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Pensieve header: Signatures using the Meyer cocycle, following A. Conway’s arXiv://1903.04477.
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14 ANTHONY CONWAY

Let B,, denote the m-stranded braid group. Given w € S!, Gambaudo and Ghys study the
map B, = Z,3 — Ug(w) obtained by sending a braid to the Levine-Tristram signature of its
closure. While this map is not a homomorphism, these authors express the homomorphism defect
03 (w) = 0a(w) — 05(w) in terms of the reduced Burau representation

By Bn — GLy—1(Z[tF)).

We briefly recall the definition of %,. Any braid 8 € B, can be represented by (an isotopy
class of) a homeomorphism hg: D,, — D,, of the punctured disk D,,. This punctured disk has a
canonical infinite cyclic cover Dg° (corresponding to the kernel of the map m(D,,) — Z sending
the obvious generators of 71(D,,) to 1) and, after fixing basepoints, the homeomorphism hg lifts
to a homeomorphism 71[3: D — D, Tt turns out that Hy(DS°;7Z) is a free Z[t*!]-module of
rank n — 1 and the reduced Burau representation is the Z[t*!]-linear automorphism of Hy(D; Z)

induced by h 5. This representation is unitary with respect to the equivariant skew-Hermitian form
on Hi(Dg°; Z) which is defined by mapping x,y € H1(D:°;Z) to

Elz,y) =Y (e, tmy)t ™

neZ

In particular, evaluating any matrix for %,;(f) at t = w, the matrix %, () preserves the skew-
Hermitian form obtained by evaluating a matrix for £ at ¢ = w. Therefore, given two braids o, 5 € B,
and w € S, one can consider the Meyer cocycle of the two unitary matrices %, («) and %, (j3).
Here, given a skew-Hermitian form £ on a complex vector space C and two unitary automor-
phisms 7q,7v2 of (V,§), the Meyer cocycle Meyer(v1,72) is computed by considering the space
E,, ~, =im(y; " —id) Nim(id —v2) and taking the signature of the Hermitian form obtained by
setting b(e, €’) = £(x1 + xa,€’) for e = v ' (21) — 21 = 29 — 12(22) € E,, 4, [71, 72].
The following result is due to Gambaudo and Ghys [31, Theorem A].

Theorem 5.2. For all o, 3 € B,, and w € S of order coprime to n, the following equation holds:

(3) o3(w) —oa(w) —oz(w) = — Meyer(Z.,,(a), B.(B)).

In fact, since both sides of (3) define locally constant functions on S*, Theorem 5.2 holds on a
dense subset of S'. The proof of Theorem 5.2 is 4-dimensional; can it also be understood using
the constructions of Section 4?7 The answer ought to follow from [8], where a result analogous to
Theorem 5.2 is established for Blanchfield pairings; see also [33].

We conclude this survey by applying Theorem 5.2 recursively in order to provide a formula for
the Levine-Tristram signature purely in terms of braids. Indeed, using o1, ...,0,_1 to denote the
generators of the braid group B,, (and recalling that the signature vanishes on trivial links), the
next result follows from Theorem 5.2:

Corollary 5.3. If an oriented link L is the closure of a braid o;, - - - 0;,, then the following equality
holds on a dense subset of S':

-1
or(w) ==Y Meyer(Bu(0i, -+-0;), Bu(0i;11)).

j=1
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nep= ¥2B = {¥i_ » Bia-Bi}s B2y = {Bj_ »Sum[y;, {i, j-1}1};
oi [x_]1/51>0:=Expand[x /. ¥2B /. {Bi > Biw1s Bisa > tBi+ (1-1) Bina} /. B2¥];
oi [x_1/51<@:=Expand[x /. ¥2B /. {B.i >t Bisa+ (1-t7) By, Boisa > Boi} /. B2¥];

n-1= Table[vyi, {i, 7}] // o3 // o5
Table[y:, {i, 7}] // o5 // o3
Table[yi, {i, 6}] // 03 // 04 // o3
Table[vi, {i, 6}] // 04 // 03 // 04
Table([yi, {i, 5}1 // 03// o3

ouf-]= {¥1s Y2 +¥3s ~ T3, Tys+va+vs, ~tys, tys+ves ¥7)
ouf-]= {¥1s Y2 +¥3s ~ T3, Tys+va+vys, ~tys, tys+ves ¥7)
2 2
out = {¥1s Y2+ Y3+ Yas ~tyas -t vs, vz tva s, ve)
2 2
our ;= {¥1, Ya+¥3+va, ~tva, -t va, s+ tya+ys, vel

ouf-]= {¥1s Y25 Y35 Yas ¥s5}

http://drorbn.net/AcademicPensieve/Projects/Signatures/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: Signatures: Meyer.nb 2021-06-16 11:11:34

Infe]:= Elx_,y_ ] :=

1-t?t j=1i-1
-1 P
Expand[Expand[(x /. {t-»t'l}) (y /. {71_ :e?i})] /¥ ¥ = : ;t ‘“: 1]
-— == +
(7] True

1= MatrixForm /@ {Table[&[v¥i, ¥;]> (i, 9}, {J, 9}], Table[&[¥i // o3, ¥5 // 03], {i, 9}, {3, 9}]}

-t -1+t @ 0 0 ) ) 0 0
1-3 -t -1+t @ 0 ) ) ) 0
6 1-3 -t -1+t o 0 ) ) 0
) e 1-2 %—t -1+t o ) 0 0
outf-I- { ) ) o 1-2 .t 1.t oo ) o |,
0 0 0 o 1-1 %7t 1+t o 0
0 0 0 0 o 1-1 %7t 1+t o
0 ) ) 0 0 6 1-: -t -1st
0 0 ) 0 0 ) 6 1-, -t
%7t -1+t o 0 0 0 ) 0 0
1-3 1-t -1+t o 0 0 0 ) 0
6 1-; -t -1+t o ) ) ) 0
) 6 1-7 -t -1+t o ) ) )
) ) o 1-! 1.t 1.t o ) ) }
0 0 ) 6 1-; (-t -1+t o 0
) 0 ) 0 6 1-: -t -1+t o
0 0 0 ) 0 e 1-1 %—t “1+t
0 0 0 0 0 0 0 17% % t

- Table[€[Bs /. B2y, B /- B2¥], {i, 7}, {3, 7}] // MatrixForm

Out[ = J//MatrixForm=

e o 0 0 0 0 0
o 1t -1+ 141 14 141 g0t
t t t t t

e 1-t -t -1+ 141 1.1 9.1
t t t t t

@ 1-t 1-t -t -1+ 1.1 1.1
t t t t

@ 1-t 1-t 1-t -t -1+% -—141
t t t

@ 1-t 1-t 1-t 1-t %—t _1+%
@ 1-t 1-t 1-t 1-t 1-t %—t
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