgns = Transposee@ {
(Coefficient [diff, #] == @) & /@ SBasis,
SBasis /. {X,; > f,;[0] =0, y,; :>g,5[0] =0}
}s
EchoeLengtheeqgns;
unknowns = SBasis /. {X,s; - fog[Al, Yoy - 8aglAl};
s = TriangularDSolve [eqns, unknowns, A];
sol[k] = CF [sol[k -17 + e (PBasis /. {X,5 - fog[A]s Yor - 8BaglAl} /. s)]

].’
{k, 0, $k}
]
emi_, j_ >k 1 i= A2E (i, jy,qry [SOL[$K] .PBasis /. {X.s = Xas[R]s Yas = Yas[R],
Elos o Easlils Nlay »nuslils €245 = €0s[d15 N2, »Nasldls A1} ];
Short[cm[i, j - k], 20]
pdf
{X1,1 €11,1, X2,2 15,25 X3,3 E13,3, Xa,4 14,45 A X1,2 11,25 AX2,3 815 3, AX3,4 €134, AXq,381; 3,
AX2,4 815,45 AX1,4 811,45 AY1,aNLq,45 AY1,3 011,35 AY2,4115,45 AY1,2111,25 AY2,3715,3, AY3,aN15,4,
X1,1 €21,15 X2,2 €222, X3,3 23,3, X4,4 E24,45, AX1,2 €212, AX2,3 825,35, AX3,4 523,45 AX1,3E24 3,
AX2,4 622,45 AX1,4 821,45 AY1,4M21,05 AY1,3121,35 AY2,4N232,25 AY1,27121,25 AY2,37123,35 AY3,4N23,4}
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e§21,1*§22,z £21,1-623,5 £21,1-624,4 €25,,-623,3 €25,0-24,2

Y1,2n11,,+ € Yi,3711,3+e Y1,an1l1 4+ € Y2,3n13+e Y2,a N1y 4+

€37 i yy s 4 Y12 1215+ Y1,3 021,35 + V1,4 121,4 + ¥2,3 122,53 + ¥2,4 125,40 + Y3,4 123 4 +

e thartt X1,2 €115 ef%2278%, 3 Y2,3 7711,3 Ely,5 - ef2227820 3 Y2,4 n11,4 Ely,5 - e PPt Y2,3 U21,3 €l 5 -

e St ) Y2,4 121,411, + @S2t X1,3 €173 - efBa7%e ) Y3,4M1y,4 11,3 - ettt ) ¥3,4N21,4 11,3 +

e thatts X1,4 €11 4 + e S22t X2,3 €15 3+ efh%2 5 Y1,2114,3E815,3 - efB37%e 5 Y3,anly,4E15,3 +

e tP22tes AY1,27M21,3 15,3~ e t%2te i ) Y3,4 25,4 15,3 + e SRt X1,3 11,5 E15 3~

et )2 V3,4 N1q,4E11,2 €15 3 - e FP1te )2 Y3,4 21,4 E11,2 €15 3 + e P22t X2,4 €154 +

eth1%2 5 Y1,2M13,4 15,4 + e 2227628 Y1,2 121,14 €15, + e 21t ) X1,4 11,2 15,4 +

e t%a7 % X3,4 E13 4 + SRR AY1,3N11,4 13,4 + <<162>> + Xq,3 1 3[A] F3,3"[A] + Xp,3F5,3[A] F3,3"[A] -
f3,3 [A] + Xq,a F1,3[A] F3,2[A] F3,3" [A] + Xo,4 F2,3[A] f3,4[A] F3,3" [A] - y1,381,3[A] F3,3" [A] +
81,3[A] F3,3" [A] —y3,2a F1,3[A) 81,a[A] F3,3" [A] —y1,3 F3,4[A] 81,4[A] F3,3°[A] +

Y1,2 f2,3 f3,4[ 2] 81,4[A] f3,3" [A] - V¥2,382,3[A] f3,3" [A] - y3,aF2,3[A] 82,4[A] F3,3°[A] -

X3,4 3,4 [A]
(A]
[A]
Y2,3 F3,4[A] 82,4 [A] F3,3"[A] +¥3,4 83,4[ ] F3,3" [A] - X3,4 F3,4" [A] + Xq,4 F1,3 (2] 34" [A] -
[A]
[A]
(A]

y1,2 f2,3
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