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Pensieve header: The PBW multiplication tensor for $gl_{n,\epsilon}$ using the $\lambda$-tangent
formalism. Some material from pensieve://Projects/UEA.

in[-1:=  SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\SolvablePBW";
<< KnotTheory”

Loading KnotTheory™ version of October 29, 2024, 10:29:52.1301.
Read more at http://katlas.org/wiki/KnotTheory.

Prolog

m[-1:= BeginPackage["UEA™ "];

Print["UEA" does computations in general universal enveloping
algebras and PBW algebras. It is in the public domain, available
at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/.
Dror Bar-Natan is committed to support it within
reason until June 1, 2027. This is version 260601."];

Print["UEA" implements / extends ",

Sorte {"x+", €, $k, CF, SSQ, NilQ, B, m, SetAlgebra, U,
UB, UProducts, USimp, UU, $Basis, $PBWRule, 5, adPower, adExp},
"

Begin[" Private "];

UEA" does computations in general universal enveloping algebras and PBW algebras. It is in the
public domain, available at http://drorbn.net/AcademicPensieve/Projects/SolvablePBW/. Dror
Bar-Natan is committed to support it within reason until June 1, 2027. This is version 260601.

UEA" implements / extends {«*, adExp, adPower, B, CF, m, NilQ,
SetAlgebra, SSQ, U, UB, UProducts, USimp, UU, &, €, $Basis, $k, $PBWRule}.

Utilities
In[«]:= 51:_’]'_ o= If['i ==j_' 1, 0]}

in[-1:=  SSQ[c_. %*x_] /; MemberQ[$Basis, x] := - NilQ[x]; (» Semi-Simple Q «)
NilQ[c_ =*x_] /; MemberQ[$Basis, x] := NilQ[x];
SSQ[x _Plus] :=Andee (SSQ /e (Listeex)) ;
NilQ[x Plus] := Andee (NilQ /e (Listee x));

inf-1:=  $k =13

in[-]:= CF[&_] := Expand[&] /. {ek—' /5 k>$k->0};
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Implementing general universal enveloping algebras

ml-1:= B[@, _] =0; B[_, 0] =0;
B[c_%*x _, y ] /; MemberQ[$Basis, x] :=CF[cB[x, yv11;
B[y , ¢ _xx_] /; MemberQ[$Basis, x] :=CF[cB[y, x]11;
B[x_Plus, y 1 B[#, y] & /@ x;
B[x_, y_Plus] B[x, #] & /@ y;
B[x_, x_] =05
B[y_, x_] := CF[-B[x, y]11;

in[-]:= x_=sy_ :=0rderedQ[{x, v} /. $PBWRule]; x <y :=!OrderedQ[{y, x} /. $PBWRule];
Uu; [1] := U;[];
UU; [x_"-] :=Uu; eeTable[x, {p}];
U; [&] = & /. {
U[xs_ ] = U;[xs],
X_ /; MemberQ[$Basis, x] > U; [x]
}s
UU; [x_, xs__ 1 := UUgy[x] UUgp[xs] // Expand // Mgg 255
USimp[& ] := Collect[&, Times[U [__]1..], Expand];
USimp[& ] := Expand[&];

mn[-]:= ms [0] =05
ms [x Plus] :=m/@x;
m; [sd_SeriesData] := MapAt[ms, sd, {3, All}];
m; ,; [&]1 =& /. Ui->Uj;

in[-]:= My 5 4 [€_oU; [X___TU; [1] :=cUg[x];
mi ,j e [€_-Ui [1U; [y___1] :=cUe[yl;
mi ik [€_oU; [xx___,x 1U; [y ,yy 1]1:=If[x=sy,
CUk[XxJ Xy Vs yy]:
(Ui [xx] (Uj[y, x] +UU;[B[x, y11) // Expand // m; j,;) Uj[yy] // Expand // m; j,.)
c // USimp

15

mn[-1:=  UProducts[{}, @] = {1}; UProducts[{}, d Integer] /; d>0 = {};
UProducts[{i_, is___}, d_Integer] := Sorte
Flattene@eTable[ (U; @@@ Subsets [$Basis, {j}]) u, {j, @, d}, {u, UProducts[{is}, d-3j]1}1;

in[-]:= Supp[&_] := UnioneCases[{&}, U; [___1»1, =];
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in[-]1:=  Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;
X_®y := Module[{is =Supp[x] NSuppl[y]l, o, 2},
z=x; DO[z =mM;,0ei[2], {i, is}];
z = Expand[y z]; Do[Z = Muei,i5i[2], {i, is}]; z1;
UB[x , y ] := USimp[x® y-y® x];

Epilog

m(-1-= End[]; EndPackagel[];

Predefined Algebras

sl(2)

in[-]:=  Print ["UEA" SetAlgebra knows \"s12\"."];

UEA" SetAlgebra knows "sl12".

mm[-1-=  SetAlgebra["s12"] := (
Print["In sl2: (e,h,f)/([h,e]=2e, [h,f]=-2f, [e,f]=h)."];
B[h, e] =2e; B[h, f] =-2f; B[e, f] = h;
$Basis = {e, h, f};
$PBWRule = {e>1, h» 2, f-> 3};
NilQ[e] = NilQ[f] = True; NilQ[h] = False;
)5

Blne
ml-1=  Print["UEASetAlgebra knows the e-nilpotent algebra gl, .."];

UEA"SetAlgebra knows the e-nilpotent algebra gl, ..
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mi-1- SetAlgebra[gl, ] := (

$Basis = Flattene {

Table[yq,z, {Bs 2, N}, {a, 1, B-1}1,

Table[Xq,5, {B, 1, n}, {a, 1, B}]

}s

NilQ[y 1 =True; NilQ[x, 5] := (a=!=/3); (+ Nilpotent Q «)
$PBWRule = Thread[$Basis » Range@Length@$Basis];
B[Xi ,j 5 Xe ,0 ] t=08j,rXi,1 =61,iXg,j5
BLYi ,j s Yo ,0. ] :=CF[€ & rYi,. ~€6.,iYr,]5
BIXi ,j » Yt ,k 1 :=CF[8j,rXi,1 =61,iXp,j /e Xe ,5 »IF[a< B, €Xo,55 ¥Yp,2115

)5

mi-1- SetAlgebra[gl, .|;
$PBWRule

MatrixForm@Table[ {bl, b2} » B[b1, b2], {bl, $Basis}, {b2, $Basis}]
Out[e]=

{¥1,2>1, X1,1 > 2, X3,2 > 3, X2,2 >4}

Out[-]//MatrixForm=

{Y1,25 ¥1,21 > © {¥1,2, X1,1} 2 Y1,2 {¥Y1,25 X1,2} > -€Xg,1 +€Xz,2 {Y1,25 X2,2} > -Y1,2
{X1,15 Y1,2} = -Y1,2 {X1,15 X1,1} > © {X1,15 X1,2} = X1,2 {X1,15 X2,2} > ©

{X1,25 Y1,2} 2 €X1,1 - € X2,2 {X1,25, X1,1} > —X1,2 {X1,25 X1,2} > © {X1,25 X2,2} = X1,2
{X2,25 ¥1,2} 2 ¥1,2 {X2,2, X1,1} > © {X2,25 X1,2} = —X1,2 {X2,25 X2,2} > ©

mn[-]-= Clear [adPower] ;
adPower[x_, k_]1[0] =0;
adPower[x , kR J[c_=xy 1 /; MemberQ[$Basis, y] := CF[c adPower[x, R][V]];
adPower[x_, k_][y_Plus] := adPower[x, R] /@ y;
adPower[_, @1 [y_1 :=y;
adPower[x , R _1[y_1 /; MemberQ[$Basis, y] :=
adPower [x, R] [v] = B[adPower[x, R -1][y], X];

in[-]:- X0 = ($Basis /. {x » £0, y » n@}) .$Basis
x1 = ($Basis /. {x > &1, y » nl}) .$Basis

Out[-]=
Y1,2M01,2 + X1,1 €01,1 + X1,2 @15 + X2,2 €072

out[-]=

V1,2 011,50 + X1,1 €131 + X1,2 E11,2 + X2,2 €152

mf-1-=  adeExp[x_]1[y_1 /5 SSQ[x] := Expand@Module[{A, b, c},
A = Table[Coefficient[B[b, x], c], {c, $Basis}, {b, $Basis}];
CF[$Basis.Normal [Series [MatrixExp[A], {€, O, $k}]].
Table[Coefficient[y, b], {b, $Basis}]]
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In[]:= SSQ[EOq,1 X1,1]
Out[«]=
True

In[-]:= adEXp[£0,1 X1,1] [X1]
Out[e]=
ey, Nly o +Xg,1E17,1 + e %ixg 5 E10,5 + X2,2 €150

m[-1:=  adExp[x_][y_1 /; Ni1Q[x] := Expand@Module[{k =0, s = 0},
While [adPower[x, k] [v] =!= 0,
s += adPower [x, k] [y] /k!;
++k
15
s

in[-]:= adEXp[&£@1,2 X1,2] [X1]
Out[e]=
Y1,2N11,0 - €X1,1N11,2 601,20+ €Xp,2N11,5, 601,20 - € X121y §@i,2 +

X1,1 E19,1 +X1,2601,2ELy 1 +X1,0 8L 0+ X0 8L 50— Xq,2601,5 8L

in[-]:= ATangent[] = 0;
ATangent[xs___, x_] :=adExp[x] [ATangent[xs]] + 8, X;
ATangent[xs_List] := ATangent @@ xs

in[-]:- $Basis ($Basis /. {X» &, y->n})
Out[«]=
{Y1,2 11,25 X1,1 €1,15 X1,2 E1,25 X2,2 £2,2}

in[-]:= ATangent@ (A $Basis ($Basis /. {x > &, y->n}))

Out[«]=

e Erar e AEr

A&
Y1,2M1,2 + X1,1 §1,1 + € "2 X1 2 81,0 - @ €AXy,1M1,2 81,2 +

e AE AEraen € 2 2
e "l eAXy,2M1,2 81,2+ € PP AXy, 281,181, - € TR e AT Xy 2 11,2 67,0+ X2,2 62,2

in[-]:- $Basis
Out[«]=
{¥Y1,25 X1,15 X1,25 X2,2}
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in[-]:= 1lhs =
Join[A $Basis ($Basis /. {x-» &1, y»nl}), A $Basis ($Basis /. {x-» £2, y-»>n2})] // ATangent

Out[e]=

(E)\ E11,1-AELy 54X 827 1-1E2; 5 AE29,1-1E2; 5

Y1,21n1; 5+ e Y1,2 1212 +X1,1 €141 -

et that 2 5 Y1,21M21,5 E1q,1 + et tlaat et E22 X1,2 E11,5 - €’ flhiey X1,1 M1y, €Ly 5 +

e e X2,2M13,5 E14,5 + e’ 2z e X1,1M21,2 €11,2 - etz e X2,2M21,5 E11,2 +

2t S A g 52y 1y 52y, E1p,, - @ TR T S g 2y ’72%,2 Ely o +

AEl22m A 6211008222 X1,2E11,1 11,5 + € 2 e )2 X1,1M21,2 €11,1 €115 - etz e )2 X2,2M21,2 €11,1 €115 -
Al e At g 3y, 772%,2 £11,1 E1y, - @' ot Sl A SR ¢ a2y Nl , §1i,2 +X2,2 8150 +
A2y, N21,, E1p,2 + X1,1 21,1 + ey 5 £2y , - e Tl et g iy g nly,, 21,0 +
AlaAfla et S g gy, Nly,, £21,2 - € 1 e Axyg,q N2y, €21, + € 1 e Ay, N2y, 21,2 +

18222 ) X1,2 E11,1 €215 + et i e X1,1M21,2 €11,1 21,2 - ettt e 3 X2,2M21,2 €11,1 21,5 -

e’ At ¢ 2 X1,2NM11,5 11,2621, +2 e’ et th ¢ 2 X1,2M21,2 €11,2 E21 5 +

el tha g 3y N21,5,E11,1 11,5621 5 - e %22 %, €155, 821,5 -

e e % xg g N21,5&15,2821 5 + e e % x,,, N21,5&15,2821,5 + e %22 %, £21,1 8215 -

A A A € ¢ 32y, 5212 Bt g 32y pd 52%,2 .

A E2) 1+AE2 3 2 AE21 1+AE2 3 2
e TR e AT X0 N2y ,5 €11,1 €27 5 - €@ TTTIIRE € AT Xe,2 12y 5 €15,5 €275 + X2,2 €25,

N N BB DB

mn[-]-= rhs = ATangente
($Basis ($Basis /. {Xa_,a_ = CF[A (§1a,a + §2a,a) + € fa,a [AT], Xop = faf:l [AT, Yo 2 Bap [AT}))

Out[-]=
A (€1 4462 A (E1y 462
X1,1 §1a,1 + Xa,1 §2q,1 + € (F12279%2) g 5 €1y 4 Fy H [ A] @ (Fr2rt22) g 5 22, 0 Fy 5[ ¢

e’ (12276 %2) ¢y, Ely,1 F1,2[A] Fa 0[] + et (Fa2te%2) gy £29,1 F1,2[A] fa0[ 2] +
e xq,1 1,1/ [A] + et (122722 e xg oy 5[N] F1,0  [A] + @ (2275220 g o g 5[]+

A (€1, 462 , ,
et (12275222) e 5, 5 ) 5[] F1,0" [A] + Xa,2 (€10 +E2 5, +ef [A]) +
e (Flartha) A (Shaart®a) y) o g [A] + @ (FhatEha) A Ehariha) ey b F) (0] g1, (A -
et (Fluart) ¢ X1,1 F1,2[ ] 81,2"[A] + € (fliavéa) ¢ Xz,2 F1,2[A] 81,27 [A] -
(E} (E11,0+E21,1) +A (15,5425 5) € X1,, .':1)2 [A] 2 81,2' [A] - (EA (E11,1+E621,1) - (E15,,+E2;55) €VY1,2 -FZ,Z [A] gl,zl [A]

in[-1:- SSBasis = Select[$Basis, SSQ]
Out[«]=
{X1,15 X2,2}
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in[-]:- eqns = (Coefficient[lhs - rhs, #] ==0) & /@ $Basis

Out[«]=
AE211-1E2
nly,a+e St e N21,2 -
AE21 -1 &2 A €1 AE21 -1 &2 2
£21,1-1E2; /\W21,2 511,1 i2e 13,142 E27,1-1E2; e 7711’2 7721)2 §11,2 _
X ELy 2+ E21 1-1 E25 p )\2 772%,2 511,2 _ (EA €1y 2+ A 821 1-1E2; 5 e XS 772%,2 §11,1 511,2 +

AE211-AE2; 5 A 7721)2 512,2 _ (E)\ (€11,1+E21,1) - A (15,4825 5) 81,2' [A]

{(EA E1l1,1-A &Ly 2+ A E21 1-A E2; 5

e
e
e _
e (Flartla) A (Shart®a) ¢ £ (2] g, [A] + @ (Pl tha A Ehartha) ¢ f, (2] g0 (4] = 0,
—eM e ANty 1y v @ 2 e ANy, 1y v et e 22 N21,5 11,1 €14, -

el Al At e ang, 5 €2, 5 - @t e an2,, 62y v @ e P N2y 5 6141 E2y,5 -

e e 2t N2y 5 615,821 5 - € F0 (4] w @ Rt e fy 5] g5 (4] = 0,

e €12, E21,144 825 5 511)2 et 1227 A 82,148 625 5 5 .511,1 511)2 ettt A ey A 821948825 o 52 T’]11)2 éli,Z +

e %22 82y 5+ @' P22 A8y 5 £2,, - 2 Tl PRz g )2 Nly,, 811,821 5+
2" Ptttz g )2 N2y, 11,2821, +2 S N21,5 81,1811, 8215 -
P22 N1y 5 E2y 5 + @ P2 N2y 4 €2y, - @ T A Tl A A 2 ¢ 2 nli,, §2%,2 -
e A ¢ 32 e L AR e 33y ey ) €22, - M S e 23 a1, , 622, -
e (hartha) g1y ) Fua (4] -t R 62y s (2] - e R e gy s (2] Fo,0 (2] -
e (T2l e €2, 1 F1,2[A] F2,2[A] - @ (xR e £ 5 (4] £y [A) - @ STl 5] -
et (F1a2rt22) o ) o (2] £, [A] + @ (Florr 2 A (Ehaartna) ¢ £ 51372 gy 5" [2] = 0,
et lire ) nly 5 &1y, - etz e x N21,5El4,5 - etttz e )2 N2y, 11,1 11,0 +
el At At e andy 5 €2 v et e N2y, 62y, - @ e AP N2y 5 E1y 1 E2y 5+

e e n2y 5 €1y, 2,5 - e Fy [A] - @t R e £ 5[0 gy (1) == 8}

in[-1:= Simplify[eqns]

Out[e]=
e (Slaartuareta) (_@2h8h2 e 02 2t ) (142 E1y,1) Elgp+ e Sinly, (142" 5222202y, €1y ,) +

N2, ) (1-A €11+ ALy ,) —e M (Trefy 1 [A] —efn[A]) 81,2/ [A]) =0,
e (Anly,, (e* Fhur gl o et (e thaareluy £21,5) -
AnN2g, (€592 (1+ X &1y,1) €10+ €200 (14 A€y - A&y 5) €21 5) +
fi,1 (2] - et (EharE £ (3] g0 [A]) =@,
e (E12,2+621,1) (Hez (Flowr2ehanre2an) ¢ 32 n1y 5 €17, - @ (1227820178 22) (L1 261y 1+ ALy, - A E21 )
£2y,, - 2Ehare22) ¢ )2 (M, v et 222, 5 (1- &1y + ALy 5) ) €25 5+
e (FhaarZa) g1, o (-2t Fhatthu) e A2 1y, €21 5+ @22 (14 2) P e AP 02, ; €2, ,) +
gl (1+2e! e X 02, ;€21 ,)) -
et (Felaarhiarelaa) (g1 ) fy 5 [A] (L+efya[A]) + €211 F1,2[A] (L+efyn[A]) +
ef1,a[A] F1,1 [A] +F1,0 (2] +eFpp[A] Fr o' [A] -t Fhare2u) e f) (212 g1, [A])) =6,
et (el e iy (el 2 g1y , 4+ 'R 521,2)
€ (An2y,, (‘Ekglz’z (142 E1y,1) €1+ @ 200 (“14 A €1y1 - A &Ly ) £21,2) +
a0 [A] + @t (ST £ 5 (3] g0  [A]) ]

n[-1-= Lengtheeqns

Out[e]=

4

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: gln-260602.nb 2026-08-15 14:25:41

in[-]:= unknowns = $Basis /. {X,; - fas[Al, Yos - Bap[A]}
Out[«]=
{81,2[A], f1,1[A], F1,2[A], F2,2[2])

in[-]:= $Basis /. {X,s > f,5[0] =0, y,s 8,:[0] =0}
Out[e]=
{81,2[0] =0, f1,1(0] =0, 1,,[0] =0, f,,2[0] =0}

in[-]:= {soll} = DSolve[
Join[
Simplify[ (Coefficient[lhs - rhs, #] ==9) & /@ $Basis],
$Basis /. {x,5 = f,;5[0] =0, Yy, 8,5[0] =0}

] B

$Basis /. {Xus > fog[A]s Yap > BaplAl}s

A

1
Set: Lists {sol1} and
DSoIve[{@'A(S“bs”‘pt[«3»]*T'mes[«z»]*s“b“”pt[«g»]> (—@T”“es[d»] e’ Subscri|ot[<<3>>]2 (1 +Times[«<2>>]) €14, + glmest«<2>1 12 (1+
Times[«<65>]) + @' Mest«<?>] 21, (1+ Times[<«<3>>] + Times[«2>>]) - e'mesl«<2>1 (1 4 Times[«25>] + Times[<«<35>]
) Subscript[«<3>>]'[A]) == 0, € (A n14 , (Times[«2>>] + Times[«2>>]) - A 024 , (Times[«<3>>] + Times[«3>>]) +
f1.1'[A] - "2 £ S [A] Subscript{<<355] [A]) == 0, g7 (SubscriPtlsd»Subscripti«d=]) (1) -
o SubscriptisdmlsTimesis<2=) ¢ 3 1. (TMesl=2=] g1, 4 gTMesl=2=] £ ) o ¢ (<), g1,200] == O, f1,1[0] == O, f1,2[0] == O, f22[0] ==
0}, {91,2[Al f111AL f<1s[AL f22[A1} A] are not the same shape.
Out[«]=
DSolve [

e (Slaartharedia) (@222 e 32 22 ) (14 A €1y y) 1y + e TNl , (142" 5222202, , €1y ,) +
202 L (1= €11+ A &Ly ,) —e' T (Trefy[A] —efho[2]) 81,2 [A]) =0,
€ (Anly,, (el 5+ € (E11,1782,00E200) €21,5) = An2y, (€122 (14 A €1y ) €1y +
e (L1 4 XLy 1 - ALy ,) E21,,) +Fra [A] -t B f) (2] g1, [A]) = O,
e’l (£15,5+621,1) (_e)\ (£14,1+2 E1,,,4E62; 5) c A2 7711,2 5112 B eA (£15,,+621,1+E2,,5) (-1-2 §1111 Y '512,2 - 521,1>
21,5 - e PEhare22) ¢ 32 (e hanty s+ et 02y, (1- AL+ ALy ,) ) €23, +
e (Slaarha) g1, , (—2et TRt e W21y 5 €2y, @2 (112! e WP 2y, 62, ,) +
et g1y g (1+2e! e X2, ;621 ,)) -
et BEhartuirt2aa) (61, 1 5[N] (1+efp2[A]) + €211 F12[ 0] (T+efp [2]) +
€ F1,2[ 2] F1,1 [A] + Fuo [A) +efpp[A] F1,0/ [A] -t Flms2u) e fy 51028y 5 [A])) =0,
et (Bl e a1, (€122 €1y, + ! 5P €2y ,) =
€ (An2y,, (€22 (1+ X &1y,1) E1y,0+ €200 (“1+ A&y - A&y 5) €2p5) +
o0 [A] + e Fhareha) ) 5[] g0 (] ),

81,2[0] =0, 1,1[0] =0, f1,,(0] =0, f2,,(0] =0}, {g1,2[2],
f1,1[A],

f1,2[A],

f2,2[A1}, A]
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n[-1:= $K
Out[«]=
1

in[-]= s0ll /. A->»1

Out[e]=

soll

In[-]:= 0801 = E (1,232} [X1,1[2] €1,1[1] +Xq1,1[2] &€1,1[2] + @ ol X1,2[2] &£1,2[1] + e S22l X1,2[2] &€1,2[2] +
e &2 X1,3[2] £1,3[1] + e &3l X1,3[2] &€1,3[2] + @ 0112l X1,4[2] €1,4[1] +
ettt %y 412] €1,a02] + @ 31 xg 5[2] &1,5[1] + @551 %y 5[2] £1,5[2] +
X2,2[2] &€2,2[1] + X3,2[2] &2,2[2] + e 52202 X2,3[2] €2,3[1] - X1,3[2] &1,2[2] &2,3[1] +
e &3 %, 312] &,302] + @ 2212 x5 4[2] €5,4[1] - X1,4[2] £1,2[2] £2,4[1] +
e M x; 412] £2,a02] + @ %2218 x5 5[2] &€5,5[1] - X1,5[2] £1,2[2] &2,5[1] +
e &slll X2,5[2] €2,5[2] +X3,3[2] &3,3[1] +X3,3[2] &3,3[2] + e %32 X3,4[2] &3,4[1] -
X1,4[2] €1,3[2] &€3,4[1] - X2,4[2] £2,3[2] €3,a[1] + e *+1M x5 4[2] &£3,4[2] +
e 8312 x5 5 [2] €3,5[1] - X1,5[2] £1,3[2] &3,5[1] - Xp,5[2] &2,3[2] &3,5[1] +
e &5 x3 5 [2] €3,502] + Xa,4[2] €a,a[1] + Xa,4[2] E4,4[2] + @ 512) x4 5[2] &4,5[1] -
X1,5[2] €1,a4[2] €a,5[1] - X2,5[2] £2,4[2] €a,5[1] - X3,5[2] &£3,4[2] €a,5[1] +
e &5 %y 5 [2] €a,5[2] +Xs,5[2] &s,5[1] +X5,5[2] &s5,5[2]1, 0, O] [1] /. & ,: [_]1~©

Out[-]=
X1,2[2] €1,2[1] +X1,2[2] €1,2[2] +X1,3[2] €1,3[1] +X1,3[2] &1,3[2] +
X1,4[2] €1,4[1] +X1,4[2] €1,4[2] +X1,5[2] &1,5[1] +Xq,5[2] &1,5[2] + X2,3[2] &2,3[1] -
X1,3[2] €1,202] €2,3[1] +X2,3[2] €2,3[2] +X2,4[2] £2,4[1] - Xq1,4[2] &1,2[2] £2,4[1] +
X2,4[2] €2,4[2] +X2,5[2] £2,5[1] - Xq,5[2] €1,2[2] £2,5[1] +Xa,5[2] &2,5[2] +X3,4[2] &£3,4[1] -
X1,4[2] £1,3[2] &3,4[1] = X2,4[2] £2,3[2] €3,4[1] +X3,4[2] &£3,4[2] + X3,5[2] &5,5[1] -
X1,5[2] £1,3[2] &3,5[1] = X2,5[2] £2,3[2] €3,5[1] +X3,5[2] &£3,5[2] + Xq,5[2] Ea,5[1] -
X1,5[2] £1,4[2] Ea,5[1] = X2,5[2] £2,4[2] €4,5[1] —X3,5[2] &£3,4[2] Ea,5[1] + Xa,5[2] Ea,5([2]

in[-]-= Expand@Total[soll /. {E.s > &,5[1], Noy = Eas[2] , Rule > Times, A1, 5 [_] 2 X,5[2]1}] -
osol

Out[«]=
Total[soll] - X3,5[2] &€1,2[1] = X1,2[2] &1,2[2] - X1,3[2] €1,3[1] - X3,3[2] &1,3[2] -

X1,4[2] €1,4[1] = X1,4[2] €1,4[2] - X1,5[2] £1,5[1] = Xq,5[2] &1,5[2] = X2,3[2] &2,3[1] +
X1,3[2] £1,2[2] £2,3[1] = X2,3[2] £2,3[2] —X2,4[2] £2,4[1] +X1,4[2] £1,2[2] £2,4[1] -

X2,4[2] £2,412] = X2,5[2] £2,5[1] +Xq,5[2] €1,2[2] €2,5[1] = X2,5[2] &2,5[2] - X3,4[2] &5,4[1] +
X1,4[2] &£1,3[2] §3,4[ 1 +X2,4[2] €2,3[2] £3,4[1] - X3,4[2] &3,4[2] - X3,5[2] &3,5[1] +

X1,5[2] €1,3[2] €3,5[1] +X2,5[2] &3,3[2] &£3,5[1] —X3,5[2] &£3,5[2] —Xa,5[2] &a,5[1] +

X1,5[2] €1,4[2] Ea,5[1] + X2,5[2] &2,4[2] €a,5[1] +X3,5[2] &£3,4[2] Ea,5[1] - Xa,5[2] Ea,5([2]
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