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Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the $\lambda$-tangent
formalism. Some material from pensieve://Projects/UEA.

in[-1:=  SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Prolog

m[-1:= BeginPackage["UEA™ "];

Print["UEA" does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"x+", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U,
UB, UProducts, USimp, UU, $Basis, $PBWRule, 5, adPower, adExp},
"

Begin[" Private "];

UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA" implements / extends {«*, adExp, adPower, B, CF, m, NilQ,
SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities
In[«]:= 51:_’]'_ o= If['i ==j_' 1, 0]}

in[-1:=  SSQ[c_. %*x_] /; MemberQ[$Basis, x] := - NilQ[x]; (» Semi-Simple Q «)
NilQ[c_ =*x_] /; MemberQ[$Basis, x] := NilQ[x];
SSQ[x _Plus] :=Andee (SSQ /e (Listeex)) ;
NilQ[x Plus] := Andee (NilQ /e (Listee x));

inf-1:=  $k =13

i 1= CF[&.] i=Expand[& /. e = e®®MI] /. [ /5 k> $k > 0} ;
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Implementing general universal enveloping algebras

ml-1:= B[@, _] =0; B[_, 0] =0;
B[c_%*x _, y ] /; MemberQ[$Basis, x] :=CF[cB[x, yv11;
B[y , ¢ _xx_] /; MemberQ[$Basis, x] :=CF[cB[y, x]11;
B[x_Plus, y 1 B[#, y] & /@ x;
B[x_, y_Plus] B[x, #] & /@ y;
B[x_, x_] =05
B[y_, x_] := CF[-B[x, y]11;

in[-]:= x_=sy_ :=0rderedQ[{x, v} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];
Uu; [1] := U;[];
UU; [x_"-] :=Uu; eeTable[x, {p}];
U; [&] = & /. {
U[xs_ ] = U;[xs],
X_ /; MemberQ[$Basis, x] > U; [x]
}s
UU; [x_, xs__ 1 := UUgy[x] UUgp[xs] // Expand // Mgg 255
USimp[& ] := Collect[&, Times[U [__]1..], Expand];
USimp[& ] := Expand[&];

mn[-]:= ms [0] =05
ms [x Plus] :=m/@x;
m; [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m; ,; [&]1 =& /. Ui->Uj;

in[-]:= My 5 4 [€_oU; [X___TU; [1] :=cUg[x];
mi ,j e [€_-Ui [1U; [y___1] :=cUe[yl;
mi ik [€_oU; [xx___,x 1U; [y ,yy 1]1:=If[x=sy,
CUk[XxJ Xy Vs yy]:
(Ui [xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) Uj[yy] // Expand // m; j,.)
c // USimp

15

mn[-1:=  UProducts[{}, @] = {1}; UProducts[{}, d Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte
Flattene@eTable[ (U; @@@ Subsets [$Basis, {j}]) u, {j, @, d}, {u, UProducts[{is}, d-3j]1}1;

in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1»1, =];
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in[-]1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X_®y := Module[{is =Supp[x] NSuppl[y]l, o, 2},
z=x; DO[z =mM;,0ei[2], {i, is}];
z = Expand[y z]; Do[Z = Muei,i5i[2], {i, is}]; z1;
UB[x , y ] := USimp[x® y-y® x];

Epilog

m(-1-= End[]; EndPackagel[];

Predefined Algebras

sl(2)

in[-]:=  Print ["UEA" SetAlgebra knows \"s12\"."];

UEA" SetAlgebra knows "sl12".

mm[-1-=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Basis = {e, h, f};
$PBWRule = {e>1, h» 2, f-> 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

Blne
ml-1=  Print["UEASetAlgebra knows the e-nilpotent algebra gl, .."];

UEA"SetAlgebra knows the e-nilpotent algebra gl, ..
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mi-1- SetAlgebra[gl, ] := (

$Basis = Flattene {

Table[yq,z, {Bs 2, N}, {a, 1, B-1}1,

Table[Xq,5, {B, 1, n}, {a, 1, B}]

}s

NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q «)
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,j 5 Xe ,0 ] t=08j,rXi,1 =61,iXg,j5
BLYi ,j s Yo ,0. ] :=CF[€ & rYi,. ~€6.,iYr,]5
BIXi ,j » Yt ,k 1 :=CF[8j,rXi,1 =61,iXp,j /e Xe ,5 »IF[a< B, €Xo,55 ¥Yp,2115

)5

mi-1- SetAlgebra[gl, .|;
$PBWRule

MatrixForm@Table[ {bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
Out[e]=

{¥1,2>1, X1,1 > 2, X3,2 > 3, X2,2 >4}

Out[-]//MatrixForm=

{Y1,25 ¥1,21 > © {¥1,2, X1,1} 2 Y1,2 {¥Y1,25 X1,2} > -€Xg,1 +€Xz,2 {Y1,25 X2,2} > -Y1,2
{X1,15 Y1,2} = -Y1,2 {X1,15 X1,1} > © {X1,15 X1,2} = X1,2 {X1,15 X2,2} > ©

{X1,25 Y1,2} 2 €X1,1 - € X2,2 {X1,25, X1,1} > —X1,2 {X1,25 X1,2} > © {X1,25 X2,2} = X1,2
{X2,25 ¥1,2} 2 ¥1,2 {X2,2, X1,1} > © {X2,25 X1,2} = —X1,2 {X2,25 X2,2} > ©

mn[-]-= Clear [adPower] ;
adPower[x_, k_]1[0] =0;
adPower[x , kR J[c_=xy 1 /; MemberQ[$Basis, y] := CF[c adPower[x, R][V]];
adPower[x_, k_][y_Plus] := adPower[x, R] /@ y;
adPower[_, @1 [y_1 :=y;
adPower[x , R _1[y_1 /; MemberQ[$Basis, y] :=
adPower [x, R] [v] = B[adPower[x, R -1][y], X];

in[-]:- X0 = ($Basis /. {x » £0, y » n@}) .$Basis
x1 = ($Basis /. {x > &1, y » nl}) .$Basis

Out[-]=
Y1,2M01,2 + X1,1 €01,1 + X1,2 @15 + X2,2 €072

out[-]=

V1,2 011,50 + X1,1 €131 + X1,2 E11,2 + X2,2 €152

mf-1-=  adeExp[x_]1[y_1 /5 SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, O, $k}]].
Table[Coefficient[y, b], {b, $Basis}]]
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In[]:= SSQ[EOq,1 X1,1]
Out[«]=
True

In[-]:= adEXp[£0,1 X1,1] [X1]
Out[e]=
ey, Nly o +Xg,1E17,1 + e %ixg 5 E10,5 + X2,2 €150

m[-1:=  adExp[x_][y_1 /; Ni1Q[x] := Expand@Module[{k =0, s = 0},
While [adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y] /k!;
++k
15
s

in[-]:= adEXp[&£@1,2 X1,2] [X1]
Out[e]=
Y1,2N11,0 - €X1,1N11,2 601,20+ €Xp,2N11,5, 601,20 - € X121y §@i,2 +
X1,1 €111 +X1,2 6012 E1g,1 + X1,2 L1 0+ X2,2 E15,2 — X1,2 6015 €L

in[-]:=  ATangent[] = 0;
ATangent[xs__ , x_] :=adExp[x] [ATangent[xs]] + 6, X;
ATangent[xs_List] := ATangent @@ xs

in[-]:- $Basis ($Basis /. {X» &, y->n})
Out[e]=
{Y1,2 11,25 X1,1 €1,15 X1,2 E1,25 X2,2 £2,2}

in[-]:= ATangente@ (A $Basis ($Basis /. {x > &, y->n}))

Out[«]=
e)\ €1,1-2 E2,2 A1,

A&
Y1,2M1,2 + X1,1 €1,1 + € "2 Xy 281, - € €AXy,1M1,2 81,2+

2E AE AEpaen € 2 2
e "l eAXy,2M1,281,2+€ PP AKXy, &1,1 81,0 - € TR e AT X 2 11,2 67,5+ X2,2 62,2

in[-]:- $Basis
Out[«]=
{¥1,25 X1,15 X1,25 X2,2}
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in[-1:= lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y » nl}), A$Basis ($Basis /. {x > £2, y->n2})]

]

Out[e]=
A ELy =N ELy 242 E24 1-1 £2 N E24 1-1 €2
@ ST ATAE R Yy oLy o+ @ TR Y N2 5+ Xe,1 €Ly 1 -

ettt iy, N2y, E19,1 + et At Ry, el et e Axg g Ny, E1q 5 +

e’ e Ax, nly,, 11,5 + e 22 e Axg N2y, 11,2 - et 22 e A xy,; N2y, E11,5 +

2t S A g 52y 1y 52y, E1y, - @ TR R S g R2y 772%,2 Ely o +

el et A% py 81y 5 Ey et 2 e A% xg N2y, 11,1 €115 - et e 2 xy,, N2y, 11,1 €115 -
et e S AR ¢ B3y, 772%,2 £11,1 E1y,, - @ It Sl A S AR ¢ 32y Nl , §1i,2 +X2,2 8150 +
e Pt iy N21,5 E1p,5 + X1,1 21,1 + ey 5 £2y , - e Tl e g iy g nly,, 21,5 +
ettt A g iy, nly,5621,2 - e e A xg N21,5 21,5 + et e A Xy, N2y, 21,2 +

€722 Axy 5 15,1 629 5 + € Pt e A% x4 N2y, E11,1 6215 - et e %y, N2y, 811,162, -

2t hatteha g 2 X1,2N11,5 11,2621, +2 e’ a2t t2 ¢ 2 X1,2 21,2 €11,2 E21 5 +

2t e 3k , N21,5,E11,1 11,5621 5 - e %22 %, 1,5, 824,5 -

e e % xg g N21,5&15,5821,5 + e e % x,,, N21,5&15,5821,5 + e %22 %, £21,1 8215 -

& A o A A e ¢ 32y, 5212 Bt g 32y pd 5212 .

XE2y 40 E2 3 2 A2 140 E2 3 2
€ IR € AT Xy,0 12,5 E11,1 E2) 5 - € TR € AT X512y 5 €12, E27 5 + X2,2 E22,5

in[-1:= rhs = ATangente ($Basis ($Basis /. {X, ,, = CF[f, ,[A]], Xo5 - Fop[A], Yap - 8ap[A1}))

Out[«]=
, FaalA , £y5[0 ,
X1,1 F1,1" [A] + €220 xq 5 1 5 [A] Fa,0 [A] + €22 xq 5y 5 (4] +

’ T Al -f A ’ f A ’
X2, F2,0" [A] + el vt T2y, g 2 a] — et e xq g Fao [A] 81,07 [A] +

ef1lt ¢ Xz,2 F1,2[A] 81,2" [A] - efrr M) ¢ X1, F1,2 (112 81,2  [A]

in[-]:= SSBasis = Select[$Basis, SSQ]

out[e]=
{X1,15 X2,2}

in[-]:- eqns = Simplify[ (Coefficient[lhs - rhs, #] == 0) & /@ $Basis]

Out[e]=
{(EA (E14,1-615,,+821,1-6255) 7711,2 (1 +2 (EA €ls,2 € AZ 7721,2 511’2> ==

e)\ (€15,2+821,1-82;,2) c )kz 772%)2 (1+ X §11’1> §11,2 N
e (P2 2) 19y 5 (F14 XLy y - A €Dy y) + e T gy 0],
€211+ €111 (1+€ 22 N2y, (‘EA Sz g1y 5+ et £21,2) ) + e e £y 5[] 81,2 [A] =
(E)\ (€13,1-€155) e fl11,z (el &1y, 511,2 4 e)\ 211 521)2> i
eAn2y, (-e' 221y 5+ ! L1 (14 A E1y,5) £21,5) + 1,1 [0,
e*) (€15,,+824 1) (_‘e)L (11,142 E15 5,+E2; ) c AZ 7711 ) 51% 5+ e) (€15,,+82;,5) (511 ) (_2 e)\ (€11,1+624 1) c AZ 7711 )
€215+ € 2 (142" 1€ %02y, 621 ,) + 22 08y (1+2e" P e X202, , 621 5)) -
e fhn (e (F12,20622.2) (L1 - X1y, + A ELp,p - X E21 1) 24,5 +
e (£21,1+62;5) e 22 (ekél1,1 7711}2 . e)\ &1,,, 7721)2 (1-2 '511,1 Y 512)2)) gziz +
e e () 5[] F 0 (2] + 0 (A) - e M ey p (a7 g0 (A))) = e,
512,2 re 7711,2 (e/\ €111 §11,2 4 oe? (611,17815,54€21,0) 52112> N 522)2 -
EAN2 (@A§12'2 (1+A&11) €1+ € 5200 (m1+ ALy 3 - X €Dy )) §21,2> +
2,0 [A] + e e f1 5[] g, (AT}
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mn[-]:= Length@eqns

Out[«]=
4

in[-]:= unknowns = $Basis /. {X,; - fag[Al, Yos - Bapl[A]}
Out[e]=

{81,2[ A1 F1,1[ AT, f1,2[ AT, Fu0[A]3

in[-]:= $Basis /. {X,z »F,5[0] =0, Y,z g,s[0] =0}
Out[e]=
{81,2[0] =0, f1,1[0] =0, f1,[0] =0, f,,[0] =0}

in[-1:= {so0l@} = Block[{$k = @}, Simplify@DSolve[
lhs = ATangent[
Join[A $Basis ($Basis /. {x-» 1, y » nl}), A $Basis ($Basis /. {x-» 2, y»n2})]
15
rhs = ATangente@ ($Basis ($Basis /. {X, ,, = CF[f, ,[A]], Xos - Fog[A], Yo - 8aplA]1}));
Join][
(Coefficient [CF[lhs - rhs], #] == @) & /@ $Basis,
$Basis /. {X,s = f,45[0] =0, y,; :8.:[0] =0}
1,
$Basis /. {X,5 - Ffop[A], Yop - 8as[Al},
A
11

Out[-]=
{{f1,2[0] > A (E11,1+ €21,1), F2,2[A] > A (€15, + E2,,)
'F1,2[7\] 5 e—)t§21,1 A §11’2 i (e—)\§1z,z A §21,21 81,2 [A] = A (7711,2 . e/\ (=€11,1+€1,5) 7721’2) }}

in[-]:= (s0l@ /. (a_-»b_) » (a»>ea+b))
out[-]=
{f1,1[0] > A (E1y,1+ €21,1) + e F1,1[A], F2,2[ 0] 5 A (Elp,0 + E255) +€Fp,2[ A0,
Fi,2[A] »e Pl v et 282y 5 v ey (A,
g1,2[A] > A (g, + e TFrt) o, o) v e gy (2]}
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in[-1:= {sol1l} = Block[{$k = 1}, Simplify@DSolve [
lhs = ATangent [
Join[A $Basis ($Basis /. {x - &1, y»nl}), A$Basis ($Basis /. {x > £2, y->n2})]
15
rhs = EchoLabel["rhs"] @xTangent@Echo[
$Basis ($Basis /. {X, ,, » CF[f, ,[A]], Xop > FaglA]l, You > BaplAl}) /.
(sole /. ((a_-»b ) =» (a»ea+b)))
15
EchoLabel["eqns"] @Join][
(Coefficient[CF[lhs - rhs], #] = 0) & /@ $Basis,
$Basis /. {X,5 »F.45[0] =0, y,; g,;[0] =0}
]J
$Basis /. {X,5 - Ffopg[A], Yap - 8as[A]1},
A
11
{y1,2 (A (n1y,,+ e TSl 2, ) egy o [A]), X1 (A (E1q,1 +E24,1) +€ F1,1[2]),
X1,z (€20 N EL p v e 22 €2y h e f1a[A]), Xo,2 (A (E1p,2+ E2,5,5) +€F22[2]) ]

@t 11,172 8Lt A E210-4 8255 AE21,1-AE2;,5

Y1,2n1;, +e Y1,2121,5 + X1,1 €111 -
AE2a A2 5 Y1,2N2q,5 €111 + e e 21 A e, X1,2 €11, - e e X1,1M1q,5 11,2 +
Aehae ) X2,27M11,5,E11,5 - ez g ) X1,1M21, 11,2 + etz g X2,2 121, 11,2 +
Aol dEhait e X1,2 11,1 E1y 5 + etz e 22 X1,1M21,5 E11,1 €1y 5 -
Helaz ¢ 32 X2,2 121, €11,1 €115 " oA Bl A 82,0 A 820 ¢ 2 X1,2 114, §1i,2 -
A2 A R A s ¢ 32y a2, E12, ¢ @A T A s ¢ 3y el 612, 4
et 22 hy 512y 5 €1y, - € 2 € X% g 112y 5 11,0 Elpp + @ T2 € A2 Xg,5 12y 5 €115 €Ly, -
@2l A A s 33y i E12 L, kX g E200 4 € S Xy 5 E2, 5 -
el A bl A L2 o ) X1,1M1y,5, 21,5 + et el Al A eha ¢ ) X2,2 M1y, E21,2 - et X1,1 121, 21,2 +
e e Ay, 512y 5 €215 + @ FI Xy 5 €1y g €245 + @ P € A% X112y 5 E14,1 6215 -
e e A xy,; N2y, 11,1 621,52 etttz g 32y, Ny, 11,2821, -
2 el e ¢ 2 X1,2N21,7 11,2 §21,5 +2 e tlaatt2n ¢ 33 X1,2 121,52 11,1 €11, E2; 5 -
e’ 822 X1,2 615,221 5 - et e )? X1,17M21,5 12,2 215 + et e )? X2,2M21,5 12,2 E21 5 -
20 Rz € 23 g p N2y 5 €115 ELy,5 €21, + € 2 Axy 5 21,1 €21,5 -
ATl A A s ¢ 2y €2 @A Bl e a2y i, L €22
e B ER € 23 %y 5 N2y 5 €1y p €27 5 - @ PR R € WP x5 2y 5 €155 627 5 +

Al e A A e ey g, Fra (A v et PR R ey 52y o Fr g (A -

MR € Ay 202y, E1p,1 Fra [ ¢ @ TR e Ay 502y 5 €1y, Fr [ +

Aela2t A ez ¢ X1,2 E1y,1 F1,2[ 2] + ettt ¢ X1,2 821,71 F1,2[A] -

Al At A S A gy, nly,, 2,2 (2] - ettt ey, N2y, F2,2[A] +

AEBaA R € hyy N2y, Ely,p Faa[A] @ T R R ey b €1y 5 5 (A +

e
e
e
e
e
@ e A g iy 5 E1y g E1y, Fop (M) - @ T e ey 502y 5 €1, 5 F 5 (A +
e
e
e
e

(S
(S
e
(S

1e22 ¢ X1,2 §21,5 F2,2[A] + et e AX1,2 19,1 821,5 F2,2 (2] -
A2z ¢ ) X1,2 15,5821 525 [A] + e P2z e 0 X1,2 §21,1 21,5 F22[A] +€Xq,1 F1,2"[A] +
Aelea A 2 ¢ Qx5 €1y, F1,0 [A] @ P2 e Axg 5 €21, F10 (A +

A2t 202 ¢ x5 F1p  [A] + X0 (E1p,0 + E25 +€ T p [A]) + @ Tt Sl S Aihn oy, ) gy T[]

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gln-260611.nb 2026-08-15 14:25:43

ettt A ha A 2 g 1, L oy g (2] - @ SR e e 2y oy g (1) @ SR e e an2,y 5 €1y (2] -

et g ) N2y, 1,5 F1,1[A] + @) Slor At A e A e ¢ nly,, 2,200 +
et e e 2y 5y p (4] - P R e an2y , €190 Fo 0[] +
e Fhatita g ) N2y, €15 F2,2[A] - @ Fluatetenrt it e g 2 (1] =0,

e g N1y, &1y, + e ez e N2y, 11,2 - etz e N2y, 11,1 815 +
etttz e )2 N2y, 11,2815 5 + el Al A tha g ) Ny ,E21,5 + et B N2y, 821, -
et e )? N2y, &11,1 82,5 + et e 2 N21,5815,5821,,-€f1,1 [A] =0,

e} §11'1+)\ €1y 5-A §21)1+)\ 522,2 e )LZ 7711,2 §1i2 n 62)\151212—)\ £21)1+7\ 522,2 e AZ 7721,2 §1i,2 _
e21§12,2—7\ £21,1+A E2; 5 e )LB 7721)2 §11,1 §1§,2 N 627\512,2—)\ £21,1+A E2; 5 e )k3 ]721,2 gli,z §12,2 N
20 a2 e 221y L E1 5 821, + 20 T P2 e AP 2, 5 81y, 62,5 -
20t R e 23 N2y 5 €10 €Ly 621 5 + 2@ TR € 20 02y 5 €1y 5 €15 5 621 5
e 11,1 A ELyp+ €214 0625 o 52 7711,2 §2%,2 e St ¢ 2 7721,2 §2§,z e a8, ¢ 53 W21,2 511)1 52%,2 N
e Rt e 23 N2y 5 61,5627, - @t TR Rz e gy g fy o[ ] et R R e €2y 1 oy 5[] -
el A Al ¢ g1 f, S [A] - @t T A S A e g1y €1 L F, 5 (0] —et e €2, ,F, 5[] -
€2 e N €111 €215y 0 (0] + € P e N ELy 5821 5 Fp[N] - € T e A 62,1 6215 F20( 2] -
ettt e e j g1y o F 0 (0] - @ e N €2y, 0 (2] - et T e e £y ) (0] = @,

—etthae 7711,2 €1y, - ez e 2 7721,2 1,5+ etttz e )2 rlzl,z €l1,1 81,5 - etttz e 22 r]21,2 €11, 81,5 -
et haat e e an1) L €2, , et P ean2; , 82y, v e Pt e P N2y , 61,1 €215 -
e e )’ N21,7815,2821,,-€%3,, [A] =0, 81,,[0] =0, f1,1(0] =0, f1,[0] =0, f,,,[0] == 9}

Out[e]=
1

€131 (€111 - €Ly 0+ E21,1)
Ny, (- ((-1+ ‘e}&l’l) €l1,2 (€132 - 621,1>2> + 11,1 €15 (E1p,, - €21,1) (-2+2 ettty
ek§11,1 b §12,2 _ (e} €1y, b 521)1> 2 51;,1 (eA e 511,2 N e)\ (€11,1-615,5+824 1) §21,2) 4
€131 (-€1y, (-1+ e a2t g, 5 - 20 A2y ) -
<,1 b et (El11781,248200) | (A (E11,1-E15,546200) 5 1, 5 - e (E11,1-€155+E0,1) 5 £2, 1) £2, 2) > 4

{{fl,l [A] -

1
€13,, €214
(£21,1 (1- PP @201 082 1) + €15, (242 %20 — 2 PP 062y ;v e P A% €25 1))
€21, - E1y,1 (E11,, (-2+ 2022 -2 S22 61, 5+ @f 22 22 615 ,) €27, +
€13, (-2+2e" %2 2 PP 62y g @ PP 0% 2] 1) €24,) ),

1
f2,2[A] » - N 5 M, (- ((-1+e" 1) €115 (£15,2 - §21,1)2) +
€171 (14,1 - 15,5+ €21 1)

E11,1 €115 (E15,5 - €21,1) (-2+2& For s et ¥a i gl, 5 - e S 62y ) +
)Lé-li,l ((E)\ €11y 511,2 + el (€11,1-615,2+82; 1) §21’2> +
€131 (-€11,, (-1+ e a2t N g, 5 - 2 N2y ) -
(_1 + (E)L (€11,1-€15,,+824 1) i (E)\ (€15,1-€15,,+824 1) AEL, 5 - (67\ (€11,1-615,,+624,1) AE2 1) £2, 2) ) i

7,]2]”2 (511’2 §12’2 (_1 N (E)\ €13, _ (e)\ &1y, 2 512,2 4 (E)\ €ly,2 AZ §1%,2> 52;,1 . 51;)2

1
€13,2 €21,
€13, (-2+2e" % 2 P62y v e PP 0% 627 1) €24, -
§12,2 (§11,2 (_1 + et L grsh 512,2 4 et 822 )2 §1§,2) ézi,l N §1§,2 <§21,1 (1 _ ety
(61«521,1 2 §21,1) + 512,2 (_2 +2 (61«521,1 -2 e)x§21,1 2 §21,1 i e/\§21,1 )k2 §2§,1>) §21,2) ) s

N2, (11,1 (€1y,2 (-2+2¢€" Faz_ et g1, , + et e 22 515,2> 271+
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1 1
'Fl 2 [A] = e*)\ (£11,1+€21,1)

4613 ) (€110 -1y, + 621 4)° (2611,0- €15, + £21 1)

(n1y,, (33615, 615, (€15, - €20,0)% -9 6111 €13, (E15,5 - €21,1)° + €13, (E15,5 - €21,1) %+
8E1S ) (E1,0+6215)2 - 12615 ) (E1p,, - E21,1) (3E15,+4 611,625+ 62 ,) +
6171 (E1p,2-621,1)% (11613, + 81,5 6215+ €23 ,) -
€131 (E1y,5 - €21,1)° (63 €17 , + 16 £1y, £21 5 + €23 ,) ) +

(16 12,,, €13 4 (2 €17, -3¢E111 (E1y,2 - €21,1) + (€15 - 521,1)2> ’

(€13, €10,5 (E12,2-2621,0)" €27 1 - €115 €15, (E15,,-2 621 1) (3 €155 - £21,1)
€210+ €15, €211 (~2ELp+ E21,1) €2F 5+ 2617 4 (€115 + £21,5)% -3 €17
(E11,2+E21,5) (€11,2 (3E815,,-8E21.1) - (2815,2+3821,1) €21,5) -2
Ely,1 (13, (815, -2621,1)7 623 4 (2615, -7 615,620 +2 625 ) -

261,613, (E12,2-2621,1)° (615, +4 615, 62,0-2 625 1) €215+
€13 ,623, (4615 ,+E1;5,,62;,1 -2 §2§,1) £23,) +4
€17, (617, (4613 ,-23 615,62y, +31 625 1) +2&1,,
(2615, +€15,2621,1+1362] ) €20+ (E15,+7 15,2 621,10 +4 627 1) €27 ) -
2615, (€15, (7613, - 68615 , 62, 4 +199 €1, , £27 ; - 180 €23 ;) -
2611, (3613 ,-31615,621,1+3261,,, 827, +38623 1) €215+
(2613,-11613 , 62,1 -26 61, , 625, - 7623 ) €27 ,) -6 &17
(6135 (615, -2621,1)2 623 1 (€15, -8E15 ,621,1+17 615, €27, - 827 4) -
261,615, (E12,0-2621,1)° (15, -5615 5, 62,0 +2 627 1) €215+ £15, €2 4
(2613,+3615 ,621,1-261,,827 1 - €23 1) €27 ,) -4 €155 (1,2 - E211)
(€13 5 621,1 (615,,-16 613, 621,1 + 82615 , 625 | - 17061, , €23 | +124 €27 ) +
261,561y, (2615, - 613 ,621,1-28 615,627 1 +40 1, 5 623 1 +8E27 1) €215+
€15,2621,1 (2613 ,+10 615, 6211+ 81,5 €25 5 + €23 1) €23 ,) +6 €15,
(€11, (£15,-16 613 , 62, + 80615 , 2] | - 158 €15, £27 , + 107 £27 ,) +
461, (615,613 , 62,1 -11615 , 625 1 +14 61, , 62 | +4E27 1) €215+
(-€15,,-2613,62,,,+8E15 ,62] | +8&1,, 623 1+ €21 1) €20 ,) +
€17 (-€13, (€13, -32615 , 62,1 + 268615 , €27, - 912615 , €23, +
1353 £1,,, €21, - 720623 1) -2E1;,, (9615 ,-87 15 , 62,4 +
168 €13 , €27 1 +28 615,623 1 - 15261, 5 €27 1 -8 627 4) €20+ (-2&15 , -
23615 ,621,1-8613, 627 + 52615 5,627 1 +2261,, 621+ 627 ,) €21 ,))) /
(810,10 + E15,0)% (€111 + E20,1)* (8101 - €15,,+2621,1)%)) -

13,4 (11,1 - E1y,5 + E2q,1) | FPerhe2) g1, €17, 627
€13,623 4 o

16 125,5 €11, (214,71 - E155) €13, (14,1 - €155 + E21,1) 2

(11,1 + &15,0)"

+

42312y, 613 1 (E1q,1 - E1,5) E15, (E1q,1 - €155+ E24,1) 2

€111+ &1,

1

R )2“2 N2y, 11,1 €y, (2613 1 +3 617 1 €1, -4 ELy,1 E15 , + €13 )
1,1+ 2,2

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gln-260611.nb 2026-08-15 14:25:43

1
(€11 - €150+ E821,1) % + T S A28, (217, +
(11,1 + €15,2)

513,61, +3617 1 615 ,-961,,1 613 ,+3 615 ,) (E1,0- €10+ E210) % +
et (ot g €13, (142811 (14281, -22682;,1)) | +

1
€l1,1 -85, +E2;1 1
1612;,, 623 1 (261,10 -2 815 5+ E211) (11,1 -ELp,0+E21,1)°
(14,1 - €155 +2 621 4)"
453 N21,, (11,1 - €15)) 52%,1 (11,1 - €1y, + E24,1)"
E1l1,1-€15,,+2824 4
€231 (1-222615 ,+20621,1-227 625 1 + 20 E1y,1 (1 + A &1y, - A E2y ) +
2061y, (-1+228211) ) - (427121, 6211 (g1 - E1p 0+ E21,1)° (2615, -
2613 ,+9615,E21,1-861,,82] | +28625 1+ 1], (-6, +9E21 ) +
26151 (3 £15,-9E15,,82;,1 +4 52%,1) )/ (El1,1-€15,2+2 £21,1)% +
1
(E1l1,1 - E1y,, +2 621 1) 3
(2617, +2615 ,-13615 ,62;,1+30615 , 627 1 -2061,, 627, +4E27 5+
€13, (-8 &1y, +13 62y 1) +3 617 (4613, -1361,,, 62,1 +10627 ) +

e)\ (€11,1-615,5+2 62, 1) 51%,1 élg )

+

e/\ (€11,1-€15,5)

+ nly,,

42AnN2y,, (17,1 -E15,2+E21,1) }

11,1 (-8613 ,+39613 ,82,,1 - 6061, , 627 1 +20E2; ,))

§2i)2 L2 e)\ (2611,1-2E15,,+82; 1) U11,z 51%)1 513,2 5211 §21,2
(- ((2e" %2261y, (427613 1 +42%2 €13 | (-€15,0+ E21,1) + A &Ly (E1p,0 - €21 1)
(=2+AE155-AE&21,1) + (13,2 -E21,1) (L+AELy 5 - AE2;,1) ) ) /

(211,10 - €1y, + £21,1)°) - €522 22 £21,2) - e g1y,

1,1
(M1, €13, 623, (2002611 | €15, - @M 61y, (E1p,, - €24,1) 2 + 20612,
€11, (E1p,2 - £21,1) (-4 +2e St v et Sl 61, , - e F1or 2 €21,1) -2€11,
€11,2 (13,2 - E21,1) (*‘EA&“ +(-2+ ekgll’l) NElpp - (-2+ @1511'1) AE2p,1) +
ANEL] ) (E11,0+E21,) ) +4AN25 6131 (Ely,1- €Ly 5+ E€211) % (-€11,2 €Ly )0
€23 1+ €13 5 (2815 +E211) €29, +2 81,1 (E11,5 627 1+ 615 ,E2:,5)) ) +
1
(14,1 +E21,1)% (2611, - E1p,0 + E21,1)°
(@A (Fha-elaz) g, 513,2 §2i,1 (11,0 +62,0)° (4611,0 (11,1 - E1p,2+ E21,1) +24
(2 €131 -28111 (E1p,5- E21,1) + (E1p,0 - €21,1) %) (2E1y,1 - €155+ E24,1) +
22 (€15, - €20,1) (211,10 - €1y +E21,1) 2 (B3ELy,1- 2815, +2621 ) ) +
N2y (811,10 - E1p,5 +E21,1) 7 (2614,0 - €155+ 624,1)° (1 €15,
(2627, -2X61,,,62;5 1 + 22615 , 625 1+ 615, (2-2062y,,+ 22627 ,)) +
AELY, (8E21 1+ 2813 ,82] 1 (1+40E21 1) 15,5625 1 (1+8AE2y1) +
€13, 6211 (9-921 6211+ 2% 627 1) - €15, (2-20621,1+ 22627 ,)) -

4t €211 §21,2 (e/\ €l §1i)1 511,2
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200613 1 62,1 (-6 627 1+ 615, (-2+0E21,1)2+261,,,827 1 (1+3062,,) -
NELS L6231 (2430 E62;1) +2615,E21,1 (-4+2E2y,+2% 627 ,)) -
22813, 623 ) (-462% 1+ €15, (6-3XE21,1) ~AEL3, 623 1 (3+2AE2,0) +
€15,0623 1 (3+4XE21 1) +E13, 6217 (1-2262,+42%262] 1)) +
€15,1 623, (22082 1 -2 61,5 62] 1 (2+ 4 E21,1) + 22 €13,
€231 (A+XE211) +20E15, (2-20821,1+22 2] ) +
€13, (16-1420 62,1+ 622 2] | -52° 2] 1)) + €152 623 4
(-rg2  + 226155628 1 + €15, 6211 (4-3 062y, +22 827 -2 €27 ) +
€15, (-12+100 62,0 -42%2 627 1 + 2% €23 1)) )) - e (Shareta2)
(11,1 +E21,1)° (‘Ej\gll’l N1y, €11, ‘flg,z 52%,1 (‘)‘ (‘5 51;,1 +8 51%,1
(€1, - €21,1) -6 E1y,1 (E1p,0 - €21,1) % + (13,5 - £211) 3)
(13,2 -821,1) (2813,1- 815,20 +821,1) + 515,1 (13,2 - €21,1)
(3811,1-4E1,,,+4821,1) + X’ E1y1 (28,1 - Ely 5 + E25,1)°
(§1i,1 + &1, (81,0 - €21,1) % - (E1p,2 - €20,1)° + €15 1 (~€1p,5 + E21,1) )) +
A (28,1 - E1p,0+ €21 ) (n14,, £15,623 (€11,2 (€15, - €21,1) 2+
2610,1 €1y, (~E1p,5 + E20,1) + €13 1 (E11,5 + £24,5) ) +
N2, €15 1 (E13,0 - €150+ E211)° (-€11,5 €152 €23 5 + €13

(2610, +E21,1) €215 +2 1,1 (€11, 823 5 +613,6215))))) ] ]

81,2[A] = (2 et rlli,z €l (§1§,1 - A §1i,1 +2 (€13, -824,1) = €1ly,1 (E13,2 - £21,1)
(2+AE1p2-2621,1))) /
(-’5111 (11,1 - E1p,2 + E21,1) 2) + (2
e’A E111+2 1 €1, 5
7721,2
&l
(3021, (E11,0-2E15,2)° (14,1 - E1,5) 2
€15, (81,1 - €1y, + E21,0) % +
21215 (281,10 - 1) €13, (E1q,1 - E1p,5 + £21,1) % -
22 N2y,, (11,1 -2¢&1,,2) 2&1,,,
(2613 ,-9¢€13 , €15, + 106155 €15, -3 €13 )
(€11,1 - €155+ E24,1) 24 N2y,, (11,1 -2¢&1,,2)
(2617, -13¢613 1 €1,,+30&17 | €13, -24 61,5 €13, + 6 613 )
(€110 - €15, + £21,1) 2=
et (fluatla) nly,, (11,1 -2 £1,,0)"
(€12,2 (-22% 615 ,+2621,1-2615,5 (1+E21,1) + A €15, (1+2XE211)) +
€111 (2 22E13,-482 1 - E1] 5 (B+20E2,1) + &Ly, (B+4ANE2) ))))/
((E11,0-2615,2)% €13, (11,1 - €10+ E21,1) %) +
1
€231 (11,1 - €1y, + E29,1)°

2
e)\ (§11,1*§12,2+§21,1)

7711,2
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€l
(7711,2 52%,1
(L-A&L 0+ AEL, 5 - A &829,1) +
et ("Eharelzg) N2y, (11,1 - &15,2+ &21,1) 2
(€20,0- 1828 1+ €1y1 (2-2262y1+ 22623 ) -
€13, (2-22621,0+ 2% €27 1)) €215+
(2820 (X2 N1y 512y, (Ela,1 - E1p,p) €234 (€13, -2614,0 61,5+ 613, - €23 ,)° -
ANy onN21,5821,0 (4EL1,1-48155+E2;,1)
(6131 -2615,1 80,5+ €13, - €23 )%+
21135024, (380,10 -3 81y, +E21,1) (6134 - 214,10 81,,5+ 615, - 627 4)" -
e (Fhartlaa) a2 £2h | (~€1p,1+ €10+ E20,0) "
((€13,0-827,1) (2+ A&, 5 -AE29,1) +EL1,1 (m1-AE1y ,+AE21,1)) +
et (TEhartlae) N2y, 621,1 (11,1 - E15,2 + E21,1) 2
(P n21,, (11,1 -€15,5)2 (E10,1 - €100 - €21,1)7 €25 5 (E13,1 - €150+ E29,1) % +
212y, 6275 (2€11,1-2615 5+ E21,1) (€11 - &Ly +E219) % -
e N2y, (11,1 - E13,2) €21,1 (E11,1 - €155+ E241) 2 (=€11,1+&15,5+E21,1) 2
(2 €131 +2615 ,+3E15,2621,1-2823 1 - €1y,1 (41,5, +3E211) ) +
AN2q,5 (E1p,1 - E1ap - €20,1) (E11,1 - E1pp + E21,1) (2 £13, 42615 ,+ 5815 , 621 1+
3615 ,625 1 -561,,,623 3 +621 - 613, (8E1,,+562;1) +3615, (4615 ,+
51y, 62,0+ 625 ) - E1y,x (8613 ,+15613 56211 +6E1,, 627, -5627,)) -
e (Fhuartlan) pn (€1 0+ €10+ E20,0) 0 (6231 (24X 821,0) + €Dy,
€20,1 (F2+ X E210)% - €15 5 (2-2062,0+ X €25 1) + €1y 4
(-€21,1 (3-32621,1+22627 ;) + €155 (2-22621,1+2%2621 1))))) €21,2) /
<§211 (€11,1 - €15, + ~é"21,1)4 (=€11,1+ &1 5 + 521,1)4> - (4
771%,2
(3611,1 €10,2 (E12,2 - E21,1) % -
€11, (15,5 - £21,1) > +
3 §1i,1 Ely,0 (-€15,5+E21,1) +
€131 (E11,,+621,0))) /
1

(€131 (811,10 - €152+ €21,1)°) + a .
€13,2€21,1
4
7711,2
7721,2
(€11, €12, €275 +
€13, (3615,,-2621,1) €215 -
3611,1 (€11,2 627, + 615, 621,5) ) -
1
(13,1 -2E15)% (-€1y,1+ €15 5+ £21,1)"
4
772%,2
(2613, (E11,2+ €21,5) -
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2617 ) (€11, (81,0 +621,1)% (T €1y, +4E2;,1) +4 615, (14615, -3E2y1) €21 5) -
€1y, (E11,2 (€152 + €21,1)%+16 €13, (26155 - €21 1) £21,5) +

2610,1 (€11, (E15,0+621,1)° (3E1p,0+E21,1) +16 613, (36155 - E211) £24,5) +
4613, (61,0 (4613 5 +7615,,62,1+3625 1) +2E15,, (8E1,,-E21,1) £21,5) +
5111,1 (€11, (9€1,,+8E24,1) + (-18 &1, 5+ E21,1) €21,7) > +

2211y, |- ( (11,2 (€112 (E12,2 - €21,1) 242811 €1y (~E1p,0+ E21,1) + €15 5 (E115+E21,2) ) )/

1

(6131 (Elu,1- €1p+ 620,1)°) ) + ————
é12_,2 §21,1

N2, (611, 612,20 623 3+ €13 5 (2615 - E24,1) €21, -2 6y y (614,623 5+ 615,621 5) ) | -

1

€131 615,623 1 (E11,1- €155+ §21,1) 2
2
e
(‘eu‘fll'rA Flaz nli,z €li,2 51;,2 §2§,1
(2 (15,0 -E629,1) +E13,1 (-1 -22E805,+2XE2y,1)) ~
e TNl N2y 5611, 623 (617, (6-40&1,,+22615,) +
NELS , (81,5 -E21,1) % - A €L, €15 5 (E1p,0 - E21,1) (2+ A &Ly - A E21 ) +
€13 16155 (815, - €21,1) (BAE13 ,+2821,1 - &Ly, (A+ A E2,0) ) +
€171 (2% 613 5, +1262, 1+ 2615, (9+2262;,1) -2, (7+4XE2 1)) +
€13, (222615 ,+ 6627 1 -461,, 621 (5+21E21,) -
NELS , (9+40E2,) +E13, (13+140 62y 1 +2% €27 ,))) +
AN2q,5 1y (Nla,, €155 627 1 (€15 (E1,0 - €21,1)% + 2 610,51 €1y, (—E1p,5 + E21,1) +
€131 (E11,2+E21,5) ) + 21,5 6151 (a0 - E1p 0+ E211) 2 (-E611,2 615,20 623 5 +
€13, (-2815,5+E21,1) £21,,+2 1y 4 (£11,2 €23 1+ €13, £21,2)))) }}

A (=€11,1+€15 5)

ml-1- SetAlgebra[gl, .|;
$PBWRule
MatrixForm@Table[ {b1, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]

Out[e]=
{¥1,2 > 1, X1,1 22, X1, > 3, X2, >4}

Out[+]//MatrixForm=

{Y1,25 ¥1,2} > © {Y1,25 X1,1} > Y1,2 {Y1,25 X1,2} > -€Xg,1 + €X2,2 {Y1,25 X2,2} > -VY1,2
{X1,15 Y1,2} = -VY1,2 {X1,15 X1,1} > @ {X1,15 X1,2} > X1,2 {X1,15 X2,2} = ©

{X1,2, Y1,2} 2 €X1,1 - €Xz,2 {X1,2, X1,1} > —X1,2 {X1,25 X1,2} > © {X1,2, X2,2} = Xq,2
{X2,25 Y1,2} 2 Y1,2 {X2,25 X1,1} > © {X2,25 X1,2} = —X1,2 {X2,25 X2,2} > ©

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gln-260611.nb 2026-08-15 14:25:43

in[-]:= s01[-1] = @ $Basis;
Do [
Block[{$k = k},
EchoLabel ["$k"] @$k;
sO = EchoLabel ["s@"] @Thread[$Basis -» sol[k-1]1;
lhs = EchoLabel["1hs"] @ATangent [
Join[A $Basis ($Basis /. {x» &1, y »nl}), A $Basis ($Basis /. {x-» 2, y»n2})]
13
rhs = EchoLabel["rhs"] @Simplify@ATangent@Echo |
$Basis ($Basis /. Echo@{X,s = (Xuz /. 5@) +€“f 5[], Yus o (Vs /. 5O) +€“g.s[11})
]
{s} =DSolve[
Join[
(Coefficient [Simplifye@CF[1lhs - rhs], #] == 0) & /@ $Basis,
$Basis /. {x,; »T,;[0] =0, y,; g,s[0] =0}
1s
$Basis /. (X5 - FaplAl, Yos - 8ap[A1},
A
15
sol[k] = EchoLabel["solk"] [
sol[k - 1] + Simplify[e" ($Basis /. {X.s - Fap[A], Yus > 8ag[A1} /. 5)]]
B
{k, 0, $k}
1
sol[$k]
0

{¥1,220, X1,1 >0, X1, >0, X3, >0}
N ELp 1A ELy 540 E21 4-A £2 N E2y 1-NE2
et 2,2 LA Ehay 7711,2 et f%n 22y, 5 7721,2 +X1,1 61,1 -
A E2y 1A E2 NELy 3 A E2 14N E2 NELy A E2 14X E2
PRI 22 0y1,5 N2y, E11,1 + €1 5122 1,1 225 5 &y, + e 22 1,1 22 Xxg,5Ely,0 §19 5 +
AE2 1A E2 AE2
X2,2 E1p,p + € =HUNER2 Yy 9 N2y 5 ELp 0+ X1,1 21,1 + € X282 5 +

€ 222 Xy 5 €111 E21,5 - € 2T AXq,2 1y 5 215 + @ P2 AXy 5 €211 E21 5 + Xp,2 £2;,5
{Xas © (Xap /- 58) + € Fug[A], Yas  » (Yap /- 58) + €8s 2]}
{¥1,2 81,2 [A] 5 Xa,1 F1,1[A], X1,2 F1,2[A]5 X2,2 F2,2[A]}
Xq,1 F1,1" [A] + ef22lM X1,2 (F1,2[A] F1,0" [A] +F12 [A]) +Xp,2 20" [A] + efa oz l] Y1,2 81,2" [A]
{X (g, + et TEMareh2) o) ) A (g0 + £20,0) 5 @ T AEL 5+ e M2 E2y 5, A (E1p,5 + £2,,5)
1

{y1,22 2 (01, + e (FHhuareta) N21,2) 5 X1,1 = A (1,1 +E21,1) 5
X1,2 @ L 5+ e 2R E2; 5, a0 > A (E1p,2 + £2,,2) |

¢! ittt Atk AR, Y1,2111,2 + !ttt E2 Y1,2M21,2 + X1,1 €111 -
ettty N2y,, 11,1 + et A2ttt ) £y 5 4 el Sl A S 5y €11, €110 +
X2,2 E15, + € Fahe2 iy, N2y,5 15,2 + X1,1 27,1 + e P2y €2y, +

AE2 AE2 AE2
€22 Axq,5 El,1 21,5 - € P22 AXg,5 ELy 5 29,5 + € P22 AXg,5 E21,1 21,5 + X2,2 £22,2
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{Xas_ = (Xap / 58) +€“Fug[A], Yas = (Yap /- 58) + €8s (1]}

{Y1,2 (} (U11,2 + et (TFhuarela) r121,2) +€81,2[A] ) s X1,1 (A (E1lq,1+821,1) +€F1,1[A]),
X1,2 (097)521’1 AELyH + etz ) E21,0+€ F1,5[A] ) s X2,2 (A (E1ly,5+E2;55) +eF55[A]) }

“A (3815542821 1462, 5) (eﬂ (4615546211262, 5)

e

ek (8E1,,,+2 621 1+E2; 5

e)\ (5E61;,,+621,1+2 25 5) c )k3

(E)\ (611,142 E15,,+3 821 1+E2, 5

X1, 511,2 4 (E)\ (€11,1+3 €1, ,+2 621 1+E2; 5

(EA (4E1;,,+2 821 1+825 5) e X2,2 7721,2 511’2 " KE)\ (4815 5+827 142 82, 5) A X1,2 ‘511,1 §11,2 _
Ve xy,, N2y,,&11,1 8L, -e
(EA (581,,,+62,,1+2 2, 5) e AZ X1,2 }721)2 é‘liz + e) (5E15,,+621,1+2 82, 5) e )\3 X1,2 7721,2 511,1 é‘liz i
@)\ (3E61,,,+2 627 1+€2; 5) X2,2 §12,2 i (E)\ (4E1,,,+2 621 1+E62; 5) e )kz X2,2 7721)2 §11,2 §12)2 _

2
X1,2721,, €17, ELan + €
A (3E15,,+3 62114625,

A (E13,1+4 €1 54627 1+2E2; 5) e )LZ

A (381,542 (821,142, ,5))

) EAXp,2N11 58215+ ) € AX2,2M21,5 E21,5 +

A (31 2 (&2 2 A (31 382 2 2
e (3 E61,,,+2 (£21,1+E2;53) ) AXl,Z §11,1 §21,2 _e (3 E€1,,,+3621,1+€2; 5) €A X2,2 7721)2 §11,1 §21)2 _

2026-08-15 14:25:43

Ve AXa, N1y, ELyp +

x1,2 11y, €15 5 -

2 e/\ (€13,1+3 €15,5+2 (£21,1+E2;5) ) e )LZ X1,2 1711,2 §11,2 §21,2 -2 QZA (2615,5+621,1+82; ) c )(2 X1,2 7721,2 511)2 §21)2 n
2 fEZ)\ (281;,,+62,,1+82;,5) e 13 X1,2 7721,2 §11,1 511,2 §21,2 _ {eh (381,542 (£21,1+825,5)) A X1,2 512,2 §21,2 "

X (3 E1y 243 €24 1462 2 20 (2 61y 2+624 1+E2 3
e Be122r3820108%2) ¢ 5 X2,2M21,,812,26215-2e (2812,20821,1+8222) ¢ ) X1,2 21,5 11,2 E15,5 21 5 +

(BA (361,52 (£21,1+E2;52) ) A X1,2 §21,1 §21)2 _ (BA (611,142 €15 5+3 621,142 62, 5) e AZ X1,2 7711,2 gziz _
(E)\ (381,,,+3 827 1+2E2; ) e AZ X1,2 7721,2 é‘zi)z 4 e7‘ (3615,,+3E211+2E2; ) € }3 X1,2 )721,2 §11,1 5212 _
e)\ (3E15,2+3 627,142 8625 5) c )\3 X1,2 7721,2 §12,2 §2i’2 4 e/\ (361,542 821 1+E2;5) X2,2 §22)2 n

20 (281, 54821 1+E2; 5) €X1.2E1; 4 'Fl S [A] +

® 6 6 6 6 O

A (215,542 621,1+E25,5)

@2)\ (2 §1z,2+§21,1+§22,2)

Out[e]=
$Aborted

Out[e]=

sol[1]

Inf]:= Slmpllfy[e’\ (-€11,1-62; 1) b (e7\§11,1 §11)2 + e)‘ (£11,1-€1,,,+£25 1) §21’2)]

out[e]=
el v et g2,
inl-1:= $k
Out[e]=

n[-]:= s0ll /. A-1

Out[«]=
soll
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62)\ (281;,,+621,1+E2;,5) €X1,2 §21,1 1’:1)2 [A] +
A (4ELy 5+E21,1+2 82, 5) €X1,2 611,2 'FZ,Z [A] + (E)k (4E15,5+621,1+2 62, 5) e X1,2 §11)1 511,2 'FZ,Z [A] +
A (3E1y,,+2 (£21,1+625,5)) €X1.2E21 5 .F2 S[A] + e/\ (361,542 (£21,1+E255)) EAXy 2 &Ly 16215 'FZ S [A] -
A (315,542 (€21,1462:,0)) ¢ 3 X1,2 €102 21,5 F2,5[A] + ! (3612,2%2 (£21,146222)) ¢ 3 X1,2 £21,1 £21,5 F20[A] +
A (BELy 5+E21 14282, 5) EAX12 &Ly 5 'Fl 1’ [A] + (E)\ (381;,,+2 (£21,1+E2;52) ) E XX 2 gzl R 'Fl 1’ [A] +
X1,1 (7‘9?\511,1 e 7711)2 (@/\ﬁlz,z 511’2 " e/\§21,1 521,2) n
e’ ¢l [ B (1 +ex? n24,2 <<e)‘ €l Ely o + et §21,2> ) +
A&l A&l AE2 ’
e (€2 1 -ean2, (1+A&ly,) (e 52261y, +e 162, 5) +efy )/ [A])) +
€ X1,2 'Fl,z/ [A] + (EA (3815542821 1+62;5)
@1 a3 Ay o (el L (Lrefp[A] -efy([A]) +

2 n2, o (1-AE1y,1+ A€y p) (L+efyi[A] —efa(a]) +e’reg ) [A]))

€ Xp,2F2,2" [A] +
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in[-]:= 0801 = E(1,235(2} [X1,1[2] €1,1[1] +X1,1[2] &€1,1[2] + et X1,2[2] &€1,2[1] + e 22l X1,2[2] €1,2[2] +
e 1l %) 312] £1,3[1] + @ 531 xg 3[2] &1,3[2] + 522 % 4[2] £1,4[1] +
e tualll X1,4[2] £1,4[2] + e f12l2] X1,5[2] &€1,5[1] + @ %] X1,5[2] €1,5[2] +
X2,2[2] &€2,2[1] +X2,2[2] &£2,2[2] + e 522131 x5 3[2] &5 3[1] - X1,3[2] &1,2[2] &2,3[1] +
e &3 x; 312] &,302] + @ 221 x5 4[2] €3,4[1] - X1,4[2] £1,2[2] £2,4[1] +
e tualll X2,4[2] §2,4[2] + e 222 X2,5[2] €2,5[1] - X1,5[2] £1,2[2] &2,5[1] +
e &5 %o 5 12] €2,5[2] +X3,3[2] €3,3[1] +X3,3[2] &3,3[2] + e 5212 x5 4[2] &,4[1] -
X1,4[2] €1,3[2] &€3,4[1] - X2,4[2] £2,3[2] &£3,2[1] + e ***[H x5 ,[2] &3 4[2] +
e &nl2 X3,5[2] €3,5[1] - X1,5[2] &1,3[2] €3,5[1] - X3,5[2] &§5,3[2] &3,5[1] +
e &5 x5 5[2] €3,5[2] +Xa,4[2] Ea,a[1] + Xa,4[2] E4,4[2] + € 54212 x4 5[2] &4,5[1] -
X1,5[2] €1,4[2] €a4,5[1] - X3,5[2] £2,4[2] €4,5[1] - X3,5[2] &£3,4[2] &€a,5[1] +
e s xy 5 12] €a,5[2] +X5,5[2] &5,5[1] +X5,5[2] &5,5[2], 0, @] [1] /. & ,: [_]1 >0

Out[-]=
X1,2[2] €1,2[1] +X1,2[2] £1,2[2] +X1,3[2] €1,3[1] +Xq,3[2] &£1,3[2] +
X1,4[2] €1,4[1] +X1,4[2] €1,4[2] +X1,5[2] £1,5[1] +Xq,5[2] &1,5[2] +X2,3[2] &2,3[1] -
X1,3[2] £1,2[2] £2,3[1] +X2,3[2] £2,3[2] +X2,4[2] £2,4[1] = X1,4[2] &£1,2[2] £2,4[1] +
X2,4[2] £2,412] +X2,5[2] £2,5[1] = Xq,5[2] €1,2[2] £2,5[1] +X2,5[2] &2,5[2] +X3,4[2] &5,4[1] -
X1,4[2] €1,3[2] €3,4[1] —X2,4[2] &>, 3[ 1 &€3,4[1] +X3,4[2] &£3,4[2] +X3,5[2] &3,5[1] -
X1,5[2] €1,3[2] €3,5[1] - X2,5[2] &3,3[2] &3,5[1] +X3,5[2] &£3,5[2] +Xa,5[2] €a,5[1] -
X1,5[2] €1,4[2] €a,5[1] = X2,5[2] &2,4[2] €a,5[1] — X3,5[2] &£3,4[2] Ea,5[1] + Xa,5[2] Ea,5([2]

in[-]:- Expand@Total[soll /. {&.s = &.5[1]5 Nay = Eos[2] , Rule» Times, A1, f,, [_] = X5[2]1}] -
osol

Out[e]=
Total[soll] - X3,5[2] €1,2[1] = X1,2[2] €1,2[2] - Xq1,3[2] &€1,3[1] - Xq,3[2] &1,3[2] -

X1,4[2] €1,4[1] = X1,4[2] £1,4[2] - X1,5[2] €1,5[1] - X1,5[2] &1,5[2] —X2,3[2] £2,3[1] +
X1,3[2] €1,2[2] &, 3[ 1 =X%2,3[2] €2,3[2] = X2,4[2] &3,4[1] +X1,4[2] &£1,2[2] &2,4[1] -

X2,4[2] £2,4[2] = X2,5[2] &2,5[1] +X1,5[2] £1,2[2] &2,5[1] - Xa,5[2] €2,5[2] —X3,4[2] €3,4[1] +
X1,4[2] £1,3[2] §3,4[ 1 +X%2,4[2] €2,3[2] &3,4[1] - X3,4[2] &3,4[2] - X3,5[2] &3,5[1] +

X1,5[2] £1,3[2] &3,5[1] + X2,5[2] £2,3[2] €3,5[1] - X3,5[2] &£3,5[2] - Xa,5[2] E4,5[1] +

X1,5[2] £1,4[2] Ea,5[1] + X2,5[2] €2,4[2] €4,5[1] +X3,5[2] &£3,4[2] Ea,5[1] - Xa,5[2] Ea,5([2]
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