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in[-]:= CF[&.] :=& /. el- 1 @BxPandiL]

In[-]:= msol =
Echo[# - Simplify[DSolve[{# - € §11)1 'Fl,Z [A] + € §12,2 'F]_,z [A] - € §21)1 'Fl,z [A] + € §22,2 'F]_,z [A] -
€ fi1,,'[A] =0, f1,,[0] == 0},
f1,2[2], A
111 & /@
(Listee (6 ¢ N1y, €11, 82,0+2eX% N1y 5 €111 €1y, 821, -2e X% N1y €15 E15,2 €215 +
2e2’ Nly,5 611, 823,1 623, +3 @ 1A ehe g 32 nly,, §2i,z s @ A g )3 nly,, €111 §2§,2 -
et hr e 31, €1, , 82 ;42X MR e 31, 5 62,4 62] , -2 P M R
Anl; 3825 3~ @22 A% ¢ 32 N1, 381;,162;,3+3 @B e ¢ 32 N1y 3811,,82; 3+
et R % g )3 Nly,3811,1611,5, 625 3+ @72t ¢ 32 Nl 381;,,82;,3-
et thr A% g )3 Nly,3 81,5815, 82; 3 - @72 A% ¢ 32 Nl;,382;,1 82,3+
et 2221805 ¢ 33 Nly,361:1,,82;,182;3-2¢€ 3 N1y, 811,2621,5 82,5 -
22 g 2P 1, , €22, 62, , - 3 a2 A e 321, L £y, €2, 5 -
@A E2ar2 A E2,070 82055 ¢ 33 Nly3 81,1 611,282;,3+ @M E21r2A L2070 8255 ¢ 33 N1y 3811,5815,2 6253~
3@ t%27 82 ¢ )2 nl;,3 621, 82;,3- e th2 ek ¢ 33 N1y 3 811,1 621, 625,3 -
4" e 2001y 5 €1y 5 €215 €253 - € B e A0 N1y 5 €143 ELy,5 €21, 6253 +
et e ¢ 33 Nly,3615,2 621,2 25,3 + et Ehs g 3t Nly,3811,2815,2 821,562 3 -
et R e ¢ 33 Nl;y,3 621,1621,2 23,3 - et ehs ¢ 3t Nly,3611,2821,1 621,562 3 -
4’ A B g )3 Nl s §2i,z £2;,3 - Pt g )8 nly 3 €111 §2§,2 £2;,3 +
A s e 2t N1y 5 €15, €23 , 62,3 - 2 M B e A0 1y 5 €2, 0 €23, 62,5 -
A2 A2 805 e X0y 53 611,2 £2,,2 §25,3 4 € T B e X1, 5 €27, 62, 562, 5+
A 822,270 8235 ¢ )2 Nl 3 62;,38233- @22 A % ¢ )3 N1y 3 811,5 621,3823,3+
AR LR, 28D ¢ 33 N1y 3 811,562;,3823,3+ @22 h % ¢ 3 Nly,3621,562;,3823,3+
A2 A e A N1y 5 €1y, €21, 62,3 623 3+ @ T s et 1 g 6212 £2;,3 €23,3))

O 06 6 6

Out[e]=

in[-1:= Simplifye@Total [msol[All, 2, 1, 1, 2]]
Out[e]=
et (E21,1620,246255) 52 (7(E)L (€21,1+E25,3) ANy, €21, (2 62,2 1,5+ o2 §21)2> N
nls,3

, (@1521’1 21,3+ A (@A(’CZ“ Ely o, + et §21,2) 522,3> +
e (Bate22) 5 nly 3 (‘EA 211 ) §2§,2 €253~ et %22 E1l1,5 (€21,3 - A E21,2E2;5)3) ) )

eZ AE2;,,

mn[-]:= Expand@CF@Together@Total [msol[All, 2, 1, 1, 2] ]

Out[«]=
22° 01y, E14,5 €215 + @ PR 3 1, €27 - et FR B a2 01, 5 €2y 54

(EA 522,2*7\ 523,3 A3 7711’3 511’2 §21,3 _ e*)\ 521,1+21‘§22,2*)\ §23,3 A3 7712,3 511)2 §22,3 —
N E2 2-AE255 53 X E2y 3N E25 5 4 N E2 1-NE25 5 4 2
e’ FPa At 5 Nl;3821,,E82;,3-€ £22,2°4 62,3 Nly,3811,2E621,,E82;3-€ £, 8235 5 nly,3 621, £25,3
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ml-1:- =03 k=0;
Do[
s = ExpandDenominator @ ExpandNumerator@Together@CF[s + t];
Short [Numerator[s]] ]
3

Echo [ (++k) »
Factor@Denominator[s]

{t, msol[All, 2, 1, 1, 2]}

]

e Ml A e, (<<22>> +6 <<5>> §2%,2>
1-

(511,1 - 512,2 + 521,1 - ‘522,2) 3

, e
e Ml A2 s
2>

(511,1 - 512,2 + 521,1 - 522,2)4

e M1 A E2 (<<84>> + 2 <<6>> 523 )

<1>>
3>
(14,1 - €1y + €210 - E2;5)°
el s
4 -
(511,1 - 512,2 + 521,1 - §22,2)4
R T (<<685>> + 12 «<4>> «<1>>)
5-
(511,1 - 512,2 +2 521,1 -2 §22,2) 3 (511,1 - 512,2 + 521,1 - 522,2)4
@’7‘511,1’)‘521,1’1522,2 <<1>>
6 -
(E1l1,0 - E1p,2 +2 821,10 -282;5)% (13,0 - 15,5+ 821,10 - E2;,,5)°
R e (<<1227>> + 8 <<5>> «<1>>)
7 -
(€111 - €155 +2E21,0-2E25,5)* (Ely,1 - €l + 6211 - €25,5)°
e*)\§11,1’/\§21,1’7\§22,2 <«<1>>
8->

(E1y,0 - €155 +2821,0-2E2,5)% (19,1 - &1y 5+ E21,1 - £2;5,5)°

9 (e*} E1y,1-AE21 1-1E2; -1 E23 5 <<1>>) /

((E14,0 - €150+ 286211 -2E2,5)* (E14,0- E1pp + €211 - €25,5) % (E1q,1 - €1y 5 + €201 - €23,3)7)
10 - (e’)‘&m’/\ 21,14 620,0-1 €23, (<<10746>> + <<1>>) ) /

(€101~ €100 +2621,0-2E25)% (E13,1 - €Ly 5+ €211 - €25,0) " (EL1,1 - E1p 0 + €211 - £23,3) )
11 > (64\511,14\ £20172622272 8233 (1280955 + <<1>>) ) /

(81,0 - €155+ 26211 -262,5)* (614,10 - E1p 0 + €211 - €25,5) % (E14,1 - E1p 5 + €201 - €23,3)°)
12 > (e*)\ E13,1-AE21 1-XE2; ,-A E23 3 <<1>>) /

( (€11,1-E15,,+2827 7 -2 522,2)4 (€110 - €155+ E29,1 ~ §22,2)4 (€110 - €15, +E29,1 ~ §23,3)4)
13 > (e*)\ E13,1-AE211-XE2; -1 E23 3 <<1>>) /

( (511,1 - §12,2 +2 §21,1 -2 522,2)4 (§11,1 - §12,2 + §21,1 - 522,2)4 (§11,1 - 512,2 + 521,1 - 523,3)4)
14 - (6-7\511,1-)\521,1—/\§22,z—)\§23,3 <<1>>)/

( (511,1 - 512,2 +2 §21,1 -2 522,2)4 (§11,1 - §12,2 + §21,1 - §22,2)4 (511,1 - 512,2 + §21,1 - 523,3)4)
15 (efl§11,1’)\521,1’1§22,z’/\§23,3 <<1>>)/

( (§11,1 - 512,2 +2 521,1 -2 §22,2)4 (511,1 - 512,2 + §21,1 - 522,2)4 (511,1 - '512,2 + §21,1 - 523,3)4)
16 - (e*)\§11,1’)\521,1’1522,2’/\§23,3 <<1>>)/

( (511,1 - 512,2 +2 521)1 -2 522,2)4 (511,1 - 512,2 + §21,1 - §22,2)4 (511,1 - 512,2 + 521,1 - 523,3)4)
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@ M El1,1-A 821,174 E2, 54233 oo
17 -

(E11,1 - 15,242 621,10 -28255)% (13,0 - E1p,p + E2,1 — §23,3)°

e e R R e LY S )

18 -

4
(E19,1 - 15,5 + £29,1 - £23,3)
P S Y S R A N N T

19 >
(€19, - €15,5 + 29,1 - §23)3)4 (E11,1 - €1y,5 + £25,5 - £23,3) 3

P S R S R A ¥ N T
20 >

(E11,0 - E1pp + 6201 - €23,3) % (E14,1 - €1y, + 25,5 - €233
e €11,1-AE21,1-4 625 5-4E23,3 1o
21 >

(11,1 - E1p 0 + €210 - E23,3) % (14,1 - €150+ E25,5 - €233)°
E_A €13,1-AE211-AE2; ,-A E23 3 «<l>>

22 >
(E11,1 - 15,0+ 821,10 — €23,3)% (14,1 - E1p,0 + E25,5 - £23,3)°

@ A1, AE21,1-AE2,5-A 8233 s
23 >

(€11,1 - &1, +E21,1 - 523)3)4 (11,1 - &1, +E25,5 - 523,3)4
ef)\ £11,17A .5211177\ 522,27)‘ 523,3 <<1>>
24 —>

(E11,0 - E1pp + 620,10 - E23,3) % (E14,1 - €1y, + 25,5 - €233
(e*)\ E1y,1-AE211-1E2; ,-AE23 3 l>>

25 >
(E11,0 - E1p0 + 62,1 - €23,3)° (E1q,1 - €1y, + E25,5 - 23.3)*

@ AE11,1A 6211462, 5-A 8233
26 >

(E19,1 - 15,0+ E29,9 ~ €23,3)° (11,1 - Ely,0 + E25,5 — £23,3)°
@*7\ E11,1-AE211-AE2; ,-A E23 3 <«<1>>
27 >

(E11,1 - €15,5 + £29,1 - £23,3) > (E11,1 - &13,,+E2;5,5 - §23,3)4

@ AL, A2 1A €2, 548233 ]

28 >

(§11,1 - 512,2 + 521,1 - 523,3) > (§11,1 - 512,2 + §22,2 - 523,3)4
e’)‘gll,l’A‘§21,1’)\§22,2’)‘§23,3 <<1>>

29 >

(11,0 - €150+ 21,1 - €23,3)° (€111 - €Ly 0 + 625, - €23,3)°

30 > (nefA Sl1,17A 620,174 622,572 6233 <<1>>)/

(14,0 - €15+ 6201 - €23,3)° (E11,1- E1p,0+ 28211 - €255 - €23,3) % (€141 - €150+ €255 - £23,3) )
31 - («e’A €11, A 620,174 620,572 6233 <<1>>)/

((E11,0- €15+ €201 - €23,3)° (E11,1- €120+ 28211 - €25 - €23,3)° (E1a,1 - E1p2 + €255 - £23,3) %)
32 > (e’)‘ €111 A 620,174 620,572 6233 <<1>>)/

((E11,0- €15+ 6211 - €23,3)° (E11,1- E1p,2+2E21,1 - €255 - €23,3)° (E1a,1 - E1p2 + €255 - £23,3) %)
33> (e’)‘ 11,172 621,174 £25,5-A €253 <<1>>)/

((E11,0- €15+ €211 - €23,3)° (E11,1- €192+ 26211 - €25 - €23,3)° (E1a,1 - Elp 2+ €255 - £23,3) %)
34% (‘Ei)\ \511’17}521’17}&22’27}523’3 <<1>>)/

((E11,0- €150+ E21,1 - €23,3)° (E11,1- €192+ 2E21,1 - €25 - €23,3)° (E1a,1 - E1p 2+ €255 - £23,3) )
35> (e’)‘"511114‘521’1’)522’2’)523’3 <<1>>)/

(11,0 - €150+ €211 - €23,3)° (E11,1- €192+ 220,01 - €20 - €23,3)° (E1a,1 - E1p2+ €255 - £23,3) %)
36 > (re’)"511’1”\‘521’1’)522’2’)‘523’3 <<1>>)/

(611,10 - 10,0+ €210 - €23,3)° (E1q,1 - €13+ 26210 - 25,5 - E233)° (E11,1 - E1p5 + €250 - €23,3) )
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37 > (e’)‘ Bl A E,17 2820026235 (<<65561>> + <«<1>>) ) /

((E1,0- €150+ €211 - €23,3)° (E11,1- E1p,2+ 28211 - €25 - €23,3)° (E1a,1 - Elp2 + €255 - £23,3) )

e*)\ Ely,1-X 621 1-AE25 5-A E23 3 «l>>

38 >
(€117 - €155+ E21,1 - £23,3) > (11,1 - 815, +2821,1 - €255 - £23,3) >
e’h‘511,1’3521,1’3522,2*)"523,3 <«<1>>
39 >
(§11,1 - 512,2 + 521,1 - 523,3) > (511,1 - 512,2 +2 521,1 - 522,2 - §23,3) >
@ M E1,1- A 821,172 E25-1 8233 oo
40 -

(E19,0 - €15, +2 829,10~ 825, - E23,3)°

41 - @ €21, A E2,2-4 62,3 (2 e 21,174 <142 82,5 53 nll,z 511,2 §21,2 i <<12>>)

in[-]:= Expand@CFe@s

Out[e]=
22° 01,5 E14,2 €215 + @ PR 3 1, €27 - et PR B a2 01, 5 €2y 54

@222 25 33 1y S 81y 5 £2y 5 - @ MR AR AR 33 1) 61y 5 62, 5 -
A2y ,-AE25.5 43 N E2y 1A E255 44 AE2y 1N E2s 5 b 2
et #2221 82 ) Nl;38215,E82;,3-€ £22,27 225 y Nly,3811,2821,E82;3-€ FhaAe2s y nly,3 621, 825,3

https://drorbn.net/AcademicPensieve/Projects/SolvablePBW/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SolvablePBW: Archive: 260615.nb 2026-08-15 14:25:03

In[-]:= msol =
Echo[# - Simplify[DSolve[{# + e 13,1 81,3[A] - € £13,3 81,3[A] + € §21,1 81,3[A] - € §23,3 81,3[A] -
€ 81,3 [A] =0, g1,3[0] == 0},
81,3[A], A
111 & /e
(Listee (-2e* %2453 e Anl, 302, , + 2222 55 e 2% 01, 302, 5 €111 -2€ A% N1y, N2y 3 €Ly, -

2¢ X’ Nl1,,N21,3811,1611,,+2€ 2 Nl1,,N21,3811,2813,,-2€ A% nly3n21,3 15,3 -
2e X’ Nl;,3n2y,3 615,52 15,3 - et 8% ¢ 32 nl;,3n2;,,€133+2¢€ 2 N1, 3n2;,3815,3813,3+
et th2A e ¢ 32 nl,3n2,,,82:,1-4 @217 A €222 A 825 ¢ 32 nly,on1y,382:,5 -
3 @2t 82 g )2 Nl1,3MN21,5821,-2 @ttt ¢ 32 Nly,,n21,3821,2+
ettt s g 33 N11,3M21,5811,1621,2-2 ettt et g 33 Nly,,N24,3811,1 27,5 +
2 PPt g 33 Nnly,2n2; 381;,82;,,-2 @2 AR A 22272825 ¢ 3 77113 §1,382, ;-
2" S e X0l 312y 5 61,3 621, - 2@ T R R e X 1] 61, 5 €155 6205 -
221tz g 38 Nly,3n2y,3 815, 815,362, 5 - @ttt ¢ 3 Nly,3N2y,, 13,3825 5+
22 R ERam A e ¢ )8 Uli,3 €1, 3813,382;,+2 et thaAthe g 3t Nly,3N2y,3815,3813,382; 5 -
2R ERam e ¢ 3 Nly,on13,3621,1821,,-2 @ttt ¢ 3 Nly,5,N2y,3621,1 §21,2 -
32X 6haiAha g 212 g, Ly @ Rt A e 33l g1, ) 62, ;-
@262 ¢ 33 12 el g L 262Nk g 3312 ey gD, o
et 222785 e 221, 3 n2y ; €2, + 23R A € 231, N1y 5 €21, 82, +
2 2 e A3 1y )12y 5 62:,5 €25, - @ A ER2AEBs e A2 1, o1, 562, 5 -
22222 B3 e A% 1, 312y 5 62,5 - @ FA B s @ 23 1) i1, 5 €141 62,5+
2 PR 222 AEh s ¢ 53 Tlli,a 1y, £2; 3+ 2" 2R 8B g )3 Nly,3n2;,3§11,2 25,3 +
2" harth 2222805 ¢ 54 U1i,3 E11,1 €15, §25 3+ 2@ 22285 g 18 Nly,3n2y,3 81,1 11,5 625 3 -
2R Ehs g )3 Nl;,3n2,,3815,262;,3-2 @ FhatAE22,072 28,5 ¢ 38 77113 €1, 8155, 82;3 -
2 M2 Eh g ) Nly,31n2y,3 811,515,525 3+ @t Pt ERam2 A ¢ 53 nly,3nl;,3 13,3 25,3+
2R g )3 nl;,3M2y,3 13,3625 3 + @21 21172180, ¢ 38 n1§,3 €111 625,582, 3+
221t g 38 Nly,31n2y,3 811,71 621,5825,3-2 @21 21220, ¢ 38 nli,3 €1,,82,,,82;5-
4’ haAEhs g 3t Nly,3n2y,3 815,221,525 3+ @21 8212280, ¢ 38 Tlli,g €13,3821 5,82, 3+
2 s e A0 N1y 312y 5 61,3621, €2;,3 + @M TN e AT 1T 5 €2, 5 62,562, 5+
221t g 38 Nly,3N2y,3 821,121,523 - R b - o Nly,3n1;,3 62,2 £25,3 -
2222 h 80 g )3 Nl;3n2;,382;,582;,3-2 @21 821172180 ¢ 38 Uli,g, £2,,82;,,82;, 5~
4ttt g 38 Nly,3N21,3821,2 23,2 25 3+ @21 8212205 ¢ 33 rlli,s £2;,3 623 3+
@ 21 A 202283 ¢ N3 1) i, 3 E2;,3 623 3+ 2@ B e 31, 1 N2, 562, 3625 3+
@120 e 2t 1l [ £2),5 6253 625 3+ 2N B e AP 1y 302, 5 82) 6253 62;5))

Out[e]=

mn[-]:= Factor[Totalemsol[1 ;; 15, 2, 1, 1, 2]]

Out[«]=
$Aborted
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ml-1:- =03 k=0;
Do[
s = ExpandDenominator @ ExpandNumerator@Together[s + t];
Short [Numerator[s]] ]
3

Echo [ (++k) »
Factor@Denominator[s]

{t, msolf1;; 15, 2, 1, 1, 2]}

]

-2 e)\ (<<l>> )+ (<<1>>) T’]12,3 7721,2 b o<cT>>

1-
(1,1 - €133+ 21,1 - €25,)°
—et (227602) 3201, 302, 5 E1F )+ <365
2>
(§11,1 - 513,3 + §21,1 - §22,2) 3
<<1>>
35 -
(1,0 - €133+ 821,10 - €2;,5) 7 (E1q,1 - E13,3+ 62,1 - €23,3)°
—et (F2227233) 32 1, 3 N2y, €1 5 + <<1614>>
4 -
(511,1 - 513,3 + 521,1 - §22,2) 3 (§11,1 - 513,3 + 521,1 - §23,3)4
. —et (F227603) 3201, 302y, E1] )+ <2186>>
N
(11,1~ 13,3+ E21,0-825,5)3 (15,1 - E13,3 + E27,1 - §23,3)°
—e’ (%2227523) A2, 32y 5 E1] 4+ <<2776>>
6 -
(E11,1 - E13,3+E21,1 - €2;,5) 3 (61,1 - 13,3+ E29,0 - E23,3)°
-t ($2276%2) 3201, 302y, E1] )+ <3344
7 -
(§11,1 - \513,3 + 521,1 - §22,2) 3 (§11,1 - 513,3 + 521,1 - 523,3)4
<«<1>>
8-> -
(1,0 - €133+ 21,1 - €25,5) 7 (E1y,0 - €133+ 21,1 - €23,3)°
. -’ (922275233) 22 1, 32y 5 €17 4+ <3627 + et (ST % «dss €20
N
(13,1 - €133+ 21,0 - E25,5)° (1,1 - E13,3 + E21,1 - £23,5)°
<«<1>>
10 > -

(E19,1 - E13,3+E21,1 - E22,5)> (13,1 - E13,3+ E21,1 - 23,3)*
11 > - ( (e’} (-2821,14625,2+625,3) <<<12 240>> + 4 <<5>> §21<1>>) ) /
((E11,1 - E13,3+ 20,0 - €25,5)° (E1a,0 - El3,3 — €211+ 625,5) 7 (g1 - €133+ €21 - £23,3) ) )
12 5 - ( (e—)\ (E13,3-621,1+E23,3) - A (=2 E621,1+E2; 5,+E233) (<<28 004>> +3 «<7> <<1>>) ) / ( <§11,1 _ §13)3) 3
(E11,1 - €13,3+ 621,10 - €25,5) > (814,10 - €133 - €201+ €25,5) 7 (E1y,1 - €133+ €250 - £23,3) %))
Out[e]=
$Aborted
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ini-J:- Table[SimplifyeDSolve[c A“e®* +ag[A] +g'[A] =@Ag[@] =0, g[A], 1], {k, @, 5}]

Out[e]=
s ce? (1+e®® " (-1+ax+bl))

({0 ffan - )t

ce? (-2+e®P 1 (2-2bx+a?X?+b? A% +2ax (-1+b2)))

(fetsr-- )

(a+b)?
(6+e@® 7 (6+6ba-3b22%+a> > +b> A% +3a22% (-1+b2) +3aA<2—2bA+b2A2)))}},

1
{{gm s ce ™ (-24+e®P 7 (24-24b2+ 120722 -4b7 X3 a 2%+ bt A%
(a+b)”®
42° 2% (-1+b2) +6a°2% (2-2b2A+b*2%) + 422 (—6+6bk—3b2A2+b3A3)>)}},
1
{{gm 5-————ce® (12047 (~120+120b 2 - 60 b° 2%+ 20b° 2° -5 b *
(a+Db)

X +b* A +5a* 2 (-1+b2) +10a° 2% (2-2b2+b%2%) +
102232 (-6+6ba-3b2x%+b* %) +5a2 (24724bh+12b21274b3x3+b4)x4)))}}}

i1~ DSolve[c B rag[r] +g'[A] =0Ag[O] =0, g[A], Y

Out[e]=
ce?”t (6—6eax+6aeal)k—3a2 e %+ a’ ea’\)@)

4 })

{{etn - -

a
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