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Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the $\lambda$-tangent
formalism. Some material from pensieve://Projects/UEA.

in[-1:=  SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Prolog

m[-1:= BeginPackage["UEA™ "];

Print["UEA" does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"x+", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U,
UB, UProducts, USimp, UU, $Basis, $PBWRule, 5, adPower, adExp},
"

Begin[" Private "];

UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA" implements / extends {«*, adExp, adPower, B, CF, m, NilQ,
SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities
In[«]:= 51:_’]'_ o= If['i ==j_' 1, 0]}

in[-1:=  SSQ[c_. %*x_] /; MemberQ[$Basis, x] := - NilQ[x]; (» Semi-Simple Q «)
NilQ[c_ =*x_] /; MemberQ[$Basis, x] := NilQ[x];
SSQ[x _Plus] :=Andee (SSQ /e (Listeex)) ;
NilQ[x Plus] := Andee (NilQ /e (Listee x));

inf-1:=  $k =13

i 1= CF[&.] i=Expand[& /. e = e®®MI] /. [ /5 k> $k > 0} ;

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gln-260612-2.nb 2026-08-15 14:25:46

Implementing general universal enveloping algebras

ml-1:= B[@, _] =0; B[_, 0] =0;
B[c_%*x _, y ] /; MemberQ[$Basis, x] :=CF[cB[x, yv11;
B[y , ¢ _xx_] /; MemberQ[$Basis, x] :=CF[cB[y, x]11;
B[x_Plus, y 1 B[#, y] & /@ x;
B[x_, y_Plus] B[x, #] & /@ y;
B[x_, x_] =05
B[y_, x_] := CF[-B[x, y]11;

in[-]:= x_=sy_ :=0rderedQ[{x, v} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];
Uu; [1] := U;[];
UU; [x_"-] :=Uu; eeTable[x, {p}];
U; [&] = & /. {
U[xs_ ] = U;[xs],
X_ /; MemberQ[$Basis, x] > U; [x]
}s
UU; [x_, xs__ 1 := UUgy[x] UUgp[xs] // Expand // Mgg 255
USimp[& ] := Collect[&, Times[U [__]1..], Expand];
USimp[& ] := Expand[&];

mn[-]:= ms [0] =05
ms [x Plus] :=m/@x;
m; [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m; ,; [&]1 =& /. Ui->Uj;

in[-]:= My 5 4 [€_oU; [X___TU; [1] :=cUg[x];
mi ,j e [€_-Ui [1U; [y___1] :=cUe[yl;
mi ik [€_oU; [xx___,x 1U; [y ,yy 1]1:=If[x=sy,
CUk[XxJ Xy Vs yy]:
(Ui [xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) Uj[yy] // Expand // m; j,.)
c // USimp

15

mn[-1:=  UProducts[{}, @] = {1}; UProducts[{}, d Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte
Flattene@eTable[ (U; @@@ Subsets [$Basis, {j}]) u, {j, @, d}, {u, UProducts[{is}, d-3j]1}1;

in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1»1, =];
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in[-]1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X_®y := Module[{is =Supp[x] NSuppl[y]l, o, 2},
z=x; DO[z =mM;,0ei[2], {i, is}];
z = Expand[y z]; Do[Z = Muei,i5i[2], {i, is}]; z1;
UB[x , y ] := USimp[x® y-y® x];

Epilog

m(-1-= End[]; EndPackagel[];

Predefined Algebras

sl(2)

in[-]:=  Print ["UEA" SetAlgebra knows \"s12\"."];

UEA" SetAlgebra knows "sl12".

mm[-1-=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Algebra = "s12";
$Basis = {e, h, f};
$PBWRule = {e > 1, h> 2, f- 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

Blne
iml-1:=  Print["UEASetAlgebra knows the e-nilpotent algebra gl,.."];

UEA"SetAlgebra knows the e-nilpotent algebra gl, ..
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mi-1-  SetAlgebra[gl, ] := (
$Algebra =gl _;
$Basis = Flattene{
Table[y,,z, {B, 2, n}, {a, 1, B-1}1,
Table[X,,5, {B, 1, n}, {a, 1, B}]
}s
NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q )
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,i 5 Xe ,0. ] t=085,rXi,1 —=61,iXg,55
B[Yi ,j » Ye ,0. 1 :=CF[€6;,.Yi,i —€6,iYr;];
B[Xi ,7 » ¥,k 1 :=CF[8rXi,i —61,iXp,j/«Xo,5 »IF[a< B, €Xs 55 Y5,2113

IE

w1~ SetAlgebra[gl, ];
$PBWRule
MatrixForm@Table[ {bl1, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]

Out[e]=
{¥1,2>1, X1,1 > 2, X1,2 > 3, X2,2 >4}

Out[-]//MatrixForm=

{Y1,25 ¥1,2} ~>© {Y¥1,25 X1,1} 2> Y1,2 {¥Y1,25 X1,2} > € X110+ € Xa,2 {Y1,25 X2,2} > -Y1,2
{X1,15 Y1,2} = -Y1,2 {X1,15 X1,1} > © {X1,15 X1,2} = X1,2 {X1,15 X2,2} > ©
{X1,25 Y1,2} 2 €X1,1-€X2,2 {X1,2, X1,1} > —X1,2 {X1,25 X1,2} » © {X1,25 X2,2} > X1,2
{X2,25 Y1,2} 2> ¥1,2 {X2,25 X1,1} > © {X2,25 X1,2} = —X1,2 {X2,25 X2,2} > ©
in[-]:= adPower[x , R , Env_]1[c_=*y 1 /; MemberQ[$Basis, y] := CF[c adPower[x, R, Env][y]];

adPower[x_, k_, Env_][y _Plus] := adPower[x, k, Env] /@ y;

adPower[_, @, Env_1[y_] :=V;

adPower[x_, k_, Env_][0] =0O;

adPower[x , kR , Env_][y_] /; MemberQ[$Basis, y] :=
adPower [x, kR, Env] [y] = B[adPower[x, k-1, Env] [v], X];

adPower[x , kR ][y_1 := adPower[x, k, {$Algebra, $k}1[V];

in[-]:- X0 = ($Basis /. {x > £0, y - n@}) .$Basis
x1 = ($Basis /. {x > €1, y » nl}) .$Basis
Out[«]=

V1,201, + X1,1 €011 + X1,2 @1 2 + X2,2 €022

out[e]=
Y1,2M11,5 + X1,1 €131 + X1,2 E11,2 + X2,2 €122

m[-1:=  adExp[x_]1[y_1 /; SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, O, $k}]].
Table[Coefficient[y, b], {b, $Basis}]]
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In[]:= SSQ[EOq,1 X1,1]
Out[«]=
True

In[-]:= adEXp[£0,1 X1,1] [X1]
Out[e]=
ey, Nly o +Xg,1E17,1 + e %ixg 5 E10,5 + X2,2 €150

m[-1:=  adExp[x_][y_1 /; Ni1Q[x] := Expand@Module[{k =0, s = 0},
While [adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y] /k!;
++k
15
s

in[-]:= adEXp[&£@1,2 X1,2] [X1]
Out[e]=
Y1,2N11,0 - €X1,1N11,2 601,20+ €Xp,2N11,5, 601,20 - € X121y §@i,2 +
X1,1 €111 +X1,2 6012 E1g,1 + X1,2 L1 0+ X2,2 E15,2 — X1,2 6015 €L

in[-]:=  ATangent[] = 0;
ATangent[xs__ , x_] :=adExp[x] [ATangent[xs]] + 6, X;
ATangent[xs_List] := ATangent @@ xs

in[-]:- $Basis ($Basis /. {X» &, y->n})
Out[e]=
{Y1,2 11,25 X1,1 €1,15 X1,2 E1,25 X2,2 £2,2}

in[-]:= ATangente@ (A $Basis ($Basis /. {x > &, y->n}))

Out[«]=
e)\ €1,1-2 E2,2 A1,

A&
Y1,2M1,2 + X1,1 €1,1 + € "2 Xy 281, - € €AXy,1M1,2 81,2+

2E AE AEpaen € 2 2
e "l eAXy,2M1,281,2+€ PP AKXy, &1,1 81,0 - € TR e AT X 2 11,2 67,5+ X2,2 62,2

in[-]:- $Basis
Out[«]=
{¥1,25 X1,15 X1,25 X2,2}
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in[-1:= lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y » nl}), A$Basis ($Basis /. {x > £2, y->n2})]

]

Out[e]=
A ELy =N ELy 242 E24 1-1 £2 N E24 1-1 €2
@ ST ATAE R Yy oLy o+ @ TR Y N2 5+ Xe,1 €Ly 1 -

ettt iy, N2y, E19,1 + et At Ry, el et e Axg g Ny, E1q 5 +

e’ e Ax, nly,, 11,5 + e 22 e Axg N2y, 11,2 - et 22 e A xy,; N2y, E11,5 +

2t S A g 52y 1y 52y, E1y, - @ TR R S g R2y 772%,2 Ely o +

el et A% py 81y 5 Ey et 2 e A% xg N2y, 11,1 €115 - et e 2 xy,, N2y, 11,1 €115 -
et e S AR ¢ B3y, 772%,2 £11,1 E1y,, - @ It Sl A S AR ¢ 32y Nl , §1i,2 +X2,2 8150 +
e Pt iy N21,5 E1p,5 + X1,1 21,1 + ey 5 £2y , - e Tl e g iy g nly,, 21,5 +
ettt A g iy, nly,5621,2 - e e A xg N21,5 21,5 + et e A Xy, N2y, 21,2 +

€722 Axy 5 15,1 629 5 + € Pt e A% x4 N2y, E11,1 6215 - et e %y, N2y, 811,162, -

2t hatteha g 2 X1,2N11,5 11,2621, +2 e’ a2t t2 ¢ 2 X1,2 21,2 €11,2 E21 5 +

2t e 3k , N21,5,E11,1 11,5621 5 - e %22 %, 1,5, 824,5 -

e e % xg g N21,5&15,5821,5 + e e % x,,, N21,5&15,5821,5 + e %22 %, £21,1 8215 -

& A o A A e ¢ 32y, 5212 Bt g 32y pd 5212 .

XE2y 40 E2 3 2 A2 140 E2 3 2
€ IR € AT Xy,0 12,5 E11,1 E2) 5 - € TR € AT X512y 5 €12, E27 5 + X2,2 E22,5

in[-1:= rhs = ATangente ($Basis ($Basis /. {X, ,, = CF[f, ,[A]], Xo5 - Fop[A], Yap - 8ap[A1}))

Out[«]=
, FaalA , £y5[0 ,
X1,1 F1,1" [A] + €220 xq 5 1 5 [A] Fa,0 [A] + €22 xq 5y 5 (4] +

’ T Al -f A ’ f A ’
X2, F2,0" [A] + el vt T2y, g 2 a] — et e xq g Fao [A] 81,07 [A] +

ef1lt ¢ Xz,2 F1,2[A] 81,2" [A] - efrr M) ¢ X1, F1,2 (112 81,2  [A]

in[-]:= SSBasis = Select[$Basis, SSQ]

out[e]=
{X1,15 X2,2}

in[-]:- eqns = Simplify[ (Coefficient[lhs - rhs, #] == 0) & /@ $Basis]

Out[e]=
{(EA (E14,1-615,,+821,1-6255) 7711,2 (1 +2 (EA €ls,2 € AZ 7721,2 511’2> ==

e)\ (€15,2+821,1-82;,2) c )kz 772%)2 (1+ X §11’1> §11,2 N
e (P2 2) 19y 5 (F14 XLy y - A €Dy y) + e T gy 0],
€211+ €111 (1+€ 22 N2y, (‘EA Sz g1y 5+ et £21,2) ) + e e £y 5[] 81,2 [A] =
(E)\ (€13,1-€155) e fl11,z (el &1y, 511,2 4 e)\ 211 521)2> i
eAn2y, (-e' 221y 5+ ! L1 (14 A E1y,5) £21,5) + 1,1 [0,
e*) (€15,,+824 1) (_‘e)L (11,142 E15 5,+E2; ) c AZ 7711 ) 51% 5+ e) (€15,,+82;,5) (511 ) (_2 e)\ (€11,1+624 1) c AZ 7711 )
€215+ € 2 (142" 1€ %02y, 621 ,) + 22 08y (1+2e" P e X202, , 621 5)) -
e fhn (e (F12,20622.2) (L1 - X1y, + A ELp,p - X E21 1) 24,5 +
e (£21,1+62;5) e 22 (ekél1,1 7711}2 . e)\ &1,,, 7721)2 (1-2 '511,1 Y 512)2)) gziz +
e e () 5[] F 0 (2] + 0 (A) - e M ey p (a7 g0 (A))) = e,
512,2 re 7711,2 (e/\ €111 §11,2 4 oe? (611,17815,54€21,0) 52112> N 522)2 -
EAN2 (@A§12'2 (1+A&11) €1+ € 5200 (m1+ ALy 3 - X €Dy )) §21,2> +
2,0 [A] + e e f1 5[] g, (AT}
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mn[-]:= Length@eqns

Out[«]=
4

in[-]:= unknowns = $Basis /. {X,; - fag[Al, Yos - Bapl[A]}
Out[e]=

{81,2[ A1 F1,1[ AT, f1,2[ AT, Fu0[A]3

in[-]:= $Basis /. {X,z »F,5[0] =0, Y,z g,s[0] =0}
Out[e]=
{81,2[0] =0, f1,1[0] =0, f1,[0] =0, f,,[0] =0}

in[-1:= {so0l@} = Block[{$k = @}, Simplify@DSolve[
lhs = ATangent[
Join[A $Basis ($Basis /. {x-» 1, y » nl}), A $Basis ($Basis /. {x-» 2, y»n2})]
15
rhs = ATangente@ ($Basis ($Basis /. {X, ,, = CF[f, ,[A]], Xos - Fog[A], Yo - 8aplA]1}));
Join][
(Coefficient [CF[lhs - rhs], #] == @) & /@ $Basis,
$Basis /. {X,s = f,45[0] =0, y,; :8.:[0] =0}
1,
$Basis /. {X,5 - Ffop[A], Yop - 8as[Al},
A
11

Out[-]=
{{f1,2[0] > A (E11,1+ €21,1), F2,2[A] > A (€15, + E2,,)
'F1,2[7t] 5 e—)t§21,1 A §11,2 i (e—)\§1z,z A §21,21 81,2 [A] = A (7711’2 . e/\ (=€11,1+€1,5) 7721’2) }}

in[-]1:= {s0ll} = Block[{$k = 1}, Simplifye@DSolve[
lhs = ATangent [
Join[A $Basis ($Basis /. {x-» &1, y »nl}), A$Basis ($Basis /. {x > £2, y->n2})]
15
rhs = ATangent [
$Basis ($Basis /. {X, ,o = CF[f, o [A1], Xop - Fop[A]s Yo - 8aplAl}) /.
(s0le /. ((a_-»b_)=» (a»ea+b)))
15
Join][
(Coefficient[CF[1lhs - rhs], #] == 0) & /@ $Basis,
$Basis /. {Xop = Fo5[0] =0, y,5 >8,5[0] =0}
1,
$Basis /. {X,5 - fopglA]s Yap - 8asl[A]1},
A
11

Out[«]=
{{fu1[2] > e 12202 2, 5 €1y 5, Fa2[A] 5 et 2202 02, , €1y,

F1,2[A] > X202y 5 6115 €20,2, 81,2[A] » —e M e A 33 ot ey 51
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in[-]:=  TriangularDSolve[egns_, funs_, iv_] := Module[{sol = {}, e, fun, der},
MapThread [
{e, fun} — sol = Echo@Union[sol,
MapAt [CF, First@DSolve [Echo@CF[e /. Derivative[1][f ][v_] > der[f[v], v] /. sol /.
der[f_, v_] = d,f], fun, iv], {1, 2}]
1,
{eqns, funs}
15
sol
1

ml-1- SetAlgebra[gl; |;
$k=1
$PBWRule
MatrixForm@Table[ {bl1, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]

Out[e]=

Out[e]=
{¥1,2->1, y1,3>2, ¥2,3> 3, X1,1 >4, X1,2>5, X2,2 26, X1,3>7, X3,3>8, X3,3>9}

Out[+]//MatrixForm=

{Y1,25 ¥1,21 > © {Y1,25 ¥1,3} »>© {Y1,25 ¥2,3} 2 €Y1,3 {Y1,25 X1,1} =Y.
{Y1,3, ¥Y1,2} > © {y1,3> ¥1,3} > © {Y1,3, ¥2,3} > © {Y1,35 X1,1} =Y
{¥2,35 ¥Y1,2} » -€Y1,3 {y2,3> ¥1,3} > © {Y2,3, ¥2,3} > © {y2,3, X1,1} =
{X1,15 Y1,2} = -Y1,2 {X1,15 ¥1,3} > -Y1,3 {X1,15 ¥2,3} ~>© {X1,15, X1,1} =
{X1,25 ¥1,2} 2 €X1,1 - € Xa,2 {X1,25 ¥1,3} > -Y2,3 {X1,25 ¥2,3} ~>© {X1,2, X1,1} > ->
{X2,25 Y1,2} 2> ¥1,2 {X2,25 Y1,3} > © {X2,25 ¥2,3} = -¥Y2,3 {X2,25 X1,1} =
{X1,35 Y1,2} > —€ Xa,3 {X1,35 Y1,3} 2 EX1,1 - € X33 {X1,35 ¥2,3} 2 €X1,2 {X1,35, X1,1} > —>
{X2,3, ¥1,2} > © {X2,35 Y1,3} 2> ¥1,2 {X2,35 ¥2,3} 2 EX2,2-€X3,3 {X2,35 X1,1} =
{X3,35 ¥1,21 > © {X3,35 ¥1,3} = Y1,3 {X3,3, ¥2,3} 2 ¥2,3 {X3,3, X1,1} =

in[-]:- $Basis
Out[«]=
{¥Y1,25 X1,15 X1,25 X2,2}

in[-]:- SortBy[$Basis, If[#[1] === X, {0, #[3] - #[21}, {1, #[2] - #[31}] &]
Out[e]=
{X1,15 X2,25 X1,25 Y1,2}
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in[-]:- SBasis = SortBy[$Basis, If[#[1] === X, {0, #[3] - #[21}, {1, #[2] - #[31}] &1;
sol[-1] = @ SBasis;
Do [
Block [ {$k = k},
s@ = Thread[SBasis - sol[k -1]7];
lhs = ATangent [
Join[A SBasis (SBasis /. {x» £1, y-»nl}), ASBasis (SBasis /. {x-» £2, y->n2})]
15
rhs = ATangent [
SBasis (SBasis /. {X.s; > (Xus5 /. 50) + € Fug[Al, Yap > (Yas /. 50) +€“gs[21})
|5
Echo@"computed lhs and rhs";
eqns = EchoLabel["eqns"] @Transposee@ {
(Coefficient [CF[1lhs - rhs], #] == 9) & /@SBasis,
SBasis /. {X,s = f,5[0] =0, y,s :>g,5[0] =0}
};
unknowns = SBasis /. {X,s - fog[Al, Yo - 8aglAl};
s = TriangularDSolve [eqns, unknowns, A];
sol[k] = CF[sol[k-1] + € (SBasis /. {X,s = Fag[A]ls Yos = BaglA1} /. s) ]
].’
{k, 0, $k}
|
sol[$k] .SBasis

computed lhs and rhs
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{{€11,1+ 21,1 -F1,1"[A] =0, f1,1(0] =0},
{15, +82;,,-F22" [A] =0, F,5[0] =0}, {E15,3+E2;53-F33'[A] =0, f33[0] =0},
{@71 211048222 §11,2 +e M Ehatteh §11,1 511,2 - e MRt §11,2 §12,2 + §21,2 + A §11,1 521,2 - A 512,2
€210+ N E21,1 21,5 - X €21, 625 - F1[ 2] F1,0/ [A] - F1,0/ [A] + F12[A] £2,57[A] =@, f1,[0] =0},
{(Ef) £22,201 6253 €l 3+ e 122tk ) €l,,81,,5 - e %2t Ehs €1, 38153 +82;3+AE81, 5,82, 5~
AEL3382;,3+2X82,5825,3-XE825,3823,3-F53[A] F2,5" [A] - F3,3" [A] + 5[] f3,3" (2] =0,
f2,3[0] =0}, {e "B gy s et RSB fgly ) E1y e T B 6Ly, £y 5+
e Bt Be 2 61y 1 €15 Elp 3 - MR 02 €y 5 61, 5 €1y 5 - e AT B Q61 5 6y 5 -
e MR B S 61y 5 62y 5 - e PR IR 2 61, 5 61, 5 62y 5 + @M FR B 02 €1, 5 6153 629,54 24,3 +
X €111 20,3 - AEL3,3 €213 + A 62,1 E2 3+ @ BRI LDy 5 €2y 5+ @M BT ERI 2 6, €145 62, 5 -
e P2t 32 11,5815 5825 3+ X827 5825 3+ 22 €111 821,52 825,3 - 22 €1,,,821,582; 3+
2% €211 €215 €29,3 - N2 21,2 625,5 625,53 - X 621,3 623,53 - F1,3[ ] F1,07 [A] - F1,0[A] F2,3[4] Fu,0" [A] -
f2,3[A] F1,2" [A] - F1,3" [A] + 1,2 [A] Fo,3[A] 2,0 [A] + 1,3 (2] F3,3"[A] =@, f1,3[0] == 9};
{‘e/\ adeds Nly3+12q3- et ths nly,3&11,0 -AN2y,381 1+ ehtPaAEhs nly 3 &13,3+AN2 38133~
AN21,3E21,10+AN21,3E23,3+81,3[A] F1,1" [A] - 81,3[A] 3,3 [A] - 81,3 [A] =0, g1,3[0] = 9}:
[ttty 5 a2y, - @t B RN, €11y - AN2y 5 Elyy @ TR AN 5 €1y +
AN2q,5 €1y + @ 2R AN1y 5 £y 5+ @RS A2y 5 61, 50 @ BT ER2 A2 L) 5 61, 5 €1y 5+
ettt 32 N2y,3815,2 8153 - et that e 52 nly 3 E815,3 8133~ e 122t e2s 52 N2y,3 815,313 3 -
AN21,5 €21,1 + AN2y,5 €255 — € PN EBS ANy 5625 5+ AN2y5 6253+ € B2 1y 561y 1 €2, 5+
e N2y,3815,2 82,3 - et that e 32 nly 313,382, 3~ e N2y,3E13,382;,3 + e N21,3822,2 25,3 -
22 N21,3622,3623,3 +81,2[A] 1,1 [A] - 81,2[A] 2,27 [A] - Fa,3[A] 8a,3[ 2] 2,07 [A] -
81,3[A] F2,3" [A] + F2,3[A] 81,3[A] F3,3"[A] - 81,2" [A] =0, 81,,(0] == 9}:
R P L T NG L Pl B N PP L s
22 7711,3 §11,1 §11,2 —e MRt 2 Tl21,3 §11,1 §11,2 I S\ rllz,s §12,2 - A r]22)3 512,2 +
et P A% 52 nly,3811,, 81,5+ e M 2arhiha 32 N2y,3811,2 815 5+ e tBate ) nl; 3 &13,3 +
AN2y 38133+ e Bt ) N1ly,3821,0 -AN2y,3821,5 - e Rt e 52 nly,3811,1821,5 -
22 N2y,3811,1 8215+ e N21,3815,2 82,5+ et eh 52 nly 313,382y, - e N21,3821,1 21,5 -
AN2y,382;,5+ e N21,3821,2 625,50 + AN2;,3823,3+F1 5[] 81,3[A] F1,1" [A] +81,3[A] F1,2"[A] -
F1,2[ 2] 81,3[A] 2,2/ [A] + 82,3[A] 2,57 [A] - g2,3[A] F3,3"[A] —82,3"[A] =0, g,,3(0] = 9}}
{€11,1+821,1 - F1,2"[A] =0, f1,,[0] == 0}
{f1,2[A] 52 A &13,0 + X1 821,11}
{€12,0+ 825, -F2,5'[A] =0, f,,,[0] =0}
{F1,2[A] 2 A &L1,0 + XA 821,19, F22[A] 2 AEL, 5+ X E2;,5)
{€13,5+ 825,53 -F3,3"[A] =0, f3,3[0] == 0}
{F1,2[A] 2 A E19,0 + A 821,15 T22[A] 2 AEL, 5+ X E2;,5, F3,3[A] > A E15 3+ A 823 3}
fetfantiie gy p v e et e g1y ) €y p -t T R R ey 5 €1y +
21,0+ A E11,1 82,5 - AELy 28210+ X 827,01 821,50 - X 821,582 5 -E11,1F15[A] +
€1y 5 F1,2[A] = 821,10 F1,2[A] + 8255 F15[A] - F1,0 [A] =0, f1,[0] = 9}
[F1,1[A) > A &Ly 1+ A 6211, F1p[A] > e P 522 ey 5 4 062y 5,
fo,0[A] 2 A &L, 5 + X E25,5, F3,3[A] 2 A&15,3+ 2 §23,3}
R PR DS PP LY S L C L B PR I

€2, 3+ AE15 5625 3- X813 3825 3+XE82,582;,3-2182,382335-E81,,F, 5[] +
El3,5F,3[A] - 62,5 F03[A] + 825,35 F5 3[A] -f,,3 [A] =0, f,5[0] = 0}
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{F1,1[A] 5 A €L 1 + X821, F12[A] 5 e Pt 822 261y 5+ X €2y,
f2,0[A] 2 AEL, 5+ A 8255, Tr,3[A] - e Bath B ) 1,3+ A 82,3, T3,3[A] 2 A &15,3+ A §23,3}
{@ﬁ\ 21104823 Ely 3+ e 1Pt ) €111 €14,3~ e €1,,3€61335-2 e €1,3821 5 -
@ %2t A 82,5 2 €11,1 615,362+ € 222008253 32 €15,3613,362,, - 22212823 )2 €15,3621,1821,2+
€213+ A E11,1 6213 - A EL3,3 6213+ A E21,1 €21 3+ @ TR B 02 €1, 5 €21 5625 5 162136235 -
€111 F1,3[A] + E13,5F1,3[A] - E21,1 F1,3[A] + E25,3F1,3[A] —-F1,3"[A] =0, f1,5[0] == 9}
[F1,1[A] 5 A €L 1+ X821, F12[A] 5 e P22 261y 5+ X €2y,
f1,3[A] 5 e P gy 5o e MR B a2 61, 5 €2) 5+ A €23,
F,2[A] > A &L 0 + A E25 5, Fa,3[A] > e 5222885 X6, 54+ 262, 3, F33[A] 5 A &35+ X235}
e PP A e P N P P
AN2y3 Ely,q + @ PR3 A1y 5 €13 3+ AN2y 53 E13,3 - AN2y,3 821,10 + AN2y 3 E23,3 +
€11,181,3[A] - E13,381,3[A] +E21,181,3[A] - E25,381,3[A] - 81,3 [A] =0, g1,5(0] == }
[F1,1I0] > A €L 1+ X821, F1,2[A] e P22 261y 5+ X €2y,
Fi3(A] 5 e Pt ey g et R s 02 61, 5 €2y 5+ X623, Fa,2[A) 5 A ELy 0+ A E2;,0,
Fa,3[A] » e MR B 61, 30 X2, 5, Fa3[A] 5 AELy 3+ A E23,3, 81,3[A] € BB a1y s an2, )
{22 2201, w2y, - M R a1y 5 £y g - A2y, Ely g @ TR N, 5 £y 5+ AN2y 5 E1p)5 -
AN2y,5 E21,0 4+ AN2y,5 E25,5 -2 20420 anly 82, 34’ PR 2 1) S 61y 5 £2, )5 -
e B 2 N1y 5 €Ly 5 €25 - @ P B A2 1y 562, 5 62y 5+ @ B 22 N 5 €2, 56255+
€1ly,181,2[A] —E15,281,2[A] +E21,181,2[A] —E22,281,2[A] — 81,2 [A] =0, g1,2[0] = 0}
{F1,1[A] 5> A €Ly + X821, F12[A] 5 e Pt 822 361y 5 + X £2y 5,
[A] > et eharteBs p g1y 5 - et PR B 32 61, 5 €2 5+ A E2 3,
F2,0[A] 2 AEL, 5+ A E25 5, Tr,3[A] - e Bath B ) 1,3+ X825, f3,3[A] > A &15,3+182;3 3,
g1,2[A] » e PPtz ) Ny, +An2y , - e Fhahes 52 Nly,3 £22,3, 81,3[A] » €’ Fatehs nly 3+ A U21,3}
{eh $22,24 €23 nl, 3+nN2;3~ et FP2 A% 5 N1y 3815, -AN2; 381 5+ BN nl, 3133 +AN2; 3813 3+
2 BB Ly 5 60y - @ TR A L 5 6, 5 €205+ @ BT BT N1, 5 6155 €2, 5 4
e T B 02 1) 3 621,01 621, - AN2;3 62, - @ TR 02 1) 5 €21 5 €2, 5+ AN2,,3 6255+
€15,282,3[A] - €13,382,3[A] + £25,282,3[A] - €23,382,3[ 1] - 82,3 [A] =0, £,3[0] =0}
{F1,0[A) > A ELy 1+ A 6211, F1p[A] > e P2 22 ey 5 4 €2y 5,
[A] » e M 2arhesa ) €ly,3 - e 2t 52 €1,,3821,5+ A E2, 3,
F2,2[A] 5 A ELy 2+ A €20, 3,3 [A] 5 e 222 B3 A1, 54 12, 5,
[A] > A €133+ AE23,3, B1,2[A] = e’ Bt Ny, +AnN2y ;- et AeR 52 nly,3 82,3,
(A] » 2B A1y 5+ An2y 5, B2,3[A] 5 € T2 B AN, S An2, 5+ et e 22 0y 5 €2 )

computed lhs and rhs

{{—2 et e g nly,5 821, - ettt e g 32 nly,5, 21,1 821,5 -

2Pt ha gy nly 38213 - et Bt Ehs g 32 nly,3821,1 8213+

e Pt ¢ 2 N1y, 821,282, + et that el g 32 nly,3821,3823,3-€f1,1"[A] =0, f1,1[0] = 9};
{2 etttz g nNly,,&21,0 + ettt g 32 Nly,5821,1 6215 - ettt g 32 Ny, 621,282, -

2" P2 s e N1, 82, 33 P s e A2l 562,562, 5 -

B e 31y 82y 1 82,5 82,3 Per B e 201, 562, 5,82, 3+

e P2t ¢ 2 nl,,3825,3 8233+ et that et g )3 nly3821,2625,38233-€F5"[A] =0, F,,,[0] = 0} ,
(28 B e a1y 5 €2y 3+ @ Pt B e AP 1y 5621 62y 3+ 2R B e ANl 562, 5+

3t Rt s g 32 nly,3E821,2 82,3+ e PPt ¢ 3 nly,3E821,1 821,5E25,3 +

@22 e ¢ 2 r)12,3 £252825,3 - B Ehs ¢ 2 Vi11,3 £21,3623,3 - et i g 2 W12,3 £2;,3623,3

e B e 231y 562y 5 62,3 625,3-€ 3,5/ [A] =0, f33[0] =0},
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{2 e N1y ,811,08215,+2€ h N1y, 811,181,582, -2¢€ 2’ N1y, 11,2 815,5 8215 -

et g 321, ) €20, v @ T e e Py ) £1y; €2, - T e e P01y, 61, , 620, -

222248 ¢y nly 38213 - e 222788, ¢ )2 N1y 3811,1 62,3+ 1222785 ¢ y2 nly,3E811,2 82,3+

ettt ¢ 33 nly,3811,1 813,582 3+ e B2t Eh g 32 N1y 3E15,2 6213 -

e Pt ¢ 3 nly,3811,5E815,5621,3 - e FPa i g 2 nl; 3821,1 82,3~

2" BB e A2 N1y 3 6245 E2y,3 - @ TR € WLy 56205 €215 6215 -

@ P2 Atha At ¢ )2 nl; 3E11,2 82,3~ @ P2 Atha At ¢ )3 nl; 311,181,582, 3+

@ 1212 A0 A e ¢ )3 nly,3E11,2E15,2625,3 - e Bt g 32 nly,3821,5 8253 -

e P2 Eh ¢ 3 N1y 3811,1 621,562 3 - e fPa i g 3 nly,3 11,2 821,5E25,3 -

@22 80 gt r)11,3 511,1 511,2 521,2 522,3 + ettt iR g )3 le,s 512,2 521,2 §22,3 +

e FBaheh g Nly,3811,5 815,821, 82;,3 - e S22 th g )3 nl; 321,01 821,262;5,3 -

e Pt e 231y S 627,62, - T B e a1y 561y 1 625,62, 5+

e A B e 0 1y 561, , 828,62, 5@ P B e X 1y S 62, 1623, 62, 5+

@' PR e 2301, 362y 562,562, 3+ @ PN B e Aty 562862, 5,62, 3+

@22 Ehs ¢ 2 7712,3 £2,,3823 3+ et Bt g 53 7711,3 €21,5821,38233-€&813 'F1,2 [A] +

€8y, f1,5[A] €821, F15[A] +€ 62,5 F1 5[N] e AR e gLy 5 Fy 0 (A -

ENE2,F1 1 [A] —efyy [A] +e Pt o e a gl 5 F, 5 [A] + €A E2 5 Fa 0 [A] =0, f1,,(0] =0},
{*@A 21,720 E207 A 855 ¢ 52 W11,2 512,3 §21,2 - @ PP ARt Atk ¢ )3 7711,2 §12,2 512,3 §21,2 +

@ P2 A Eh A ek ¢ 53 7711,2 €1,3813382,,+2 etttz g 3 W11,2 21,3 +

et Bt g 32 Nly,,&15,5 82,3+ et FPah e ¢ 32 nly,3 815,382 3+

ettt ¢ 33 nly,3&15,, 815,382 5~ et Bt g 532 N1y, 13,3621 3 -

e PR e 31y S, 3615362 3+ @ P 2 e 021y 5 €2, 162y 3+ 2 2% n1,,5 815,362, 5+

2e X n1y,5 605, €15,362,,3-2€ 2% N1y 3 €153 615,362,342 AT R € A2 Ly 5 €215 €255+

2 et S A 2 g 33 Nly,3 15,3821, E25,3+2 e FhuateZe g Nly,3815,2 8153821 582, 3 -

2t R g 3t Nly,3E15,3 8133821582, 3+ e Bt g 33 N1y, 821,01 621,5 82,3 -

2@t Pt s g 2 nly,3E821,382;,3 - e Pt eh ¢ 3 nly,3E821,1 £21,3E82;,3-

e Eh, ¢ )3 Nly,5821,262;,5E82;5,3 - 1222785 ¢ )2 ni, ; 52513 + et 22 A ¢ )3 nl; 3 &1, §2§,3 -

e Pt e 231, 56133625 5 -2 Pt B e 31y 5 €2, 625 5+

e B e 0 N1y 5 61,5 €21, 62) 5 - @ BT B e At Ly 5 €155 62,5 625 5 -

@SB e A 1y 562,162y, 825 st P B e A 1y 562, 562, , 625 5 -

e R e 02 Ny 5 £2,3 €235 v @ PR e P N1y 3 €203 62,53 E23,3 - € E1p,5 T3 (] ¢

€813,3F2,3[N] -€62;,5F23[A] +€625,3F53[A] —e BB e gL, 5y 5 (A -

ENE2) 30 [A] —efy 53 [A] + e MRt iha g ) 1, 3F3,3" [A] +eX&2;,5F3,53 [A] =0, f,,3[0] = 0},
{@ﬁ\ £22272 82055 ¢ 52 rl11,2 §11,3 521)2 +e MRt g 3 W11,2 §11,1 511,3 §21,2 +

e P B e 03 Ny 5 E1a,5 €1y 3 621, + @ MBS e AT Ly €140 6Ly, €153 620, -

e M2l g )8 Ny, E11,2 815,815,382, - e 122t g )3 N1y, 11,3 8133821 5+

e’ nly,811,,82;3+€ 23 Nly,5 €111 6112821 3+2€ e nly,3811,382;,3+2¢€ 2 nly,3 811,10 €1y,382; 3~

e nly,,811,,€61528213+€ e nl; 3815,3823,3+2¢€ 2’ Nly,3811,2 815,382 3+

2e2* N1y 3 60,1 €115 60538203+ € Xl 3 €Ly 5 €153 6213 -2 A% N1y 3 €115 €155 €155 24,3 -

2e nly,3&11,3813382;3-¢€ 2 N1y 3 815,313,382 3~ et it ¢ 32 Nly,5 821, 2;,3+

ettt ¢ 33 N1y, 11,1 621,5 6213 - et thate2a ¢ 53 Nly,5€15,2 21,2 €213 -

e Pt ¢ 3 nly,3815,3821 56213~ e Pt ¢ 8 Nly,3E815,2815,3821,5E82;,3+

@B E2 ¢t Nly,3 81538133821 5823~ ettt it g 32 nly 5 §2§,3 +

e Pt s e 31y 561y, 82] 5 - P B e Py 56153827 e P e e P, 561, 362, 3+

e haheha g 33 N1y 311,181,382, 3+ e P2t ¢ )3 nl; 311,281,382 3+

e PPt E2a gt N1y 3&11,1 13,5 E815,382;5,3 - e M Farhtha ¢ )4 N1y 3E11,581; 5, 815,382,535 -
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ettt ¢ )3 N1, 3E811,3E6133E62;3+2€ 22 Nly,5E611,2621,282;3+2€ b Nly,5 €110 €115 €21, €25 3 +
e nly,3811,3621,E62,3+¢€ 2t nly,3E811,1811,3821,582;3-2¢€ h Ny, E11,2 81556215 62,3 -
e r)12,3 512,3 521,2 522,3 +ext W11,3 511,2 §12,3 §21,2 522,3 e r]11,3 511,1 511,2 512,3 521,2 522,3 -
et N1y 381;,,E61;,382;,,82;3-€ 2 Nnly,3811,2 8155, E815,3821,5 825 3~
ex* N1ly,3811,3813,3821,582; 3+€ A* N1, 3E815,3 8133821582, 3 - et that g 33 nly §2§,2 £2;,3+
e A e 0 1, ) 61y 1 823,62, 5@ P R e X 1y 5 61, 5, 623,62, 5 -
e SR e 1y S 61, 3628 , 62, 5 - @ P 2 e A0 1y 61, 5 61,3625 562, 5+
et the ¢ 38 nly,3 81538133 5212 €2;,3 - et P A g 32 nl; 3621,382;,3+
e Bt ¢ 33 nly,3811,2,821,362; 3+ e B2t gt Nly,3E811,1811,5821,3E825 3+
@22 Ehs ¢ 3 nly,3 81,2 621,3E82;,3 - et tha M2 g 3t nly,3 811,281, 621,3E82;3 -
et ths ¢ 33 nly,3 13,362,382 3 - et FPah e ¢ 33 Nnly,3621,2 §21,3 625 3+
et g 8 nly,3 8111 621,5821,382;5,3 - et that e gt Nly,3 €133 6215 21,3825 3 -
e M ERat B ¢ ) €ly,1 81, 3 F1 (A + e 122t thn g ) €1,,,81, 5F1 5[] -
e MRl g ) €1y,3829,1 1,0 [A] + et tRatt B g ) 1,382, 5,1 5[A] —eA&ly,1 825 5F (2] +
€A 512,2 522,3 'Fl,z [A] —eA 521,1 522,3 'F1,2 [A] +er §22,2 §22,3 'F1,2 [A] - € 511,1 'F1,3 [A] +€ 513,3 'F1,3 [A] -
€821, f13[A] +€8253F1 5[N] —e e e gLy 5 fy 3 [A) - e R e a6l 1y 5 Fo 5[] +
e MR e Qg 5 15,5 Fo,3[A] - € 624, Fo,3[A]) - € A ELy1 21,5 o3[ A] + € AELy; £24,5 F5 5[] -
€NE2,1 8215 Fr 3[A] + €N 82,582, Fr3[A] - e Rttt ¢ ) Ely,3 F1,1"[A] -
e thartita g )2 Ely,,E815,5F1,1 [A] —eXE2;,3F,1"[A] - e Bttt ¢ )2 €1ly,, 625,35 F1,1" [A] -
€22 €215 625,3F1,1 [A] - e BB e A £, 3y 0 [A] - € X623 F1 0 [A] —e 3 [A]
e MR €02 gy 5 €153 5,0 [A] e R IR € 2% 61, 5621 5 Fo,0 (] +
e thatitha ¢ )2 €1y,, 82,3, [A] +€ 22 €21,,82;,5F2, [A] + e thathiBa g ) €ly,5f3,3" [A] -
e 1Rt hs e 32 61) 562y 5 33 [A] +e A E2y3 3,5 [A] = O, f1,3[0] =0},
{—2 e 22 s ¢ ) nl3,3N21,5 + e P2t g 52 N13,3N21,, 11,1 -2¢€ 2 11,5 121,314, -
2e X1y, 02136111 EDp+2€ X1y 502y 36Dy 5 E1p 5 - 2€ X2 N1, 3025 3 E1p )5 -
2€ 2% n1,,3121,3 ELp, €y 3 - @ 2 B e 0201, 302y 5 €155+ 26 P01, 302y 5 6Ly 3 El5 5+
B A e a2ty n2, L 62y, 2R AR A B e 32 1 €2,
3eM PR e A2 1) 3 N2y 5 821+ @ A B e 31y g2, 5 8100 E21,5 -
2" Pt g )3 Nly,5n21,3811,1821,0+2 et P el g )3 N1y, N21,3 12,2 €21,5 -
2 FRa SRR e 0 1] 5 €1y 3621, - 2@t TR € Py 302y 5 €155 620, -
P e 771%,3 €1,,81,382,,,-2 et Bt g 3t Nly,3124,3815,, 615,382, 5 -
e BB € 0% 1y 3n2y 5 €153 62,5 + 2 @7 BT R B Q8 1T L 61, 5 6155625+
2 PPt g )t nly,3n24,581;,3813382; 5 @212 At ¢ 3 nly,,n1y,3821,1 821, -
@' Pt e 23 1y o N2y 58200 E21, + @21 X2 1l L €2y 54
4 et 0825 ¢ 2 nly,3124,5821,3+ @212 8,5 o )3 7’]1%,3 €17,1 62,3 -
T L T N F = T
28 e 231y 312y 3 621,10 621,53 - € P2 B e 2201, 302y 5, 62,5+
@ Faa R R € 03 N1y 5y 3 E20,5 62,5 + @ PR € 20 1y 5 02y 3 20,5625, +
@t PPt 222 A8 ¢ 2 nl1,31n15,382;5,3 - e PPt 222 e ¢ )3 nly,3nly 381,182 3+
2t PPt ERa 2tk ¢ )3 Wlig €11,,82;3+2 et P ths ¢ 33 Nly,3N29,3811,2E825 3+
2@t 2t ER 2 A ER o pd 771%,3 11,181,582, 3+2 e B2t gt Nly,3M21,3811,1 611,52 E2;3 -
2 BB € 2201, 302y 5 E1y,5 €255 - 2@ BT ERATEARS 28 1] £ 5 €155 €255 -
22 Eha g 3t Nl1,3N21,3 811,285,282 3+ e Bt 222 Ah, ¢ 53 nly,3n1;,3813,382; 3+
2" 52 B0 e 20 N1, 312y 5 EL3,3 2,5 + 3@ IR AERS € 23 1T 5 €2, 5 62, 5
3Pt g )3 nly,3121,5821,2 8253+ @21 P12 Ehs ¢ jf 771%,3 €1y,1821,, 82,3 +
2" B e 2F N1y 312y 3 1,1 21,5 €255 - 22N R EB Q0 1T 5 €1, 5 6245 62,5 -
4t hatEhs gt Nly,3N21,3 815,20 821,2 8253+ @21 P12 A Ehs ¢ jf 771%,3 133821, 82,3+
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e PPt ¢ 3 nly,3815,3821,1 8213+ @ B2 AER A n ¢ )3 Nly,5815,3821,5E25,5 +
6e’ nl; 3815,382;3+2¢€ 2’ nl,3815,,81;382;3-2¢€ x nl,,3 15,3 8133825 3+
g et Pt g )3 Nly,3 15,3821, E625,3+2 e/ PPt ¢yt Nly,3815,5 815382158253 -
2@t R g 3t Nly,3E15,38133821,582;,3+2 P Nly,3 81538211 821,582;,3+
2e 2 nl; 3E815,382;,,E82;,3+3 et tha M g 32 nl, s §2§,3 +
e Bt ¢ 33 nl; 3€1;,, §2§,3 - et PPt g )3 nl, 3 &133 52%,3 +
4 Pt Ba e 1) 562, 5825 sl P B e X, 61, 562, 5625 5 -
et g 8 nly 3 &13,382;, §2§,3 + et Pt g 8 nly,3821,1 621, §2§,3 +
202 s e 331, 562, 5,625 5+ P e 0Ny 5 €2, 562, 5,825 5 -
ettt ¢ 2 nly 5 &21,3 8233~ et thate g 33 nly,3&15,382:,3823 3 -
2e 23 nl,,3615,3625,38233-2 e Bt gt Nly,3815,3821,5E625,3823,3 -
20 s e 331, 5 €25 5623 3-2€ P B e X1y 562, 5625 56233 -€ £y 5 Fa 3 [ A] +
€&l33F3[A] —€82;,,Fr3[A] +€82;3,5F,3[A] —efy 3" [A] =0, f,,3[0] == 0}
{'Fl,l [A] = -t S ERe 52 11,5 821,2 - e’ S2aA £ 52 11,3 €21,3,

F1,2[0] 5220 N1y 5 €1y 62, 5 + @ P22 3 1, £2] - et R s 32 1, S €2, 5 e
B D T T I T T T A
! 2 A 031y 5 £20,5 €25,3 - @1 PR AT Ly 5 61y 5 €245 €253 - @ PR AT 01y 5 627 €2, 5,

fa,2[A] = et tha e )2 nly ;21,5 - " 22280 2 N1y 3825,3 - e EPaTA e 53 N1y 3E821,2 €253,

Fo,3[A]) > -t B AERa B 33 1) ) €1, 362y 5+ @ PRI N €2, 5 4
e thate2a 53 Nly,3E615,38213+2 23 Nly3E615,382;3+2 et thate 34 Nly,3615,3821,2 6253+
R DL T B = = L

Y P I T R RS LT PN M S s S PN MR 29
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{3 et Rt Al ¢ 32 nly,5,811,382,5 + e MR hihs g 33 N1y, &11,1 811,382 5 -
@22t g )3 N1y, E1l1,3 81338621 5+ e 12 Eha ¢ )3 Nly,5E11,3621,1 6215 +
62 nly 3 611,53 €21,3+2€ 2% N1y 5 EL1,1 60,3 €213 +3€ A% N1y 5 EDp3 621,53+
e’ N1y 3811161382, 3-2¢€ 2 nly,3&11,3813382;3-¢€ 2’ nly 3 815,3 813382 3+
2¢2° nly,3811,3821,182;3+¢€ 2 nly 3815,362:,182;3-4 et 21 h 22 ¢ )3 nly,3 815,382, 821,3 -
e PS¢ 8 nly,3811,1 815,3821,5821 3+ e Pt ¢t Nly,3E815,3813,3E621,5 823 -
2Bt ERa gt Nly,3815,3821,1621,562,3+3 et Bt g 32 nly 3 52%,3 +
e Pt e 31y 561y 3 628 - @ P B e Pl 58155828 2’ P B e Py 562, 0628 5 -
e B hEhs g 33 W11,z 511,3 521,2 §22,2 + et Pttt g )t 7711,3 §12,3 §21,2 521,3 522,2 +
3PPttt g )2 N1y 3811,382; 3+ e M2t ¢ )3 N1y 3&11,1 813,382, 3~
e Pt ¢ )3 nl;,3811,3813382; 3+4¢€ 23 Nly,3811,3821,5E825,3+€ At Nly,3 11,1 811,3821,5E2;,3 -
4e X’ nly5 Ely,3 62,5 6253 - € A0 N1y 3 611,1 €15,3 62,5 €253 - € A0 Ny 3 E14,3 €133 624,5 €253 +
et rllz,s 512,3 513,3 521,2 522,3 +ext VZ11,3 511,3 521,1 521,2 §22,3 —ex* rllz,s §12,3 521,1 521,2 522,3 -
5ttt gyt nly,3&1,,3 §2§,2 £2;,3 - et S21h % ¢ )3 nly,3&11,1 €153 §2%,2 £2;,3+
et R R 0% 1y 5 €155 615,53 62] 5 25,3 - 2@ TR € 0% Ly 5 €15 5 6200 62] , 25,3+
3R iha e 2 nl; 3821,382;,3+ et Bt g 33 nl; 3E11,1 £21,3E82;5 3~
e B2t ¢ 33 N1, 38133821382 3+ e Bt g 53 n1ly,3821,1621,3E825,3+
4t BB e 03 Ny 56215 €213 625,53+ @ BB e AT Ly 5 €1 6215 €213 625,3 -
A2 AEhs ¢ ) N1y 38133621, E621,382;,3+2 et ehn g 3t Nly,3E821,1 21,5 821,382;5,3 +
A2 AEn e ¢ )3 Nly,3E811,3E625,28253+ Bt ¢ 33 nly,3&1,,3 ‘fzi,z €2;,,82;,3+
A 82227803 ¢ )3 Nl;,3821,362;,E82;3-2¢€ 2 nly,3E11,3621,38233-¢€ 23 nl,,3815,3621,3E823 3+
AE2a A e ¢ ) N1y 3815,362y,5,821,3823,3-2 et th ¢ 33 nly s §2i,3 €233 -
e MR 2% N1y 5 €113 62536253 - € AT Ly 3 ELy,3 6215 625,35 E23,3 +
et Nly,3 81538215 E825,3823,3 + ettt g 38 nly,3 81,3 §2§,2 €2;,3823,3 -
2! BB 20N, 5 €213 62,3 €235 - 2@ BB € Af 1y 5 €215 624,362, 3623,3 -
€8l f13[A] +€ 813 3F1 3[A] —€821,1F1,3[A] +€823,5F1,3[A] —efy 3 [A] =0, f1,3[0] = }

(S
(S
(S
e

{'Fl,l [A] » -2t 222 32 1y o €2, 5 - @ PP B 21y €2y 5,
f1,2[A] -2 23 Nly,5, 811,821, + et that e 33 nly §2i2 -t tRa A ehs 52 nly 38213+
e At 3y 5 61y, €24,5 - @ PRt B 0 01, 61 5 62,5 -
e 2R 00 N1y 3 624,5 €255 - @ PR A0 1y 3 £y 5 €25 €255 - @ TR0 N 5 €27 5 €2, 5,
f1,3[A] »e™ 22,202 6255 )3 Nly,, 11,3821, +2 2 nly,3811,382;,3+ 2 nly 3815,382:,3~
e’ Pt b2 8 nly,3815,3621,5 8213+ e fPah e 53 nly 5 52%,3 v e MRt 3 nly,3811,382;5,3+
2t Nnly,3E811,3821,,E82;5,3 - ¢ nly,3 815,382, E82;,3 e Bt 33 nly 3 &1,,3 §2i,2 £2;,3 +
e B2 tEns 53 nl; 3821,382; 3+ e Rt e 54 nly,3 21,2 621,382, 3,
'Fz,z [A] = et tha e 52 7711,2 €2y, - e’ 22280 2 7712,3 £2;,3 - e EPaTA e 53 rl11,3 €21, 6253,
Fo,3[A]) > - PP AER B 03 1) ) €1, 5362y 5+ @ B ERI 2 N1 €2, 5 4
e thate2a 53 Nly3E€15,38213+2 2’ Nly3E615,382;3+2 e Nly,3E15,3821,2 8253+
DL T B = = L

f3,3[A] > @ 2B 021, 3£y 3 u @ e B 3201, 562y 5wt R B 301y 5 62, 5 €2, 5
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{~2eM 225 e ainl, 32y 5+ @ R B0 € 2% N1, 302y 5 €La - 2€ A% 1y 5123 61,5 -
2€ 2% N1y 50213 E11,1 ELy,2+2€ XX nly p 120 3 E11,5 EDy,0 - 2€ A2y 312,53 Ep 5 -
2€ 2% n15,312,3 E1y,2 E1p,3 - € 2B e A2, 312y 5 €133+ 2€ 2% 15,3 7124,3 EDp,3 ELa,3 ¢
e A 21y nd €2 | - A e A e At c 321 1 e, -
3t MR e 2% 01y 3n2y 5 €2y - 2" PR € 02 1y 5 02y 5 E2 5 ¢
e PPt eh ¢ 3 nly,3nN2y5811,1821,5-2 ettt ¢ )3 nly,,n2y,3811,1 8215+
202 e 331y o N2y 56Dy, E21,, - 2@ P B A s e 3 1l S 61, 562, -
2 P eha g 3 Nly,3N21,3615,38621,5-2 @27 P 22070 8050 ¢ )8 Wli,g 15,81, 382, 5~
2Bt Eha gt W11,3 W21,3 €15,,€615,3829,5 - e PPt Eh ¢ )3 7711,3 7721,2 El3,3829,5 +
P S 771%,3 €153813,3821,,+2 e Bt gt nly,3n29,381;,3813382; 5
221t R eha ¢ 53 nly,,n11,3821,1821,,-2 et Rt g 33 nly,,N21,3 821,121, -
322N 32 12 L ed) Ly ARt g 3 12 el e, s o
B L T N S = T
e Bt g 32 N1, 3nN29,5 62,5+ 2 @2 S tha A ¢ 33 Nly,,n14,53821,2825,5+
2 PP eha g )? Nly,2 121,53 821,2625,2 - e S211 A 22272 18205 ¢ 32 nly,3n1y,582;,3 -
2 BB e A2 1y 3125 62y,5 - @ TR AER € 2001y 31, 5 €Ly 0 €255 ¢
2" Bah B2 Ah s ¢ 53 Vili,s €11, 625,3+2 et Bt g 53 r]11,3 7721,3 €11, 8253+
2@t E22 2080 ¢ p4 771%,3 11,161,582, 3+ 2 e B2t g 3t Nly,3N21,3 811,111,582, 3 -
2P tha g )3 Vilz,s W21,3 €1,,82;3-2 e Bt 822272 A% ¢ 8 r]liS €1,,,81, 5,825 3~
2% ERa g 3t Nly,3N21,3811,2815,2 825 3+ e Ehart S22 A h ¢ )3 nly3nly 38133825 3+
2" F2 B0 e 22 N1, 312y 53 EL3,3 €25 + @7 TR €0t 1] S 61y 3 €215 62,55+
2 PPt ehn g )t nly,3121,381,1821,582;,3-2 @27 P2 A ¢ pd 771%,3 €15,2821,5 82,3~
4t BB e 0t 1y 3Ny 3 €155 624, €253 + @ B e X n1] 5 €153 6215 €255+
2 PPt ehn g )t Nnly,3121,53813,3821,5,82;,3+ @21 P2 Ehs g pf ’7]-%,3 £21,1 821,582 3+
2! s e 20 N1y 302y 3 620,1 €215 £2,,3 - @ BT RIS € 0301y sl 5 62,5 €2y 5 -
280 e 331y 312y 36255 82,3 - 22 PR B e At 1T 162, 562, 562, 5 -
4t g )8 Nly,3N21,3821,2625,2E25,3 + @212 Aths ¢ )3 Wli,g £27,3825 3+
@ 2atA 822,272 08k ¢ 33 nly,3nly,362;,36233+2 ettt g 33 nl; 31245 82;,3E23,3+
€212 A eha ¢ 4 771%,3 €212 825,3823,3+2 e Bt gt nNl1,3N21,3621,2625,3 8233+
€81y,181,3[A] —€&13381,3[A] +€E21,181,3[A] —€E23,381,3[X] —€81,3 [A] =0, g1,3[0] = 9}

Out[e]=
$Aborted
Dot: Tensors
el +A820 -1 e N 1y 5 8215, AETpp + &M E0THR2 € X215 €215+ A 6255, €7 NE 5 A 82,42 € X7 014,
Elh, 82, + P02 e A3 1 €27, M PN 22 ) Nl +An2s; - ¢° M2 AR ¢ )3 ’71%,2 §24,}and
{X1.1. X2.2, X33, X1,2, X2,3, X13, Y1.3, Y1,2, Y2,3} have incompatible shapes.
Out[e]=

{/\ Ely,1 + A E2y,y - @ PPtz g )2 N1y, 821,25, AELp 0 + et PP ehe ¢ 32 N1y, 821, + A E2; 5,
e M Ehathina ) El1,, +AE21,,+2¢€ 23 Nly,5E11,5821 5+ et Rtz g 33 nly,, §2§,2:
(E)\ £211-1E2;,5 A ),]11,2 Yy 7721,2 _ (EZ/\521,1*2)\§22,2 c )L3 771%,2 §21,2} .

{X1,15 X2,25 X3,35 X1,25 X2,35 X1,35 ¥1,35 Y1,25 ¥2,3}

“Ealil+&a2 1] Y1,2[K] 11,2031 +y1,3[k] m1,3[1] +

-&3,2[11+63,3[1]

050l = E i j35k) [Y1,z [kl ny,2[i] +e

e s lil+6slil y) J1k] ny 351 +Ya,3[k] 12,3[1] + e Y2,3[K] 12,3[3] +

X1,1 [K] €1,1[1] + X3,1[k] &1,1[]] + @ ] X1,2 [K] &1,2[1] - g5l Y2,3[K] 11,3031 &€1,2[1] +
e 22 xg 5 [K] €1,2[F] + @ #1000 x5 [k] &1,3[1] + @ 21 xq 3[K] €1,3[F] + X2,2[K] €2,2[1] +
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X2,2[K] €2,2[3] + @ 522030 x; 3[K] & 3[1] + @ SurlilreaaltsEaslily, 1K) 1y 5[] &;,3[4] -
X1,3[K] €1,2[3] €2,3[11 + @ 521 %, 3[K] €5,3[F] + X3,3[K] &3,3[1] + X3,3[k] &€3,3[F1
“E22 (465501 y1,3[K] n1,2[1] n2,3[3] + @22l X1,1[K] n1,2[3] &1,2[1] -

N alil2600 y) 1K) 0y, [§12 €1,2[4] +

-@
@21 x; 5 [k]1 m1,2[F] €1,2[1] - e
e yy 5[k m1,2[4] 01,3 03] E1,2[4] + X0,2[K] 12,2[3] &1,2[4] €1,2[3] -

e 2200 x, 3[K] 11,2131 €1,3[4] + @21 xq 1 [k] n1,3[3] &1,3[1] - €21 x5 3[K] 11,3131 &1,3[4] -
e Sl 826 il y ) o 1k] 0,5 [3] M1,3 03] &1,3 0] - @ 821028500y S1k] 1y 31317 1,3 4] +

e S 1826 ] 5 5 1K] 13,3 03] &1,3[4] - @ 52200285080 y) 51K 13,3131 12,3031 €1,3[4] -

e 16l iy 5 [K] M1,3 03] 1,201 E1,3[4] + &2y, 51K] 11,3037 €2,2[4] &1,3[4] +

X1,3[K] N1,2[3] &1,2[3] &1,3[4] + Xa,3[k] M1,3[F] €1,3[1] &1,3[F] + 1) x5 5 [k] 12,3131 &2,3[4] -
ef2lil X3,3[K] 12,3031 &2,3[1] + @ S [il+a2 (11465 (1] Y1,2[KI 11,2031 12,3031 &2,3[1] -

e (11428511 Y1,3[k]1 11,3031 12,3031 &2,3[1] - e f22ilx26,0) Y2,3[K] 772,3[j]2 &2,3[1] +
@226l . (K] m1,303] €1,2[1] &2,3[4] - 210531 5, 5 [K] 11,3131 €1,2[4] &2,3[4] -

2@ 028201600y, 1K) 1y 5[F] Na,3 03] E1,2[4] &5,304] +

e[y, 31k] 11,3131 12,3131 €1,2[4] &2,3[4] -

e 22110+ 8 [ 1K) 12,3031 &1,2[F] €2,3[4] + @21 xq 5 [K] 72,3131 &1,2[] €1,2[3] &2,3[4] -

e Sl 822650y, 1K) 1y,3031°% €2,3[4] €2,3[4] + Xa,3[k] 02,331 &1,3[3] &2,3[4] -

e 1028201265100y, 1K) 1y,3[F17 £1,2[1] &5,3[11% +

X2,3[K]1 11,3031 €1,3[1] &2,3[3] + X2,3[K] n2,3[3] &2,3[1] &2,3[3]»

; @220 x; 1 [k] n1,2[31% &1,2[11°% + 2 @221 x; 2 1k] 11,2[31% €1,2[11% +
e fralil+3 &2 (1] y1,2 [K] n1,z[j]3 §1,2[j~]2 + @5l X1,1[KI 11,2031 12,3031 &€1,3[1] -
@21 x; 2 1K1 M1,2[3] 02,3 [3] &1,3[1] - @ 2 lH+ 226l vy, o 1k] g 51317 02,3 03] &1,3[4] +
e 22112830y, S1K] 01,5 (4] 12,3031 M2,3[F] €1,3[1] - %2153 x4 (K] 1y, 3]

M1,3[3] &1,2[1] €1,3[1] + %2110+ 18 5, 1K) 13,5131 M1,30F] €1,2[1] &1,3[4] +
2@ 12826l y, 1K) 11,5 1317 01,3031 €1,2[4] &1,3[4] - €821y 51k]

M1,2041 1,3 [31% E1,2[1] €1,3[1] + e 228052l 5 1KY 11,2131 m2,3[3] €1,2031 &1,3[1] -

. 1 .
@3 xq 5 [k1 M1,2[31 M1,3[3] E1,2[1] £1,2[F] &1,3[1] - p e’ xy 1 [k] m1,3[F1% E1,3[117 +

1 . . . .
p @31 ;3 3[K] 11,3 (317 €1,3[1]% + @ vt l1+€22 285y, 1K) 1y 5[] 14,3[31% E2,3[11% +

e S8 8&:Ml y 1K) 1y,3[13 €1,3[1]% - @ S02 131622 li102 &2 li] o) o1y ) S [5] 1a,3[F] €a,3[11% +
“e22l13 650y, S 1K] 11,3[31% 12,3031 &1,3[117 +
e 01265l x5 [K] 11,3[31% 61,2141 &1,3 0117 - € 2y, 5 [k1 01,3131° &1,2[4] &1,3[41% +
e t22[1:28501 vy, S1k] my,5[4] 02,3317 &2,3[1] + @210+ 18 x4 (K] 14,2 [3]
M2,3[3] €1,2[1] €2,3[1] - €213 5y 5 [K] 11,2131 12,3[F] €1,2[4] &2,3[4] -
2 Ee 28l 8l yy K] 1,2 1317 12,3 (3] €2,2[4] €2,3[4] -
e &30y 3 [KT na,5 18] M1,303] m2,3[3] €1,2[1] &2,3 (8] - @S2 Es i x| (k] 115 [5]
M1,303] €1,2[41% &2,3[4] + @ &2 1830 5, 5 (K] 11,2 [3] 71,3031 €1,2[41% E2,3[4] +
3e falildfaliltfnlily, 5 [k 01,2 (317 1,303 €1,2[11% €2,3[4] -
e® &30 5y 5 1K1 14,3131 12,3131 €1,3[4] €2,3[1] + @21 x5 3 [K] 11,3 [3] 7,3 (3] €1,3[1] &,3[4] -
2 e 8212658y, (k] 1y, 5131 12,3031 12,3031 €1,3[4] &2,3[4] +
2e 3850y 1K) 11,3131% M2,3 03] &1,3[4] &2,3[4] -
e falll-€a 2 80l o, 5 (K] 02,3 [31% €2,3[1] &2,3[1] +

e
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2 521385000y, (K] 01,303] 12,3031% €1,3[1] &5,3[1] - @228l [k 13,3151°
€1,2[1] &1,3[1] &2,3[1] + 22112830 5y 5 [K] 11,3131% €1,2[4] &1,3[1] &2,3[4] +

4 8112820026500 y) o 1K) 01,2031 N1,3 0317 €1,2[1] €1,3[4] E2,3[4] +

e 61260 x5 (K] M1,3 031 02,3031 €1,2[4] &1,3[1] &2,3[4] -

2352y, 5[K] 11,3031% 12,3031 &1,2[4] €1,3[1] &2,3[1] +

e 622112650 5 5 (K] 01,3031 n2,3[31 &1,2[F] &1,3[4] &2,3[4] -

e2 &l X1,2[K]1 11,3[31% &1,2[1] &1,2[F] &1,3[1] &,3[1] +

e vl 114365100y, 1) 1y 31517 €1,3111% &,3[4] -

1 e X2,2[K] M2,3[31% €2,3[11% + g @31 x5 31k] 12,3[31% &2,3[11% +

2
e ftal1+36: 0y, 1K) 11,3031 12,3031% €2,3[1]1% + @ 22193800y, 1Ky, 51313 &5,5110% -

2@ S0 [0 2 821286510y, o 1Kk] 0y 5[] 11,3031 12,3031 €1,2[1] &,3[11% -

; 1 . .
e &3 yy 31k] 11,3131 12,3[31% €1,2[1] &2,3[11% - 2 e fz B8 xg 1 K]

1 . .
N1,3 [31° €1,2 [i]? €2,3 [i1%+ ; @? 2211265001 X2,2 [K] 11,3 [31° €1,2 [i]? €2,3 [i1%+

3 fuli13 802 l1265 0]y, (K] 11,5 (3] 11,3031% E1,2[11% &,3 1017 +
e f22[11+283 00 5, 1K) 10y,3[31% €1,2[3] &2,3[11% - @® 521 xy 5 [k] m1,3[3] 12,3 3] &1,2[1]
£1,2[3] &2,3[11% + 2@ S (11282 [l193 65000y, 1K) 1y 31513 &1, (4] €a,3[1] &2,3[11% +
@ 511 [11+3 62,2 [11+3 65,3 4] Y1,2[K] n1,3[3] 3 €1,2 [i]? &2,3 [i]3]3
osol = (List @@ osol) .Table[ek, {k, @, Length[osol] - 1} ]

Out[«]=
ya,2[k] N1,2[1] + e ooty 1k g 53] +

X1,1[K] &1,1[1] +Xq,2[k] &1,1[F] + e ] X1,2[K] &1,2[1] +

1 . 1 .
e’ - e 22 %y 1 [K] n1,20312 61,2011% + = @221 %o 5 (K] 11,2[F1% 1,2 (1] +

e*§1,1[i]+3§z,z[i] Y1,2[k] 771,2[j]3 §1)2[112 n e*§2,z[i] X1,2[k] 51,2[j] +
e (€22 xy 1 (K] n1,2[F] €1,2[1] - 2 x5 5 (K] 11,2[F] &1,2[1] - e o282y, k]

771,2[3']2&,2[1} +X1,2[K] 11,237 &1,2[1] 51,2[3'}) +X2,2[K] 2,2[1] +X2,5[K] &2,2171]

in[-]:= CF [ (Expand@sol[$k] .$Basis /. {§1aﬁ” 5[], N1, = naslil,
§2.5 = Es[315 M2,5 5 Naplils A>1}) - (0sol /. v_[k] = V) ]

Out[-]=
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